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FORWARD 
PREDA MIHAILESCU 


Exercises are in mathematics like a vitalizer: they strengthen and train the 
elasticity of the mind, teach a variety of successful methods for approaching 
specific problems, and enrich the professional culture with interesting questions 
and results. For a good treatment of a theory, examples and exercises are the 
art of presenting concrete applications, reflecting the strength and potential 
of the theoretical results. A strong theory explained only by simple exercise 
often may reduce the motivation of the reader. 

At the other end, there is a wide reserve of problems and exercises of 
elementary looking nature, but requiring vivid mind and familiarity with a 
good bag of tricks, problems of styles which were much developed by the inter- 
est that mathematical competition attracted worldwide in the last 50 years. 
These problems can only loosely be ordered into applications of individual 
theories of mathematics, their flavor and interest relaying in the way they 
combine different areas of knowledge with astute techniques of solving. Often, 
not always, the problems addressed have some deeper interest of their own 
and can very well be encountered as intermediate steps in the development of 
mathematical theories. From this perspective, a good culture of problems can 
be to a mathematician as helpful, as the familiarity with classical situations 
in chess matches, to a professional chess player: they develop the aptitude to 
recognize, formulate and solve individual problems that may play a crucial 
role in theories and proofs of deeper significance. 

The book at hand is a powerful collection of competition problems with 
number theoretical flavor. They are generally grouped according to common 
aspects, related to topics like Divisibility, GCD and LCM, decomposition of 
polynomials, Congruences and p-adic valuations, etc. And these aspects can 
be found in the problems discussed in the respective chapter — beware though 
to expect much connection to the typical questions one would find in an in- 
troductory textbook to number theory, at the chapters with the same name. 
The problems here are innovative findings and questions, and the connection 
is more often given by the methods used for the solution, than by the very 
nature of the problem. 
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Some problems have a simple combinatorial charm of their own, without 
requiring much more than good observation — for instance (p. 512, N 25), 
Find all m,n,p E Qso such that all of the numbers m + +, n + a p + - 
are integers. Others appear even weird at a first glance, like (p. 656, N 8): 
For coprime positive integers p,q, prove that: 


-1 l : 
S (—1)l*/pI+lk/a] Jo if pq iseven — 
a 1 if pq isodd ’ 


or (N 36, p. 543), requiring to show that infinitely many primes are coprime 
to the terms of the polynomially recursive sequence given by a; = 1 and 
an+1 = (a2 + 1)? — a3. When one then does the homework, one notices that 
several useful and non trivial notions about floors are required for solving the 
problem. 

The book also contains some basic propositions, which are in big part 
classical theorems, but also more specialized results, that can be applied for 
solving further problems. Thus, beyond the spontaneous charm of some of the 
exercises, most problems are involved and require a good combination of solid 
understanding of the theoretical basics, with a good experience in problem 
solving. 

Working through the book one learns a lot. Do you want to know more 
on how large the difference between the product of k consecutive integers and 
their LCM can become? A series of results will provide an answer — and you 
will then certainly find also a set of variations of this theme. For primes p, 
the Fermat quotient ¢(2) = Zl mod p has a well known development in 
terms of harmonic sums. But if you want to know higher terms in its p-adic 
development, you can find them in the chapter on p-adic values. Together with 
a series of less known, classical congruences of higher order of Wolfenstone, 
Morley, Ljunggren et. al., this leads to a series of interesting questions and 
problems. 

Not all problems are atomic training subjects; at the contrary, by a good 
choice of the problems, the authors may group elementary results that lead to 
remarkable understanding of some fundamental number theoretical functions, 
like 7, o, T, 6 — the prime distribution function, the number of divisors and their 
sum, and the Euler totient, respectively. Here also, if you want for instance to 
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understand how it happens that the fibers of the inverse ¢~!(X) of the Euler 
totient may become indefinitely large, several exercises lead to the understand- 
ing of this phenomenon. It will not surprise that among the authors or solvers 
of the problems presented, one encounters numerous famous mathematicians, 
from classical to contemporaneous, ranging from Gauss, Lagrange, Euler and 
Legendre, through V. Lebesgue, Lucas, but also Hurwitz and, unsurprisingly, 
Erdos and Schinzel: the borders between research mathematics and advanced 
problem solving are fluid. 

This very short and selective overview of the book should have already 
suggested that the book can be read with various attitudes and expectations, 
and there is always much to profit from it. The reader may traverse entire 
chapters of the book and get familiar with the specifics of the posed problems, 
but should definitely invest the time for trying to solve at least two or three 
problems alone, each time when working again with this book. In spite of the 
well structured construction of the book, one can easily jump to chapters or 
sections of interest — they are to a large extent self-consistent. And if not, good 
references help to find the necessary facts which were discussed at previous 
places of the book. 

Altogether — while students eager to acquire experience helping to reach 
outstanding performance in mathematical competitions will profit most from 
this book, it is certainly a good companion both for professional mathemati- 
cians and for any adult with an active interest in mathematics Each one of 
them will find it a leisure to read and work over and over again through the 
problems of this book. 


Preda Mihailescu 

Gottingen, May 2017 

Mathematisches Institut der Universitat Gottingen 
E-mail: preda@uni-math.gwdg.de 
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Chapter 1 


Introduction 


Based on lectures given by the authors at the AwesomeMath Summer 
Program over several years, this book is a slightly non-standard introduction to 
elementary number theory. Nevertheless, it still develops theoretical concepts 
from scratch with full proofs. The book insists on exemplifying these results 
through interesting and rather challenging problems. In particular, the reader 
will not find many advanced concepts in this book, but will encounter quite a 
lot of intriguing results that can be proven using “basic” number theory yet 
nonetheless test one’s problem-solving aptitude. 


The book is divided into six large chapters, each focusing on a fundamental 
concept or result. Each chapter is itself divided into sections that reinforce 
a, specific topic through a large series of examples arranged (subjectively) in 
increasing order of difficulty. In particular, the first two chapters are largely 
elementary but fundamental for appreciating the rest of the book. The topics 
explored in these two chapters are classical: divisibility, congruences, Eu- 
clidean division, greatest common divisor, and least common multiple. With 
the theoretical concepts being fairly elementary, the focus is more on concrete 
problems and interesting applications, for instance, Diophantine equations, fi- 
nite differences, and problems with a combinatorial flavor. The third chapter 
is devoted to the fundamental theorem of arithmetic and its numerous applica- 
tions. After proving basic properties of prime numbers and the uniqueness of 
prime factorization, the authors emphasize their utility and vast scope among 
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arithmetic functions. There are many non-standard and sometimes surprising 
results in this chapter. 

The fourth and fifth chapters, devoted to congruences involving prime num- 
bers and to the distribution of prime numbers, are in some sense the heart 
of the book. Each of the classical congruences (Fermat, Wilson, Lagrange, 
and Lucas) is studied in depth in the fourth chapter, along with numerous ex- 
amples of their use, for instance, quadratic residues, the number of solutions 
to polynomial congruences, and congruences involving binomial coefficients or 
higher congruences. In the fifth chapter, p-adic valuations are used to study 
the distribution of prime numbers. This has the advantage of being fairly ele- 
mentary, while still producing beautiful and nontrivial results. The key results 
of this chapter are Legendre’s theorem and the arithmetic of binomial coeff- 
cients, leading to strong results concerning the distribution of prime numbers. 
Finally, the sixth chapter discusses congruences for composite moduli, intro- 
ducing further essential concepts and results: the Chinese remainder theorem, 
Euler’s theorem, and their applications to primitive roots modulo integers. 
The main focus is again providing many examples of these concepts’ applica- 
tions (in particular, the reader will find a whole section devoted to systems of 
congruences). Each chapter contains a long list of practice problems, whose 
solutions are presented at the end of the book. 

Experience has shown that it is easier to make students appreciate the 
beauty and power of a result when it is enhanced by pertinent and challenging 
examples. We strove to achieve this, a possible explanation for the book’s 
length, although the theoretical material is rather classical and standard. 

We would like to thank our students at the AwesomeMath Summer Pro- 
gram on whom we tested a large part of this material and who supplied many 
of the solutions presented here. We are also indebted to Richard Stong for 
a very careful reading of the book, for pointing out many inaccuracies, and 
for supplying a great deal of solutions (many of which were simpler and more 
elegant than ours!). 


Titu Andreescu Gabriel Dospinescu Oleg Mushkarov 


Chapter 2 
Divisibility 


This first chapter is fairly elementary and discusses basic properties of 
divisibility, congruences and the Euclidean division. These will be constantly 
used later on in the book and represent the foundations of arithmetic, on 
which we will build more advanced results later on. We tried to insist more on 
relatively nonstandard examples or applications, some of which are relatively 
nontrivial (such as the topic of finite differences and their applications to 
congruences). 


2.1 Basic properties 


In this section we introduce the notion of divisibility and study some of its 
basic properties. 
2.1.1 Divisibility and congruences 


We start by defining the divisibility relation. 


Definition 2.1. Let a,b be integers. We say that a divides b and write a | b 
if there is an integer c such that b = ac. 


There are many equivalent ways of saying that a divides b: we can also say 
that b is divisible by a, that a is a divisor of b or that b is a multiple of a. All 
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these formulations are used in practice. Note that if a Æ 0, then saying that a 
divides b is equivalent to saying that the rational number b is an integer. The 
previous definition takes into account the possibility that a = 0, in which case 
a divides b if and only if b = 0. In other words, any integer is a divisor of 0, 
and 0 is the only multiple of 0. 

If 2 divides an integer n, we say that n is even. Otherwise, we say that 
n is odd. Thus the even integers are ..., —2,0,2,4,6,..., while the odd ones 
are ... — 3,—1,1,3,5,..... Note that if n is odd, then n — 1 is even, in other 
words any integer n is either of the form 2k or 2k + 1 for some integer k. In 
particular, we obtain that the product of two consecutive integers is always 
even. We deduce for instance that if a is an odd integer, say a = 2k + 1, then 


a? — 1 = 4k(k +1) 


is a multiple of 8. In particular any perfect square (i.e. number of the form 
xz? with x an integer) is either a multiple of 4 or of the form 8k + 1 for some 
integer k. 

The following result summarizes the basic properties of the divisibility 
relation. 


Proposition 2.2. The divisibility relation has the following properties: 
1. (reflexivity) a divides a for all integers a. 
2. (transitivity) Ifa |b and b |c, thena |c. 


3. Ifa, bı, ...,bn are integers anda | bi fori <i <n, thena | bici +... +bnCn 
for all integers c1, ..., Cn- 


4. Ifa|banda|b+c, thena |c. 
5. Ifn|a—b andn |a —b', then n | aa’ — bb’. 


Proof. All of these properties follow straight from the definition. We only 
prove properties 3) and 5) here, leaving the others to the reader. For property 
3), write b; = ax; for some integers x;. Then 


bicy +... + bnCn = ax1C1 +... + aLnCn = a(T1C1 +... + EnCn) 
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is a multiple of a. For property 5), write a — b = kn and a’ — b' = k’n for some 
integers k, k’. Then 


aa’ — bb! = (b + kn)(b' + k'n) — bb! = n(bk' +b'k + nkk’), 
thus n | aa’ — bb’. o 
We introduce next a key notation and definition, that of congruences: 


Definition 2.3. Let a,b,n be integers. We say that a and b are congruent 
modulo n and write 
a=b (mod n) 


if n|a— b. 


Most parts of the following theorem are simple reinterpretations of propo- 
sition 2.2. They are of constant use in practice. 


Theorem 2.4. For all integers a,b,c,d, n we have 

a) (reflexivity) a =a (mod n). 

b) (symmetry) Ifa =b (mod n) then b=a (mod n). 

c) (transitivity) Ifa =b (mod n) and b = c (mod n), then a = c (mod n). 

d) Ifa =c (mod n) and b = d (mod n), then a+b =c+d (mod n) and 
ab = cd (mod n). 

e) If a = b (mod n), then ac = bc (mod nc). Conversely, if ac = bc 
(mod nc) and c #0, then a =b (mod n). 


Proof. a), b), c), d) are either clear or consequences of proposition 2.2. Prop- 
erty e) is immediate and left to the reader. O 


Remark 2.5. We cannot cancel congruences without taking care. In other 
words, it is not true that if ab = ac (mod n), then b = c (mod n) or a = 0 
(mod n). For instance 2-2 = 2-0 (mod 4), but 2 is not congruent to 0 modulo 
4. We will see later on that we can "cancel a" in a congruence ab = ac (mod n) 
provided n and a share no common divisor except +1. 


Let us illustrate the previous theorem with some concrete problems (where 
no congruence is mentioned!). 
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Example 2.6. Find the last digit of 91003 — 7902 + 3801, 
Proof. We have 9198 = (—1)1093 = —1=9 mod 10. In addition, 


7902 — 491 = (_-1)*1 =-1 mod 10. 


Finally, 
SS 3 13) S321" S38 mod 10. 
Hence 
QDS 70? BE = (1) (1) 3 S38. mod 10; 
so the last digit is 3. a 


Example 2.7. Prove that for any n € N the number an = 11"+? + 122"T! is 
divisible by 133. 


Proof. We have 12? = 144 = 11 (mod 133), hence 
an = 11°42 412-144" = 11°77 412-11" = 11"(1214+ 12) =0 (mod 133). O 


Example 2.8. (Kvant, M 274) Find the least number of the form: 
G) [11% 5", 
(ii) |36% ~ 5'l, 
(iii) [53° — 374, 
where k and l are positive integers. 


Proof. (i) The last digit of |11* — 5!| is either 6 or 4, thus the least number of 
the form |11* — 5'| must be at least 4. Since |11? — 53| = 4, we deduce that 
the answer is 4. 

(ii) We have 11 = |36 — 5?| and we will show that this is the least number 
of the form |36* — 5'|. Suppose that for some k,l we have |36* — 5!| < 10. 
Since 36% — 5! = 6—5 = 1 (mod 10), we deduce that 36* — 5! = 1 or 36% —5! = 
—9. The first equality is impossible since it would imply that 0 — 1 = 1 
(mod 4), impossible. The second equality is also impossible since it would 
yield 0 — (—1)! =0 (mod 3), again impossible. This finishes the proof. 
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(iii) Note first that the given numbers are divisible by 4 since 53° and 
37! are congruent to 1 modulo 4. We will show that the desired number is 
16 = |53 — 37|. Note that 


53° =(-1)* (mod 9), 37'=1 (mod 9). 
Hence N = |53* — 37'| = 0,+2 (mod 9) which shows that N + 4,8, 12. oO 


The following fundamental theorem is of constant use. 


Theorem 2.9. a) If a,b are integers, then a — b | af — bă for all k > 1. 

b) More generally, if d, n are positive integers such thatd | n, then af —b° | 
a” — b” for all integers a,b. Moreover, if | is odd, then at +b? | a” +b” for 
all integers a,b (in particular a + b | a” + b” for all integers a,b if n is odd). 


Proof. a) This follows directly from the identity 
af — b" = (a — b) (aT! + a*®-*b + ... + ab? + BF). 


b) Let n = kd for some positive integer k. Then setting x = af, y = bf we 
are reduced to showing that x — y | xë — y* (which follows from part a)) and 
a+y|a*+y* when k is odd, which follows from 


z+y =T- (-y) | z" — (—y) = să +y". O 


Remark 2.10. 1) We will see later on that under rather weak hypotheses, the 
divisibility a” — b™ | a” — b” implies m | n. 
2) The identity 


a” — b” = (a — ba fa bao 0") 


is absolutely fundamental in arithmetic and the reader should become very 
familiar with it, since it will be used constantly in this book. Indeed, in many 
cases the results of theorem 2.9 are strong enough, but in some circumstances 
a finer analysis of the term a” t + a”™?2b + ... + 6"~! is crucial. 


The following result is a simple translation of the previous theorem in 
terms of congruences: 
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Corollary 2.11. Let a,b,n be integers, let k be a positive integer and let d | k 
a positive divisor of k. 

a) Ifa =b (mod n), then af = b¥ (mod n). 

b) If at = b? (mod n), then aë = b* (mod n). 

c) If at = —b¢ (mod n) and 5$ is odd, then aë = —b* (mod n). 


Example 2.12. Using that 641 = 27-5 +1, prove that 641 | 282 + 1. 


Proof. We have 2’ -5 = —1 (mod 641), thus 278 . 54 = 1 (mod 641). Since 
641 = 54+ 24 we have 54 = —2* (mod 641), thus 278 . 54 = —23? (mod 641) 
and so —2°? = 1 (mod 641), which is exactly what we need. o 


Example 2.13. a) Prove that if n is a positive integer, then 9 divides the 
difference between n and the sum of its decimal digits. 

b) Let n be a positive integer and let S; (respectively S2) be the sum of 
the digits of n at the odd (respectively even) positions (the last digit of n has 
position 0). Prove that n = S2 — Sı (mod 11). 


Proof. a) Write 
— ATA So — k k—1 
n = ükäāk—1...-40 = ak - 10” + ak—-ı10 +... + a0 
for some decimal digits ax, ...,a9 with a, Æ 0. Then 
n — (ao + a1 +... + ak) = ag(10" — 1) + ag_1(10* + — 1) +... + a1 (10 — 1) 


is a multiple of 9, since each term in the sum is a multiple of 9 thanks to 
theorem 2.9. 

b) The proof is identical to that of part a), the key point being the con- 
gruence 10* = (—1)* (mod 11) for all i. o 


Example 2.14. (Kvant M 676) Prove that for every positive integer n the sum 
of the digits of 1981” is not less than 19. 


Proof. Write S(x) for the sum of the decimal digits of x. Since 9 | z — S(x) for 
all x and since 9 | 1981” — 1 (as 9 | 1980), it follows that 9 | S(1981”) — 1 and 
so S(1981”) is one of the numbers 1, 10, 19, .... Since 1981” ends in 1 (because 
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10 | 1981” — 1) it follows that $(1981”) > 1. Suppose that $(1981”) = 10, 
thus S(1981” — 1) = 9. Denote by Sı (respectively S2) the sum of the digits 
of 1981” — 1 at the odd (respectively even) positions. Then 0 < S1, S2 < 9. 
On the other hand 1981” — 1 is divisible by 1980, thus it is divisible by 11. 
Hence Sı — Sp is divisible by 11 (by the previous example) and we conclude 
that Sı = So. But Sı + S2 = 9, a contradiction.Thus $(1981”) > 19 for all 
n. LJ 


Example 2.15. Let Fa = 2?" +1 be the nth Fermat number. Prove that 
F,,|2*> — 2 for all n > 1. 


Proof. It suffices to show that Fp | 2.~1 — 1. Note that 
BO? =)" 41) S32?" 1. 


If a | b then 2% — 1 | 2° — 1 by theorem 2.9. It suffices therefore to show that 
grt! | Fn — 1, or equivalently n + 1 < 2”. This is clear. E 


An immediate consequence of the previous theorem is the following very 
useful: 


Proposition 2.16. If f is a polynomial with integer coefficients, then for all 
integers a,b 
a — b | f(a) — f(b). 
Thus, ifa =b (mod n) for some integer n, then f(a) = f(b) (mod n). 
Proof. Write 
f(X) = co + c1X +... + Cn X” 


for some integers co, ..., Cn and some n > 0. Then 
f(a) — f(b) = c1 (a — b) + c2(a? — b?) +... + en(a” — b”) 


and each term in the sum is a multiple of n by theorem 2.9. The result 
follows. O 


Example 2.17. Let f be a polynomial with integer coefficients and let a be 
a positive integer such that f(a) Æ 0. Prove that there are infinitely many 
positive integers b such that f(a) | f(b). 
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Proof. We take b = a+k|f(a)| with k a positive integer. Then 


f(a) | kl f(@)| =b- a | f(b) — f(a) 
and so f(a) | f(b). Since k is arbitrary, the result follows. oO 


2.1.2 Divisibility and order relation 


Another key property of the divisibility relation that we want to emphasize 
in this section is its relationship with the usual order on the set of integers: 
the next proposition roughly says that a divisor of a number cannot exceed 
that number. One has to be a little bit careful when making such a statement 
(note that 1 is a divisor of —2, but it is certainly not less than —2), so we 
formalize this as follows: 


Proposition 2.18. Ifa divides b and b Æ 0, then |a| < |b]. 
Proof. Write b = ac, then c # 0 (since b # 0), hence |b| = |a] - |e] > al. oO 


Remark 2.19. The hypothesis b Æ 0 is crucial in the previous proposition. The 
number 0 plays a very special role: it is the only integer having infinitely many 
divisors. More precisely, 0 is divisible by all integers, since if a is any integer, 
then 0 =a- 0. On the other hand, if n € Z has infinitely many divisors, then 
necessarily n = 0: otherwise, by the previous proposition any divisor d of n 
satisfies d € {— |n], ...0,1, ..., |n|}, hence n has only finitely many divisors. The 
next example is a nice illustration of this important observation. 


Example 2.20. (Russia 1964) Let a, b be integers and let n be a positive integer 
such that k — b | k” — a for infinitely many integers k. Prove that a = b”. 


Proof. For any integer k we have k — b | k” — b”, so if k — b | k” — a, then 
k—b| (k” — b”) —(k” —a) =a— 0”. 


Using the hypothesis of the problem, we deduce that a—b” has infinitely many 
divisors and so a — b” = 0. The result follows. oO 


One of the consequences of the previous proposition is the following prop- 
erty of the divisibility relation. 
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Corollary 2.21. If a,b are integers such that a | b and b | a, then |a| = |b], 
i.e. a = +b. 


Proof. Everything is clear if a = 0 or b = 0. Otherwise, the previous proposi- 
tion gives |a| < |b| and |b| < Jal, thus |a| = [0]. O 


Example 2.22. Find all integers n such that a—b | a? +b? — nab for all distinct 
integers a, b. 


Proof. The identity a? +b? —nab = (a—b)*+(2—n)ab shows that a—b|(2—n)ab 
for alla Æ b € Z Taking b = 1 and a = k + 1, with k a positive integer, we 
deduce that k | (2—n)(k+1) = (2—n)k+2—nandsok|2—n. Hence 2- n 
has infinitely many divisors and n = 2. Conversely, n = 2 is a solution of the 
problem. O 


Example 2.23. (Putnam 2007) Let f be a nonconstant polynomial with positive 
integer coefficients. Prove that if n is a positive integer, then f(n) divides 
f(f(n)+ 1) if and only if n = 1. 


Proof. We have f(f(n) + 1) = f(1) (mod f(n)). If n = 1, then this implies 
that f(f(n) + 1) is divisible by f(n). Otherwise, 0 < f(1) < f(n) since f is 
nonconstant and has positive coefficients, so f(f(n) + 1) cannot be divisible 
by f(n). O 


Example 2.24. a) Prove that for any positive integer n there are distinct pos- 
itive integers x and y such that x + j divides y + j for j = 1,2,3,...,n. 

b) Suppose that x,y are positive integers such that x + j divides y + j for 
all positive integers 7. Prove that z = y. 


Proof. a) We have z + j | y + j if and only if x +j | (y+ 7) -—(a#+j) =y-z. 
Thus it is enough to ensure that y — x is a multiple of (x + 1)(x + 2)...(£ +n), 
for instance y = z + (x + 1)(x.+ 2)...(£ +n). 

b) Arguing as in a), we see that y — x must be a multiple of x + j for all 
positive integers 7. Remark 2.19 yields y = x and we are done. O 


Example 2.25. Let f be a polynomial with integer coefficients, of degree n > 1. 
What is the maximal number of consecutive integers belonging to the sequence 


F), F(2), F3), -2 
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Proof. For the polynomial f(X) = X + (X — 1)(X — 2)...(X — n) we have 
f) = 1, f(2) = 2,..., f(n) = n, thus we have n consecutive numbers in the 
sequence f(1), f(2),.... We will prove that we cannot have more. Assume for 
contradiction that we can find positive integers @1,...,@n41 and an integer x 
such that f(a;) = «+2 forl1<i<n+1. Then f(aj41) — f(a) =lisa 
multiple of aj.1 — a;, thus a;41 — a; equals 1 or —1 for all i. Since ay,..., @n41 
are clearly pairwise distinct (since so are their images by f), we deduce that we 
cannot have sign changes in the sequence az — a1, a3 — Q2, ..., An+1 — Gn (indeed, 
otherwise there would exist 2 such that ai+ı — a; is the opposite of ai+2 — Qi+1, 
which would force a; = aj+2). Thus the sequence a2 — a1, a3 — a2, ..., An+1 — An 
must either consist only of 1’s or only of —1’s. We can thus find a sign € such 
that aj41 — a; = € for all i. But then a; = a; + €- (i — 1) for all i, hence 
flay —-et+e-i) =2x+i1 for 1<i<n+1. We deduce that the polynomial 
f(ay —et+e-X)—x—-X has at least n+ 1 distinct roots, which is impossible 
since it has degree precisely n. This proves that the answer of the problem is 
n. O 


Example 2.26. Let f be a polynomial with integer coefficients, of degree n > 2. 
Prove that the equation f(f(x)) = x has at most n integral solutions. 


Proof. Let x,y be distinct integers such that f(f(x)) = x and f(f(y)) = y. 
Then x — y = f(f(x)) — f(f(y)) is a multiple of f(x) — f(y), which in turn 
is a multiple of x — y. Thus necessarily |f(x) — f(y)| = |x — y|. Consider 
now integers aj < ... < ag such that f(f(a;)) = a; for 1 < i < d. Then 
the previous observation yields |f(a;) — f(a;)| = a; — a; for i < j. We claim 
that the sequence f(a),..., f(aq) is either increasing or decreasing. Indeed, 
we have 


|f(@iti) — flai) + f(@it2) — f(aiti)| = |f (ai+2) — F (ai) 


= 442 — a = | f (ai+1) = f (a;)| T | f (ai+2) E f(ait1)|;, 


therefore f(a;41) — f(a@;) and f(ai42) — f(ai41) must have the same sign for 
all 7, proving the claim. 

Assume that f(az),..., f (an) is increasing (the other case is similar). Then 
necessarily f(a;+1) — f(a;) = aj4+1 — a;i for all 7, in other words there is some 
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number c such that f(a;) —a; = c for 1 < i < d. Since f(X) — X —c has 
degree n, it can have at most n distinct roots and so d < n, as desired. E 


Remark 2.27. A more general problem (in which f o f is replaced with f o f o 
... O f) was proposed at the IMO 2006. 


Example 2.28. (Tournament of the Towns 2002) Let a; < ag < ... be an infinite 
increasing sequence of positive integers such that an divides aj +a2 +... + an-ı 
for n > 2002. Prove that there is a positive integer no such that 


Qn = A, +... + An-1 
for all n > no. 


Proof. By hypothesis, there is a sequence 22902, £2003, --- Of positive integers 
such that for all n > 2002 we have 


ai +ado+... $QAn-1 = Enan. 


Write the previous relation with n + 1 instead of n and subtract the two 
resulting relations. We obtain 


Ln+1An+1 = LnAn + An = anta + 1) (1) 


We deduce that i 
n41 = —— (Tn +1) < £n + 1, 
Qn+1 


since Gn < an+1. Consequently, tn41 < £n for n > 2002. Since there is 
no decreasing infinite sequence of positive integers, we deduce that there is 
no = 2002 such that for all n > no we have £n+1 = Tn. Let k = £no, then 
Tn = k for n > no and relation (1) becomes 


for n > no. In particular, 


On = k(an+1 — an) 
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is a multiple of k for n > no. Writing an = kbn, we also have bn = k(bn+1 — bn) 
and so k | bn for all n, that is k? | an for all n > no. An immediate induction 
then shows that k | a, for all j > 1 and all n > no. In particular, k? < ay, 
for all 7 > 1, which forces k = 1. But then 


ai + sws + An—1 = kan = An 
for n > no and we are done. O 


A fundamental property that easily follows from the relationship between 
divisibility and order relation as well as basic properties of odd and even 
numbers is: 


Theorem 2.29. Letn be a nonzero integer. There is a unique pair of integers 
(a,b) with a > 0, b odd and n = 2° - b. 


Proof. Let us start by proving uniqueness. Suppose that 2%) = 2°d with 
a,c > 0 and b,d odd, and assume that a ~ c. Without loss of generality, we 
may assume that a < c, then b = 2“ °d is even, a contradiction. Thus a = c 
and then 6 = d. 

In order to prove the existence part, consider the set of powers of 2 which 
divide n. This set is finite, since if 2% divides n, then a < 2% < |n|. Thus there 
is a largest integer a such that 2% | n. Write n = 2%b for some integer b. If b 
is even, then b = 2c for some integer c and then 29+! | n, contradicting the 
maximality of a. Thus b is odd and the result is proved. O 


Remark 2.30. 1) It follows easily from the previous theorem that if a,b are 
integers such that ab is a power of 2, i.e. ab = 2” for some n > 0 then |a| and 
|b| (but not necessarily a and b) are also powers of 2. 

2) From the uniqueness part of the theorem, it follows that if n = 2m 
is even and an odd number d divides n, then d divides m. This is our first 
example of a cancellation in congruences and we will use it frequently. 


Yet another result that is fairly useful in practice is the following: 


Theorem 2.31. Ifa is an odd integer, then for all n > 0 


gn+2 | az a i: 
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Proof. We have 


gn—-1 


a? —1=(a—1)(a+1)(a* + 1)(a* + 1)...(a +1). 


Since a is odd, (a — 1)(a + 1) = a? — 1 is a multiple of 8, and a? + 1, at +1...., 
a?”™* +1 are each multiples of 2. Hence a?” —1 is a multiple of 23+("-)) = gn+2, 
as desired. 

Of course, the statement can also be proved by induction on n: for n = 0 
it is equivalent to 8 | a? — 1, which we have already seen. Assuming that 
a?” =1+k-2"+? we have 


Pee = (a2)? Be (1+k-2"t?)? ae 1+k.2rt3 4 k222n+4 = I (RER ITENI 
and the result follows. O 


We will use the previous two theorems throughout the book. The next 
examples are a few illustrations of these results. 


Example 2.32. Let n be an integer greater than 1. Prove that n is odd if and 
only if n divides 1” + 27 + ... + (n — 1)”. 


Proof. If n is odd, then k” + (n-— k)” is a multiple of n for 1 < k < n—1, hence 
2(1” +2” +...+(n— 1)”) is a multiple of n and then n | 1” +2” +...+(n—1)”. 
Suppose that n is even and write n = 2°m with a > 1 and m odd. If k is odd, 
then k” = (k*")™ = 1 (mod 22), while if k is even, then k” = 0 (mod 2°). We 
deduce that 

1” +2? 4 ..4(n—1)" =2%'m (mod 2%) 


and so 2% cannot divide 1” + 2” + ... + (n — 1)”. oO 


Example 2.33. Prove that if n > 1 then s = 1 + 5 T 5 +... + 1 is not an 
integer. 


Proof. Let a be the product of all odd integers less than or equal to n, and 
let k be the largest integer such that 2% < n. We claim that 2*—1as is not an 
integer. If 1 < m < n with m Æ 2*, then m can be written in the form 2tu 
where 0 < t < k— 1 and 1 < u < n is an odd integer. Hence m | 2k-la, so 
gk-1q. + is an integer. Hence 2*-'as = N + 5 for some integer N. But a is 
odd, hence 5 is not an integer. It follows that s is not an integer. O 


16 Chapter 2. Divisibility 


Example 2.34. Is there a polynomial f(x,y) in two variables, with integer 
coefficients and having the following properties: 

a) The equation f(x,y) = 0 has no integral solutions. 

b) For each positive integer n there are integers x, y such that n | f(x,y)? 


Proof. We will show that f(x,y) = (2x — 1)(3y — 1) is such a polynomial. It 


is clear that f(x,y) = 0 has no integral solutions, since it forces x = 5 or 


y= L, Now let n be a positive integer and write n = 25m with k > 0 and m 
odd. Note that 3 | 22?F+1 + 1 = 2. 4% +1 (since 3 | 4* — 1), thus we can write 
22k+1 — 3y — 1 for some integer y. Setting z = mtl (an integer, since m is 
odd) we obtain 


(2x — 1) (3y — 1) =m-27*t1 
a multiple of n. oO 


Example 2.35. (Turkey TST 2016) Find all functions f : N —> N such that 
for all m,n > 1 we have f(mn) = f(m)f(n) and m+n | f(m)+ f(n). 


Proof. Clearly for any odd positive integer k setting f(x) = x* yields a solution 
of the problem. We will prove that these are all solutions. First of all, note 
that f(1) = 1 since f(1) = f(1)? and f(1) is positive. Next, we focus on f (2). 
Write f (2) = 2*(2r + 1) for some k,r > 0. Assume that r > 0, then 


1+2r | f(1)+ f(2r) =1+4+ ffr) =14+ 2"(2r + 1)f(r), 


thus 1+ 2r|1, impossible. Thus f(2) = 2°. Since f(mn) = f(m)f(n) for all 
m,n, we have f(2”) = 2™ for all n > 1. Since 6 | f(2) + f(4) = 2* + 4*, we 
deduce that k is odd. Finally, for any n > 1 and any d > 1 we have n+ 2° | 
f(n) + f(2% = f(n) + 2" and, since k is odd, we also have n + 2% | në + 2*¢, 
thus n+ 2% | f(n)—n*. Fixing n and letting d vary we deduce that f(n) = n* 
for all n (since f(n) — n* has infinitely many divisors, namely all numbers 
n+ 2¢ with d > 1), finishing the proof. O 


We end this section with a few more challenging examples, which combine 
most of the time all the previous techniques. The first one is a famous IMO 
problem, which became an absolute classic. The method of the proof (also 
known as infinite descent) goes back to Fermat and crucially uses the ordering 
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of integers. In many cases we need to prove that certain diophantine equations 
f(x1,...,£%) = 0 have no solutions, or only "trivial solutions" (those that one 
can find "at a glance"). The idea is to start with a potential solution (or 
a "nontrivial" solution) of the equation and produce a "smaller" one. If the 
"smaller" solution created is not "trivial", one repeats the process. We obtain 
this way a sequence of solutions, which become "smaller" and "smaller", forcing 
therefore the process to stop. One can also argue (perhaps more directly) by 
contradiction and consider a "minimal" solution of the problem and then reach 
a contradiction after having created a "smaller" solution. 

Let’s see how this works precisely in a simple example, before embarking 
in the more challenging example below. Consider the equation z? + y? = 322. 
We claim that the only solution in integers is the "trivial" one, namely x = 
y = z = 0. Indeed, consider a solution (x,y,z) which is not trivial. Then 3 
divides z? + y2. Checking several cases, it is a simple matter to deduce that 
x,y must both be multiples of 3. Then x = 321, y = 3y, and 2? = 3(x? + y2). 
We deduce that z is a multiple of 3 (otherwise z? = 1 (mod 3)), say z = 321 
and then x7 + y? = 3z?. Thus (21, 41,21) is also a solution of the equation, 
and it is not trivial, since (x,y,z) is not trivial. On the other hand 


x| + |y| + {2 
joa] + [yn] + [aa] = E+ I 


< |x| + ly| + |z|; 

thus the solution (21, y1, 21) is "smaller" than (x, y, z), in the sense that the sum 
of the absolute values of 71, y1, 21 is smaller than that of x,y,z. Considering a 
nontrivial solution (x,y,z) with |x|+|y|+|z| minimal, this immediately yields 
a contradiction. 


Example 2.36. (IMO 1988) Let a, b be positive integers such that ab+1 divides 
24 72 a?+b? ; 

a“ + 6°. Prove that {prr is a perfect square. 

Proof. Assume that this fails for some a, b and pick a pair (a, b) for which this 

fails and for which a + b has the smallest possible value. Write a? + b? = 

c(ab+ 1). By assumption c is not a perfect square. By symmetry in a and b, 

we may assume that a > b. The quadratic equation 


r? — ber +b? —c=0 
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has a solution equal to a by assumption. Let 


b? —¢ 
a’ = bc -a = 





a 


be the other solution. Note that a’ = bc — a is an integer and that a’ is 
nonzero since c Æ b? (as c is not a perfect square). We claim that a’ is 
positive. Otherwise, we would have a’ < —1, thus b? — c < —a and c > b +a. 
But then 


a? +b? = c(ab+ 1) > (b? +a)(ab+ 1) = ab? +a°b +b? +a > a°b+b? > a7 +07, 


a contradiction. Thus (a’,b) is another pair satisfying the assumptions of the 
problem and for which the conclusion fails. By minimality of (a,b) we must 
have a +b < a' + b, thus a <a’. This is however impossible, since (using that 
a >b) 


b-c b? 
al = < — <b. 
a a 





Thus there are no pairs satisfying the assumptions of the problem and failing 
to satisfy the conclusion. O 


Example 2.37. (IMO 2007) Let a,b be positive integers such that 4ab — 1 | 
(4a? — 1)?. Prove that a = b. 


Proof. Since 4ab = 1 (mod 4ab — 1), we have 4a*b = a (mod 4ab — 1). Since 
4ab — 1 | (4a7b — b)?, we deduce that 4ab — 1 | (a — b)?. We argue now as in 
example 2.36, assuming that (a,b) is a pair satisfying 4ab — 1 | (a — b)? and 
a # b, and minimizing a + b. We may assume that a > b. Write (a — b)? = 
c(4ab — 1) and consider the other solution 


b+c 





a’ = 2b(1 + 2c) — a = 
of the equation 
(x — b)? = c(4ba — 1). 


Clearly a’ is also a positive integer and (a’,b) satisfies 4a’b — 1 | (a' — b)? 
and (a! — b)? = c(4a’b — 1) (thus a’ # b). Using the minimality of (a,b) we 
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deduce that a +b < a' + b, so a’ >a and b? + c > a?. However the equation 
(a — b)? = c(4ab — 1) yields c < (a — b)?, so we obtain 


a? — b? < (a—b)?. 


Since a > b, this yields a + b < a — b, plainly absurd. Therefore there are no 
such pairs (a,b) with a Æ b and the result follows. oO 


Remark 2.38. Here are a few very similar problems, all of which can be solved 
by the same argument: 

a) Positive integers a, b satisfy ab | a? +b? +1. Prove that a? +b? +1 = 3ab. 

b) Let a,b be positive integers such that a? +b? is divisible by ab— 1. Prove 
that atb = 5. 

c) (AMM 11374) Let a,b, c,d be positive integers such that 





abcd = a? +b? + +1. 


Prove that d = 4. 

d) (USA TST 2002) Find all ordered pairs of positive integers (m,n) such 
that mn — 1 divides m? + n?. 

e) (USA TST 2009) Find all pairs of positive integers (m,n) such that 
mn — 1 divides (n? — n+ 1)?. 

f) (Hurwitz) The equation 


2 2 
L? +2 ++... +22 = kriz...2n 


has no solutions in positive integers if k > n. 


Example 2.39. (Kvant) Let p and q be integers greater than 1. Assume that 
piq—1 and q|p-—1. Prove that p = 82 +1 or p=? +q+1. 


Proof. Write p = qn + 1 for some positive integer n. Then qn + 1 | q? — 1, so 
qn +1 |g@n-—n. But 


gn-n=q-qn-—n=Q(qn+1) —(q*+n), 


hence gn + 1 |q? +n. In particular gn + 1 < q? +n, which can be written as 
n(q —1) < q? — 1 and yields n < q + 1. 
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Next, we have gn + 1 | qn? — n? and 


gen? n? = g?n?-q—n? = (Pn? —1)qt+q—n’. 
Since gn + 1 divides q?n? — 1, it follows that gn +1 | q — n?. 

Now, we discuss three cases. If q = n?, then p = qn + 1 = q?/* + 1 and we 
are done. If q > n?, then the second paragraph yields gn + 1 < q= n? < q, 
certainly impossible. Finally, if q < n?, then the second paragraph yields 
qn +1 < n*—q, thus q(n+1) < n?—1 and q < n—1. Combined with the first 
paragraph, this gives q = n— 1 and then p = qn+1 = q(q+1)+1 = 2 +q+1. 
The result follows. oO 


Example 2.40. (Bulgaria) Let a,b and c be positive integers such that ab di- 
vides c(c? — c + 1) and a + b is divisible by c? + 1. Prove that the sets {a,b} 
and {c,c? — c + 1} coincide. 


Proof. Write c(c? — c + 1) = mab and a +b = n(c? + 1) for some positive 
integers m,n. Without loss of generality, assume that b < a. Then 


mab = c(c? — c + 1) < e(c? +1) = —(a +b) < 2a, 


hence b < 2e, 

On the other hand we have a = —b (mod c? +1), thus taking the equation 
c(c? — c+ 1) = mab modulo c? + 1 yields 1 = —mb? (mod c? + 1), that is 
c? +1 | mb? +1. Thus mb? +1 = r(c? + 1) for some positive integer r. 
In particular mb? > rc*, which combined with the inequality b < 2e yields 
rmn? < 4. This forces n = 1 and rm < 4. 

Suppose that m > 1, then necessarily r = 1. Since r = 1, we have 
mb? = cê, in particular b | c?. Since b | mab = c(c? — c + 1) and b | @, 
we obtain b | c, thus c = kb for some integer k and k? = m € {2,3}. This is 
clearly impossible, thus m = 1. It follows that the numbers a, b and c,c?—c+1 
have the same sum and product. Thus they are roots of the same quadratic 


polynomial and the result follows. oO 


Remark 2.41. The solution would be slightly easier if we were willing to use 
that v2 and v3 are irrational numbers, which would immediately rule out the 
equation mb? = c? with 1 < m < 4. 
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Example 2.42. (Romania TST 2012) Let aj,...,a, be positive integers and let 
a>1bea multiple of ajas ...an. Prove that a"*! + a -— 1 is not divisible by 
(a+aı— 1)(a+az2-— 1)... (a+an-— 1). 


Proof. Suppose that 
at! +a -— 1 = k(a +a — 1)...(a + an — 1) (1) 


for some positive integer k, and write a = ma1...an for some positive integer 
m. Note that a1,...,an > 1, for if a; = 1 (for example) then the right-hand 
side of relation (1) is divisible by a, but the left-hand side is not. 

Relation (1) coupled with the congruences a”t! = 1 (mod a — 1) and 
a+ ai — 1 =a; (mod a — 1) for 1 < i < n yield 


1 = kai...an (moda-—1), hence m=ka=k (moda-1). 
Note that m < a = ma1...an and, since a; > 1 fr1<i<n 
at! +@—1>k(a+1)", 


which easily implies that k < a (since one easily checks that a(a + 1)” > 
at! 4 q@—1). Thus k,m are positive integers less than or equal to a — 1 and 
k = m (mod a — 1), which implies k = m. But m | a and k | a“*!+a—1, 
hence m | a”*! + a — 1, which implies that m | 1 and finally k = m = 1. It 
follows that 


a?) < a”t! 4+4-1=(a+a;—1)...(@+ a, — 1), 


which can be rewritten as 
a+aı— 1 a+an— 1 
Qi: -t An = a < ———_..-.... : ————__.. 
a a 


This is however impossible, since for 1 <i < n we have 
a+a;—l 
= = +. Ge, 


this inequality being equivalent to (a — 1)(a; — 1) > 0. 
The problem is solved. E 
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Example 2.43. (Schinzel) Prove that there exists a constant c > 0 with the 
following property: if a positive integer a is even and not a multiple of 10, 
then the sum of the digits of aë is greater than clog k for all k > 2. 


Proof. Define a sequence (bn)n>0 by bo = 0 and bn+1 = 1+ [bn log, (10)]. This 
sequence is increasing and bn41 < (1 + log,(10))b, for n > 1, thus bn < c” 
for all n > 1, where c = 1 + 1og,(10). Suppose now that k > bn and write 
a® = co +10c, +... in base 10. For each 2 < j < n we have that 255 divides a“ 
and since 2°5 also divides Cb, 10° + cp fee 10%+14 ... it follows that 2°) divides 
co + 10c1 +... +Cb,;-1 10171. Note that this last number is nonzero since co Æ 0 
by assumption. We deduce that 2°) < co + 10c1 + ... + © ya 10°)-1. Assuming 
that cp,_,,---,Cb;-1 are all zero we deduce that 2°5 < 105-1, contradicting the 
definition of the sequence (bn)n>0. Thus for each 2 < j < n there is at least 
one nonzero digit between cp,_,,...,cp,-1- It follows that if k > bn, then the 
sum of digits of aë is at least n — 1 > n/2. Taking into account that bn < c” 
for all n > 1, the result follows. oO 


2.2 Induction and binomial coefficients 


The main topic of this section is the use of induction as a tool for prov- 
ing divisibilities (or for solving constructive problems). Along the way, we 
will study some basic properties of binomial coefficients, which will help us 
establish a certain number of remarkable congruences. The study of binomial 
coefficients will occur quite frequently in this book, since they have remarkable 
arithmetic properties. Since we haven’t developed enough theory so far, the 
results in this section are rather modest, but we will need them later on to 
obtain rather nontrivial results. 


2.2.1 Proving divisibility by induction 


Before studying binomial coefficients, let us spend some time dealing with 
examples of problems involving divisibility in which induction plays a key role. 


Example 2.44. Prove that if n is a power of 3, then n | 2” +1. 
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Proof. We need to prove that 3* divides 23" +1 for all k > 0. We prove this 
by induction on k, the case k = 0 being clear. Assume that 3° | 23° +1 and 
write 23° = n-3* — 1 for some integer n. Then 


gat? = (23")3 = (n r gk N D 


= n? f 33k _ n? ; 32k+1 +n- gktl —~l=-] (mod gree). 


as needed. 
We can also prove this result directly, by factoring 


23° 4.1 = (2+ 1)(2? -2+ 1)(223 = 23 + 1)...(22" = 98" 4 1) 


and observing that for i > 0 we have 2? — 23° +1 =0 (mod 3). Hence each 
of the factors 2? — 2 + 1, 223 — 23 + 1,..., 223777 — 23°" 41 is a multiple of 3. 
The result follows. O 


Remark 2.45. We strongly suggest the reader to try to prove by induction 
theorem 2.31, following the same method as the one explained in the previous 
example. 


Example 2.46. Let n be a positive integer. Find the largest integer k for which 
2° | (n+1)(n+2)...(n +n). 


Proof. Let an = (n+ 1)(n+ 2)...(n + n). The first few values of the sequence 
(Qn)n>1 are 2,12 = 3-4,120 = 8-15, etc. We conjecture that the largest k for 
which 2% divides an is n. We will prove this by induction, the case n = 1 being 
clear. In order to prove the inductive step, we will find a simple relationship 
between an and an+ı. Namely, 


an+1 = (n+ 2)(n4+3)..(nt+t1+n+4+1) = (n42)...(n+n)(2n + 1)-2(n+1) 


= 2(n+ 1)(n4+ 2)...(n + n)(2n + 1) = 2an - (2n + 1). 


Since 2n +1 is odd, the highest power of 2 dividing 2a,,(2n +1) is one plus the 
largest power of 2 dividing an, thus by induction this highest power is n + 1, 
proving the inductive step. Hence the result of the problem is k = n. O 
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Remark 2.47. Iterating the relation 
An+1 = 2an(2n + 1) 
yields the interesting equality 
(n+ 1)(n+2)...(n+n) =a, = 2"-1-3-...-(Q2n—1). 
This can also be proved directly, by observing that 
(2n)! _ 1-3-...-(Q2n—1)-2-4-...-2n 


n! n! 
PAE 
n! 


(n+ 1)(n + 2)...(n+n)= 





| 
e SE o ae e Se ONT), 


Example 2.48. (IberoAmerican 2012) Let a, b, c,d be integers such that a — b+ 
c — d is an odd divisor of a? — b? + c? — d?. Prove that a — b + c — d divides 
a” — b” + c” — d” for all positive integers n. 


Proof. By assumption a—b+c—d divides a? —b? +c? —d?, but a—b+c-—d also 
divides (a + c)? — (b+ d)*, thus it divides the difference of the two numbers, 
which is 2(ac—bd). Since a—b+c—d is odd, it follows that a—b+c—d | ac—bd. 
We will prove by induction that a — b + c — d divides a” — b” + c” — d” for 
all positive integers n. The cases n = 1,2 being clear, assume that n > 3 and 
that a — b + c — d | af — bf +c —d* fork <n. Let e =a—b+c-—d. Since 
aTi + ¢%1= p14 d"! (mod e) and a+c =b+ d (mod e), we have 


(a+c)(a"* +t) = (b +d) (bt +d!) (mod e). 
Expanding and rearranging yields 
a” — b” + ce" — d = bd(b™ 7 + d7’) — ac(a™ *+c™*) =0 (mode), 


the last congruence being a consequence of the congruences bd = ac (mod e) 
and 6-2 4 c®—2 = a”? + e (mod e). E 


Example 2.49. Define a sequence (an)n>ı by setting aj = 2 and an+ı = 2%” +2 
for n > 1. Prove that an divides an+ı for all n. 
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Proof. We will prove by induction that a, divides an+ı and that a, — 1 divides 
an+1— 1 for all n > 1. This is clear for n = 1, so assume that it holds for n — 1 
(with n > 2) and let us prove it for n. Proving that an | an41 reduces (thanks 
to the recurrence relation) to proving that 2%%-171 +1 | 2%-1+1. For this, it 
suffices to check that ae is an odd integer. It is an integer by the inductive 
hypothesis, and it is clearly odd, since ay, is even for all n. Proving that a, — 1 
divides an41 — 1 reduces to 2-1 + 1 | 2% + 1 and it suffices again to check 
that PoE is an odd integer. The fact that it is an integer follows from the 
inductive hypothesis, while the fact that it is odd follows from an = an_1 = 2 
(mod 4) (which follows directly from the recurrence relation and the fact that 
a, = 2). This proves the inductive step. C 


Example 2.50. (China 2004) Prove that every positive integer n, except a 
finite number of them, can be represented as a sum of 2004 positive integers: 
n = a1 + a2 +... + a2004, where 1 < ay < ag < ... < a2004, and a; | aj+1 for 
all 1 <2 < 2003. 


Proof. We will prove by induction on k the following statement: there exists 
a positive integer ną such that all n > nz can be written n = a, +a2 +... + ak 
for an increasing sequence 1 < a, < ... < ax with aj | a2 |... | ax. Call such a 
decomposition admissible. 

The statement is trivial for k = 1 and for k = 2 we can take no = 3 (by 
writing n = 1+ (n — 1) for n > 2). Suppose now that nę exists and choose 
some large n (we will make this statement more precise later on). Write 
n = 2"(2m + 1) for some nonnegative integers r and m. If n is large, then at 
least one of r and m is large. 

We start with the easy case: suppose that m is large, say m > nz. Then 
we can find an admissible writing m = aj + a2 + ... + a, for m and we obtain 
an admissible writing for n 


ee a E a i E ae te 


Suppose now that r is large. It is enough to find an admissible decompo- 
sition for 2” (as then we can multiply all of its members by 2m + 1 to get an 
admissible writing for n). Write r = 2q+rı with rı € {0,1} and q > 0. By the 
same argument, it suffices to find an admissible decomposition for 277. Assume 
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that 27 > ng and choose an admissible decomposition 27 + 1 = a; +... + Qk 
for 27+ 1. We obtain a new admissible decomposition of length k + 1 for 274 


274 = 14 (27—1)(27 + 1) = 1 + (22 — 1)a1 +... + (2% — 1)ag. 


It is now very easy to conclude: suppose that n > 4n3. Then either m > nx 
or 27 > nz. Indeed, otherwise 


n = 279471 (2m +1) < 2- n? - 2np = 4nz, 


a contradiction. As we have explained above, this is enough to obtain an 
admissible decomposition of length k + 1 for n, so we can take nk} = An? 
and finish the inductive proof. O 


2.2.2 Arithmetic of binomial coefficients 


We will use now induction to study binomial coefficients. Recall that if 
n,k are nonnegative integers with n > k, we define 


n\ n! 
k)  ki(n-k)! 


where n! is the product of the first n positive integers (with the convention 
that 0! = 1). 

A remarkable result is that (%) is an integer (this is certainly not obvious 
from the definition!). There are several proofs of this result. The most stan- 
dard proof consists in using a simple combinatorial argument to show that (7) 
is the number of subsets with k elements of the set {1,2,...,n}. We leave it 
to the reader to fill in the details of this combinatorial argument. Let us give 
an inductive proof of the fact that (;) is an integer for all n > k > 0. We use 
strong induction on n+ k, the cases n +k = 0 and n + k = 1 being clear. In 
order to prove the inductive hypothesis, we may assume that k > 1 andn >k 
(otherwise it is clear that (%}) = 1). The key point is the classical identity 


RRES) 
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which can be checked without any difficulty using directly the definition of 
(7). Using the inductive hypothesis the numbers (",*) and (}Z}) are integers, 
which proves that (;) is an integer as well. We will use this idea to prove a 


similar result, for which the combinatorial interpretation is not easy to find. 

Example 2.51. Let q be an integer greater than 1. If n,k are nonnegative 

integers, define the Gaussian binomial coefficient (z) by (;), =0 fork >n 
q q 

and, ifk<n 


4 Ae aged) 


ky, = (a -1)(Q¥ *-1)..-1) 


where by convention the right-hand side equals 1 when k = 0. 
a) Prove that for all n,k > 1 we have 


n\  4,fn-1 1 n— i 
k] T \ k pai. 
q q q 
b) Prove that (;), is an integer for all n, k. 


Proof. Let £n = q” — 1 for n > 1. 
a) If k > n, then both sides are equal to 0 by definition, so assume that 
k < n. If k =n, then the equality reduces to 


G, 


and holds since by definition (7), = 1 for all n. Finally, assume that k < n—1, 
then the desired equality is equivalent to 
TnTn—1:..-Tn—-k+1 = k&@n-1---tn—-k + Ln—1-+--In—k+1 . 
kTk—-1..- T1 Tk. Li Tk—-1... £1 


Dividing everything by žeti, the last relation is equivalent to 


Tn _— kTn-k 
ae q ae, 
Tk Tk 


+1 


Or Ln = QËZn-k + £k. This can be checked by a direct computation. 
b) This follows from part a) arguing by strong induction on n+ k, in the 
same way as we did for the binomial coefficients. E 


28 Chapter 2. Divisibility 


Example 2.52. (Tournament of the Towns 2009) For each n > 1 set 


(nJ!=1-11-111-...-111..1. 
— oe 
n ones 


Prove that for all m,n > 1 the number [n + m]! is divisible by [n]![m]! 
Proof. Note that 


10-1 107-1 10” — 1 








9 9 oe 9 
hence 

[n+ml]! | mara- ey | 

mi! To’ 1) 1,081) | m |, 
The result follows then from the previous example. E 


Remark 2.53. The Gaussian binomial coefficients are generalizations of the 
usual binomial coefficients, which correspond to the case q = 1. Many for- 
mulae involving binomial coefficients have analogues for Gaussian binomial 
coefficients. For instance, the analogue of the binomial formula (which will be 
discussed later on in this section) is 


Ha +q°X) = Dı a x al 


=0 


Ezample 2.54. Prove that n + 1 divides (¢”) for all positive integers n. 


Proof. We have the equality 


m+n) = (2n +? *) = ain 1)-0(7"), 


Taking it modulo n + 1 yields (°) = 0 (mod n+ 1). E 
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C, = 1 (r) 
n+1i\n 


is called the nth Catalan number. These numbers have remarkable properties, 
for instance one can prove (not without some effort) that 


Remark 2.55. The number 





Cn+1 = "> CkĈCn- k» 
k=0 
The Catalan numbers also appear frequently in combinatorics, for instance Cn 
is the number of different ways a convex polygon with n + 2 sides can be cut 
into triangles by connecting vertices with straight lines (there are dozens of 
combinatorial interpretations of C;!). 


Example 2.56. (Romania TST 1988) Prove that for all positive integers n, the 
number [[7_, k? is a multiple of (n!)"*". 


Proof. We compute 


1 T 12k 1 2 
=| 





1 n! n! z pint 
nml (n DN n= ni) = (1!2!...(n — 1)!)2 
n! n! n -TI H 
~ In =I Ans n= AR 
which is clearly an integer. m 


An important observation about (%) is that 


a _ n(n — 1)(n — 2)...(n—k+1) 
k k! 


is a polynomial expression (of degree k) in n. This shows that one can give a 
meaning to (7) even when n does not satisfy n > k and even when n is not 
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an integer. More precisely, for every real (or complex) number x and every 
nonnegative integer k we can define 


zio Coal). hee} 
kj k! 


Similarly, we can define a polynomial of degree k 


Xy XO Dek ee) 
k) T k! 


These generalized binomial coefficients still satisfy many of the usual properties 
of binomial coefficients, in particular the formula 


s) x— lı i x—l 
k) k k—1 
still holds. Moreover we have the fundamental 


Theorem 2.57. For all z € Z and all nonnegative integers k we have (7) € Z. 


In other words, the product of k consecutive integers is always a multiple of 
k!. 


Proof. We have already proved this result when x > 0, so assume that x < 0 
and write x = —y with y > 0 and integer. Then 


G) _ 2(e=1)..(@= +1) uly- 1)...(-y = b+ 1) 
k k! i 
2 y(y+1)..(y+k—1) _ TIE 


Since am is an integer, the theorem is proved. O 


The previous theorem shows that the polynomial 


(x) © X(X-1)...(X —n +1) 
n} n! 
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takes integer values at integers. Note that (*) does not have integer coeffi- 
cients, unless n = 1 (its leading coefficient is 1, which is not an integer if 
n > 1). The following beautiful theorem describes all polynomials sending 
integers to integers. 


Theorem 2.58. Let f be a polynomial with rational coefficients such that f(n) 
is an integer for any integer n. Then we can find (unique) integers ag, a1, ..., ad 


such that p 
X=) a it 


i=0 


Proof. Let us first prove that for any polynomial with rational coefficients f 
there are rational numbers ao, 41, ...,a@q (where d = deg f) such that 


d 
X 
f(X) = Da( o). 
i 
i=0 

We prove this by induction on d = deg f, the case d = 0 being clear. Assuming 
that the result holds for polynomials of degree not exceeding d — 1, consider a 
polynomial f of degree d. Choose ag such that f(X) — ag E ) has degree not 
exceeding d — 1 (namely, if a is the leading coefficient of f, choose ag = d!a). 
By the inductive hypothesis we can write 


d—1 
f(X)- a(7] => a, H 
1=0 


for some rational numbers ao,...,ag, and thus f has the required form. 

Assume now that f(n) is an integer for all integers n. Then f(0) = ao is 
an integer, then f(1) = a9 +a, is an integer, hence a; is an integer. Assuming 
that ao,...,a, are integers, the relation 


f(k) = «(6 + ay 4 ee) aan + ak 


shows that a, is an integer. Thus ao,...,ag are actually all integers. O 
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Remark 2.59. 1. The hypothesis that f has rational coefficients can be 
dropped: any polynomial with complex coefficients that sends integers 
to integers must have rational coefficients (we leave this as an exercise 
to the reader). 


2. The proof of the previous theorem only used that f(0), f(1),..., f(deg f) 
are integers. In particular, it follows that if a polynomial with rational 
coefficients takes integer values at deg f + 1 consecutive integer values, 
then it takes integer values at all integers. 


3. As the proof shows, for any polynomial f with complex coefficients, of 
degree n, we can find complex numbers apg, ..., an such that 


F(X) = Dray “i 
k=0 


Moreover, the numbers ao, ...,an are unique (this follows from the last 
part of the proof of theorem 2.58). They are called the Mahler coeffi- 
cients of f. We will see later on that much of the arithmetic properties 
of polynomials are captured by these coefficients (just as much of the al- 
gebraic or analytic properties of polynomials are captured by the usual 
coefficients). 


Example 2.60. Let ao, a1,...,@n be integers. Prove that the polynomial 
= X 
F(X) = X ak ( 
k=0 
has integer coefficients if and only if k! | a, forO <k <n. 
Proof. Let by = ẸẸ, so that 


f(X) = bo +OrX +b2X(X —1) +... 4+ 0, X(X — 1)...(X —n4+ 1). 


This makes it clear that if k! | a, for all k, then f has integer coefficients. 
Conversely, suppose that f has integer coefficients, then the coefficient of X” 
is an integer, which means that b» is an integer. But then 


FX j- baX (X-H KS 1) = wtb X eh XX -AX (n=l) 
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also has integer coefficients. Considering the coefficient of X”! we deduce 
that b,-1 is an integer. Continuing like this yields bn, bn_1,...,b9 € Z, showing 
that k! | az for all k. oO 


Example 2.61. Let f be a monic polynomial of degree n > 1 with integer 


coefficients. Prove that if an integer d divides f (0), f(1),..., f(n), then d | n!. 


Proof. Taking into account theorem 2.58 and the remark following it, we see 
that f is a polynomial that sends integers to integers and so can be written 


fX) < X 
-Dalh 


for some integers ao,...,@n. Identifying the leading coefficients on both sides 
we deduce that 


1 la 
d n! 
This immediately yields d | n!, as desired. oO 


Example 2.62. (Putnam) Let a1, ...,an be pairwise distinct positive integers 
such that aiaz...an | (k + a1)(k + a2)...(k + an) for all positive integers k. 
Prove that aj,...,@n is a permutation of 1,2,...,n. 


Proof. Applying the result of the previous example to the monic polynomial 
f(X) = (X +a, + 1)...(X + a, +1) 


and to d = @j42...dn, we deduce that aiaz...an | n!. We may assume that 
ay <... < an. Then a; > 1, a2 > 2,..., An > n and since aj...ay, | n!, this forces 
a, = 1,..., dn = n (if one of the inequalities above was strict, then we would 
have a1...an > n!). The result follows. O 
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2.2.3 Derivatives and finite differences 


We will now make a quite interesting parallel between the usual coefficients 
and the Mahler coefficients of polynomials. By definition, for any polynomial 
P of degree n we can find numbers ao,..., an such that 


P(X) =) aX" 
k=0 


and dao, ...,@n are unique (these are the coefficients of P). The proof of theorem 
2.58 (see the remark following theorem 2.58) also allows us to write uniquely 


7 X 
P(X) = Safa) 
k=0 
How can we characterize the numbers a; and bę in terms of P? We need the 


following 


Definition 2.63. If P(X) = ao + a1 X +... + an X” is a polynomial with 
complex coefficients, we define 
e the derivative of P as the polynomial 


P'(X) = a1 + 202X +... + Nan X". 
In general, the kth derivative P“) of P is defined by the recurrence PH) = P’ 
and P+!) — (PY. 
e the discrete derivative of P as the polynomial AP with 
AP(X) = P(X +1) — P(X). 
Define AFP by the recurrence relation A!P = AP and 


A*+1 P = A(A¥P) = AFP(X +1) — A* P(X). 


Let us observe that if P is a nonzero polynomial, then P’ and AP have 
degree (strictly) smaller than P. Iterating this observation yields 
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Theorem 2.64. For any polynomial P of degree n we have 
P) =Q0=A*P if k>n. 
Let us observe that (XF)! = kX*—!, therefore the polynomials 


xk 


Pk = r 


satisfy P; = P,_1. Iterating this relation yields 
PO = Pej if kz2j, PP =0 if k<j 
We deduce that for the polynomial 


= X aX" = X akk! P(X 
k=0 k=0 


we have for allO0<d<n 


aaea = Y arg Pe- ea Sali J 


and in particular 





PMO 
ag = l ) O0<d<n. 
d! 
It also follows from the previous formula that if P has integer coefficients, 
then all coefficients of P‘ are multiples of d! and so we obtain the interesting 


divisibility 





d\|PO%(a) if acz. 


Let us study now the analogous situation for the discrete derivative. We 
will see that all previous results have their discrete counterparts. Consider the 


polynomials 
X 
ANE ; 
Sk(X) 4 
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Or) Ce) (2) 


AS; = Sk-1. 


The identity 


is equivalent to 


We deduce that 
AÍ Sh = Sk-; if k>jĵ, AJ S; =0 if J >k; 


Thus, for any polynomial 
n X n 
2 Safa) = by Si (X 
k=0 k=0 
we have for allO <<d<n 


A P(X "3 bp APS; (X -5 bk Sk-a(X 
k=0 


Recalling that S;(X) = C ), we obtain the analogous formula 


A?¢P(X) by [k 
= -S (5) xx -D (Kak dS 1) 


We are now ready to prove the 


Theorem 2.65. If P is a polynomial with complex coefficients of the form 
= X 
P(X) = n(A) 
k=0 
then the coefficients bo, ...,bn are given by 
by = A?P(0) 


for0O<d<n. Moreover, if P has integer coefficients, then 
d!| A¢P(a) if a€Z. 
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Proof. For the first part, it suffices to evaluate at X = 0 the identity 


d 
aro = D (A) xO 1)...(X — eae 1)). 


For the second part, note that br are integers for d < k < n (see example 
2.60). The result follows immediately by evaluating at X = a the previous 
identity. O 


The following theorem gives a beautiful formula for A” P. 


Theorem 2.66. For any polynomial P and any n > 1 we have 


A" P(X) = 2G j)r-k 4 P(X +k). 


k= 


Proof. We will prove this by induction on n, the case n = 1 being clear. 
Assume that the result holds for n, then 


A"t! P(X) = A(A"P)(X) = A" P(X +1) — A” P(X) 


n 


-Seafire -Sene(%) oc rp 


DX apee if i a P(X +k) — Dai 4 P(X +k) 
n+1 n n 
= (IAPA +k) (, i + o) 
k=0 
E -5 pe ¥ : 7 P(X +k), 
as desired. O 


An immediate but very useful consequence of theorems 2.64 and 2.66 is 
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Corollary 2.67. For any polynomial P and any n > deg P we have 


n 


Soy(i)rxsn=o 


k=0 


Moreover, if P has integer coefficients then for all n > 0 we have 


n! | SS 4 P(k). 
k=0 


Proof. The first statement is the combination of theorems 2.64 and 2.66. The 
second statement is equivalent (using theorem 2.66) to n! | A” P(0), which 
follows from theorem 2.65. E 


2.2.4 The binomial formula 
One of the fundamental tools used in establishing congruences is the 


Theorem 2.68. (binomial formula) For all complex numbers a,b and all n > 


1 we have 2 
(a +b)” = ` K a?" b: 


k=0 
Proof. We prove this by induction, the case n = 1 being clear. Assume that 
the result holds for n, then 


(a +b)! = (a+ b)(a +b)" = (a + b) 3 8 arep 
ezo \K 


n fn n fn 

=3 6 antinkyk 4 Yo 4 an kyktl 
k=0 k=0 

n+1 


= y 8 gr ti—kpk is ( arson 
pao \* =A 


n+1 n+l 
+1 
= ` ar tl-kpk (7) 4 ( i )) = ` K en 
= k k-1 = k 


as desired. O 
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Explicitly, we obtain 


n 


(a +b)” = a” + natb + ¢ 


ae +... +b". 


Note that if n > 2, then all terms except the first two in the right-hand side 
of the previous equality are multiples of b?. We deduce that 


b? | (a +b)” — a” — natb, 


which strengthens the divisibility b | (a + b)” — a”. Similarly, if n > 3, we can 
go one step further and obtain the divisibility 


b3 | (a+ b)” — qa” — natb — A-D gag, 


We actually have the following fairly general congruence for polynomials with 
integer coefficients: 


Theorem 2.69. If P is a polynomial with integer coefficients, then for all 
integers a,b and all N > 0 we have 
N 
PF) (a) 
P(a + b) = ` kl 


k=0 





b® (mod b+). 


In particular, for N = 1 this becomes 
P(a+b) = P(a)+P’(a)b (mod b°). 


Proof. Writing P as a linear combination with integer coefficients of monomi- 
als, we reduce the proof to the case when P is a monomial, say P(X) = X¢ 
for some d > 0. Then 


d! 
(k) (7) — — _ d-k_  % ~d-k 
P (a) = d(d — 1)...(d — k + 1)a™®" = a- Wi’ 
if k < d and PF) (a) = 0 for k > d. Thus the congruence is reduced to 
min(N,d) d 
(a +b)? = ` #8 afko: (mod b+!) 
k=0 


This is a straightforward consequence of the binomial formula. E 
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Example 2.70. Prove that 343 divides 21% — 1. 


Proof. We have 343 = 7° and 21% — 1 = 8*9 — 1 = (7+1)*9 — 1. We conclude 
using the binomial formula. oO 


Example 2.71. Let k be an even positive integer and define a sequence (£n)n 
by 21 = 1 and tn41 = k” +1 forn>1. 

a) Prove that £n-ı divides zn for all n > 2. 

b) Prove that r2 divides £n—1£n+1 for all n > 2. 


Proof. a) We prove the desired result by induction on n, the statement being 
clear for n = 2. Assume that a = %n_1 divides xz, = k? + 1, we need to prove 
that k° +1 | k* +141. Write k + 1 = ab for some positive odd integer b. 
Then 


b—1 
kti +1 =k” +1 [= (ab—1)?+1= 5o (-1) 4 (ab)?-*, 
k=0 


the last equality being a consequence of the binomial formula and of the fact 
that b is odd (thus (—1)® +1 = 0). Every term in the previous sum is a 
multiple of ab and the result follows. 

b) Let n > 2 and let a = ry_1, so that £n = k? + 1 = ab for some positive 
integer b. We need to prove that a?b? divides a(k® + 1). Note that a,b are 
odd, since k is even. But then using the binomial formula 


a(k® +1) = a((ab — 1)? + 1) = a(1 + (—1)° + ab*(—1)? 1 4+...) = 7b? +... 
and each term in the previous sum is a multiple of a7b?. E 


Remark 2.72. A special case of the previous example is the following problem, 
that was proposed in a Romanian TST: prove that if n is an odd positive 
integer, then 

CEEA e haa: 


Example 2.73. Find a polynomial f with integer coefficients such that 27 | 
A” + f(n) for all n > 1. 
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Proof. Expanding using the binomial formula yields 


9n(n — 1) 


4” = (143)" = 1+ Hi 3+ $ 3? (mod 27) = 1+3n+ (mod 27). 


We would like to take 


f(a) =- (1430+ EI), 


but the problem is that this polynomial does not have integer coefficients. 
This can be easily fixed, by observing for instance that 


9n(n — 1) 
2 


for all n. We can thus choose 


= —9n(n— 1) (mod 27) 


f(X) =9X(X -1)-1-3X =9X° -12X —1. C 


Example 2.74. (Tournament of the Towns 2011) Prove that for all n > 1 the 
number 

pS erre (ns al 
is divisible by 2” but not by 2”+?. 


Proof. Let 
Sn = Lo ee ae 
We will prove by induction on n that 2” divides S,, and 2”*! does not divide 


Sn. The case n = 2 is clear, so assume that Sn = 2”m for some odd number 


m. Note that 
2—1 


Snti=Snt+ >> T 
k=1 
The binomial formula combined with theorem 2.31 yields 


(REDO = (R27)? ReEetar 


= k* +4 Re —1Q" (i) = k*(14+2") (mod 2"*?), 
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Thus 
27-1 
Sn41 = Sn +(1+2")- So k* = 2(1+2"")S;, 
k=1 
= PtHim(1 +271!) =2"*1m (mod 2*?). 


Since m is odd, it follows that 2+! divides S,,1; but 2°*? does not divide 
Sn+1, which establishes the inductive step. c 


Example 2.75. Prove that 2” +3” is divisible by n? for infinitely many positive 
integers n. 


Proof. Let n be a solution of the problem. We will look for a > 1 such that 
nı = an is also a solution. We need to ensure that 


22 | gan 4 gan 


By assumption we can write 3” + 2” = bn? for some positive integer n. Then, 
using the binomial formula, we obtain 


gan — (3")¢ — (bn? =e = (— pere + (- 1) ir |On Ja 


Choosing a odd, we need to ensure that 


n2 | So (s ) 20n JE a—k 


and the simplest way to make this happen is to impose that an? | ()(bn?)¢-* 
for all 0 < k < a—1. If we choose b = a, the previous divisibility trivially 
holds for 0 < k < a — 2 (since (bn?)?-* is then a multiple of (bn?)? = a?n*) 
and it also holds for k = a — 1 since (,*,) =a. In order to be able to choose 
b = a, we only need to check that b > 1 and that b is odd (which is clear 
as b divides 2” + 3”). This reduces to 3” + 2” > n?, which follows easily by 
induction. 

The previous discussion shows that for any solution n of the problem we 
can create a bigger solution. Thus it remains to check that there is at least 
one solution, but it is clear that 1 is a solution. E 
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Remark 2.76. We will see later on that there are only two positive integers n 
such that n? | 2” +1, namely 1 and 3. 


2.3 Euclidean division 


2.3.1 The Euclidean division 


In the previous sections we dealt with those properties of divisibility and 
congruences which follow straight from definitions. To make the theory leave 
the ground, we need to introduce some new ideas, and the Euclidean division 
is one such great idea. The following theorem lies therefore at the very heart of 
number theory, despite its rather simple statement and proof, since all deeper 
results of elementary arithmetic rely on it. 


Theorem 2.77. (Euclidean division) For all integers a,b with b > 0 there is 
a unique pair of integers (q,r) such thata=bq+rand0<r<b. 


Proof. Let us first prove the uniqueness of the pair. Suppose that a = bg+r = 
bqi +71, with O < r,rı < b, and without loss of generality assume that rı > r. 
If q Æ qı, then 


b >rı -r= |riı -r| = |b|- |q — ql = |b| =b, 


a contradiction. Hence q = qı and r = rı. 

Let us now turn to the proof of the existence of (q,r). Let q be the integer 
part of $, ie. the largest integer not exceeding =. By definition, we have 
q <% <4q+1 and, since b > 0, this can be written as 0 < a — bq < b. Hence 
we can set r = a — bq and the result follows. i] 


The statement and proof of the previous theorem ask for a certain number 
of observations, which we gather in the following series of simple but useful 
remarks. 


Remark 2.78. a) We may be bothered by the hypothesis b > 0, but it is 
harmless, since we may always replace b by —b and q by —q. This implies that 
for all integers a,b with b Æ 0, we can find a unique pair (q,r) with a = bq +r 
and 0< r< bl. 


44 Chapter 2. Divisibility 


b) Uniqueness of the pair (q,r) is lost if instead of the condition 0 < r < |b| 

we ask for |r| < |b|. An example is given by —3 = —2 -2 + 1 = —1 -2 + (—1). 

c) Instead of ehoorine q the integer part of ¢, ve could have chosen the 

integer closest to % ce would then obtain |q — aj < < 4, ie. setting r = a — bq, 

we would have d- < 2. This can be sometimes more useful than the result of 
the previous E 


The following theorem is a simple restatement of the Euclidean division in 
terms of congruences. Since we will be using congruences constantly in this 
book, it is worth explicitly stating the result: 


Theorem 2.79. For any integers a,n with n Æ 0 there is a unique 0 <r < jnl 
such that a = r (mod n). In other words, if n is a positive integer then any 
integer is congruent modulo n to a unique number in the set {0,1,...,n — 1}. 


The numbers q,r in theorem 2.77 are called the quotient, respectively 
remainder of a when divided by b. Sometimes we will denote by a (mod b) 
the remainder of a when divided by b > 0. Note that the proof of theorem 
2.77 allows us to express a (mod b) as 


a (mod b) =a- b|]. 


In practice this is not a very convenient formula to compute a (mod b), but 
it can be rather useful in more theoretical problems. Here is a classical and 
beautiful example: 


Example 2.80. For a positive integer n, let r(n) be the sum of the remainders 
of n when divided by 1, 2,...,n. Prove that r(n) = r(n—1) for infinitely many 
positive integers n. 


Proof. Since the remainder of n when divided by k is n — k|¥|, we have 


We deduce that 


‘Fy ea == = > * [E+ + P|. 
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Since |= | = 0, we can further write 


r(n) ~r(a~1) = 2n-1- X> (| e ==. 


The key observation is that |%] — |"¢*] is nonzero if and only if k divides 
n, in which case |?| — |274] = 1. This follows immediately by writing the 
Euclidean division n = qk + r and observing that for r > 1 the Euclidean 
division of n — 1 by k is simply n — 1 = qk + (r — 1). We conclude that 


r(n)-r(n-1)=2n-1- `k. 


k|n 





We thus need to find infinitely many n such that )7)),, k = 2n — 1. Note that 
all powers of 2 have this property, since 


Sok =1424..42% 5427 = 24 1 =2.2"-1. c 
k|2” 


The most practical way to compute remainders is to use congruences com- 
bined with the following result: 


Proposition 2.81. Leta,b,n be integers with n #0. We havea =b (mod n) 
if and only ifa and b give the same remainder when divided by n. 


Proof. Suppose that a = b (mod n) and write a = b + kn for some integer k. 
Let b = qn + r be the Euclidean division of b by n. Then 


a=kn+b=(k+q)n+r 


and since 0 < r < |n| the uniqueness of the Euclidean division implies that r 
is also the remainder of a when divided by n. Conversely, if a and b give the 
same remainder r when divided by n, then n divides a — r and b — r, thus it 
divides (a — r) — (b — r) = a — b, which gives a = b (mod n). O 


Let us see a few numerical examples showing how to use the previous 
proposition: 
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Example 2.82. Find the remainder of 737! when divided by 11. 
Proof. We have 73 = —4 (mod 11), thus 

737 = (4) = -4 S64 Se (2) = 2" =] 128 =7 (mod 11), 
thus the remainder is 7. C 
Example 2.83. Prove that for all integers n we have n? = 0,1 (mod 9). 


Proof. For all n, we have n = 3k, 3k +1 for some integer k, by the Euclidean 
division. If n = 3k, then (3k) = 27k = 0 (mod 9). If n = 3k £1, then 
n> = 27k’ + 27k? + 9k +1 = +1 (mod 9). Hence for all n, n? = 0,1 
(mod 9). oO 


Example 2.84. Consider the sequence (an)n>ı defined by a; = 2 and ani = 
2°, Find the remainder of a; + ... + a254 when divided by 255. 


Proof. We have az = 4, ag = 16, a4 = 216, etc. It is thus clear that an > 16 
for n > 3. On the other hand, 255 = 256 — 1 = 28 — 1 divides 2* — 1 when 
8 | k. Since 8 | an for n > 3, we have any, = 2° = 1 (mod 255) for n > 3. 
Thus 

ay +ag+...+@o54=2+44+16+251=18 (mod 255). O 


Example 2.85. (USAJMO 2013) Are there integers a and b such that a°b + 3 
and ab° + 3 are both perfect cubes? 


Proof. Assume that there are such integers a,b, and write a°b + 3 = z and 
ab’ +3 = y’. Then 


(x? — 3) (y3 — 3) = a°b- ab? = afb? = (ab)ô. 


The remainders modulo 9 of any cube are 0, 1 or 8 by example 2.83. Assume 
that 3 | x, then 3 | zë = ab + 3, so 3 | a°b. Since each of a,b is congruent to 0 
or +1 modulo 3 by the Euclidean division, we deduce that a or b is a multiple 
of 3. Without loss of generality, assume that 3 | a, then a°b + 3 is a multiple 
of 3 but not of 9, so cannot be a cube. Thus z, y are not multiples of 3 and so 
xr’ — 3 and y — 3 are congruent to —2 or —4 modulo 9. Thus their product 
(ab)® is congruent to 4,8, or 7 modulo 9. This is impossible, since (ab)® = 

(mod 9), as (ab)? = +1 (mod 9). oO 
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Remark 2.86. The proof of the previous example contains a proof of an im- 
portant fact. If m divides 3n and m is not a multiple of 3, then m divides n. 


2.3.2 Combinatorial arguments and complete residue systems 


The fact that there are only finitely many possibilities for the remainders of 
integers when divided by a fixed nonzero integer n is extremely useful in prac- 
tice, since it allows us to use combinatorial arguments to solve number theory 
problems. Among them, let us stress the following fundamental pigeonhole 
principle (which follows immediately from theorem 2.79). 


Theorem 2.87. (pigeonhole principle) a) If n is a positive integer, then 
among any n+ 1 integers we can find two giving the same remainder when 
divided by n. 

b) If n is a positive integer, then among n consecutive integers there is 
exactly one multiple of n (and for any 0 <r < n there is exactly one congruent 
to r modulo n). 

c) In any infinite sequence of integers we can find infinitely many terms 
having the same remainder when divided by n (in particular n divides the 
difference of any two such terms). 


Let us illustrate the previous theorem with a few interesting examples. 


Example 2.88. Prove that any positive integer has a multiple whose decimal 
representation contains the sequence 20132014. 


Proof. Let n be a positive integer and choose k such that 10% > n. Consider 
the numbers 20132014 - 10* + 1, 20132014 - 10% + 2, ...,20132014-10* +n. Each 
of them starts with 20132014 and one of them is a multiple of n. O 


Example 2.89. (Erdö) Prove that among n integers we can always choose some 
of them whose sum is a multiple of n. 


Proof. Let a1, ...,an be arbitrary integers and consider the sums 


Sk = a1 + Q2 + ... + az 
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for 1 < k < n. If S1, ..., Sn give pairwise distinct remainders when divided by 
n, then one of these remainders is 0 and so some 5S; is a multiple of n, solving 
the problem in this case. Otherwise, there are integers 1 < i < 7 < n such 
that S; and S; give the same remainder when divided by n. But then 


n | S; — 5; = ai4it..+a,; 
and the problem is solved in this case too. O 


The next problem is a beautiful application of the previous one. 


Example 2.90. (Tournament of the Towns 2002) There’s a large pile of cards. 
On each card a number from 1,2,...,n is written. It is known that the sum 
of all numbers on all of the cards is equal to k- n! for some k. Prove that it is 
possible to arrange the cards into k stacks so that the sum of numbers written 
on the cards in each stack is equal to n!. 


Proof. We will argue by induction on n, the case n = 1 being clear. Assume 
that the result holds for n — 1. Call a card small if the number on it does not 
exceed n — 1. Let us focus only on small cards and suppose there are at least 
n such cards. Pick n small cards and choose a group of such cards among the 
n chosen cards such that the sum of the numbers on the cards of this group is 
a multiple of n, necessarily of the form rn for some r € {1,2,...,n — 1}. Now 
compress all cards in the group in a super card and label it with number r. If 
there are still at least n small cards after this procedure, pick again n small 
cards and repeat the previous procedure to create a new super card labelled 
with some number between 1 and n—1. Repeating this process, we will end up 
with a certain number of super cards and at most n—1 small cards. Note that 
the sum of the numbers on these small cards is a multiple of n, since the sum 
of all cards on the table was a multiple of n. Thus the sum of the numbers on 
the remaining small cards is of the form rn for some r € {1, 2,...r—1}. Finally, 
compress these remaining small cards into a super card with label r. Now we 
only have cards labelled with n and a certain number of super cards labelled 
with 1,2,... or nm — 1. We can consider each card labelled with n as a super 
card labelled with 1, so now we have only super cards labelled with 1, 2,... or 
n — 1, and the sum of the labels on these super cards is kn!/n = k(n — 1)!. By 
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induction, we can split the super cards into k stacks with the sum of the values 
in each stack equal to (n — 1)!. Since each super card is obtained by collecting 
some cards, it follows that the original cards can be split into k stacks such 
that the sum of the numbers in each stack is n-(n — 1)! = n!. The result 
follows. O 


Example 2.91. (Romania 1996) Let a,b,c be integers, with a even and b odd. 
Prove that for any positive integer n there is an integer x such that 2” | 
ax? + br +c. 


Proof. Let f(x) = ax*+bx-+c. It suffices to check that f(0), f(1),..., f(2%—1) 
give pairwise distinct remainders mod 2”, as then among these numbers there 
will be a multiple of 2”. Now, assume that 0 <i < j < 2” —1 and f(t) = f(j) 
(mod 2”). Thus 


2” | F) — FO) = alj? — i?) + Oj — i) = (j — i) (ali + j) + b). 


Since a is even and b is odd, a(i + j) + b is odd and so necessarily 2” | j — 3, 
contradicting the inequalities 0 < 7 — îi < 2”. oO 


Example 2.92. (Kvant, M 668) The sequence 21, 22,... is defined by zı = 
1, £2 = 0,23 = 2 and Yni1 = Ln_-2 + 2£n-1 for all n > 3. Prove that for each 
positive integer m there are infinitely many pairs of consecutive terms of the 
sequence divisible by m. 


Proof. Consider the terms of the sequence modulo m and denote by r; the 
reminder of x; modulo m. Note that any three consecutive terms ri, Ti+1,Ti+2 
determine not only ri+3 but rj_1 too. Hence we may define rg for nonpositive 
integers k and the obtained new sequence is periodic. Indeed, the number of 
triples of nonnegative integers less than m is not larger than m’ and therefore 
there are two equal triples (ri, Ti+1,Ti+2) = (Ti+aTi+a+1;Ti+a+2). Since the 
first triple is determined uniquely by the second one it follows that for all 
k we have (Tk, Tk+1;Tk+2) = (Tk+a»Tk+a+1;Tk+a+2), ie. the sequence (rn) is 
periodic. On the other hand ro = x3 — 221 = 0 and r_1 = z2 — zo = 0. Hence 
Tka—-1 = Tka = 0 which shows that for all k the terms £ka—ı and £ka of the 
given sequence are divisible by m. O 
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Example 2.93. Prove that each integer n > 1 has a multiple less than n* whose 
decimal representation has at most four different digits. 


Proof. Choose k such that 2*-! < n < 2*. The result is easy to check when 
k < 5, so assume that k > 6. There are 2 >n nonnegative numbers less than 
10% and having only digits 0 and 1. Two of them must give the same remainder 
when divided by n, hence their difference is a multiple of n. But their difference 
is a number with digits 0,1,8 or 9, which is less than 10% < 16*~! < nt (the 
inequality 10% < 16*—! is equivalent to 1.6% > 16 and holds since 1.6° > 16 
and k > 6). O 


Another very useful observation is the following 


Proposition 2.94. Let n be a positive integer and let a1,...,an be integers 
giving pairwise distinct remainders when divided by n. Then these remainders 
are necessarily a permutation of 0,1,...,n — 1. In particular, for all k > 1 we 
have 

av + aë +... +a =15 +2 +... +(n-1) (mod n). 


Proof. This is clear. E 


Sequences Qj,...,@n as in the previous proposition occur quite often in 
nature, for instance any sequence of n consecutive integers has this property 
(by theorem 2.87). Because of their importance, such sequences deserve a 
name: 


Definition 2.95. A sequence a1, ...,an of integers is said to be a complete 
residue system mod n if aj,...,an give pairwise distinct remainders when di- 
vided by n (and then the remainders of a1, ...,an must be a permutation of 
0,1,... n — 1). 


The following examples illustrate the concept of complete residue system. 


Example 2.96. Find all positive integers n such that there exist complete 
residue systems a1, 42,...,@n and b1,b2,...,bn modulo n such that a; + 61, 
a2 + b2,..., dn + bn is also a complete residue system modulo n. 
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Proof. If n is odd, it suffices to choose any complete residue system aj,..., an 
and let 6; = aj,...,b, = an, so assume that n is even and that such 
Q1, ..-,@n, 61, ..., bn exist. If c1,...,c, is a complete residue system, then 


ci +.. +n =04+14+..4+(n-lD= a (mod n). 
Hence the hypothesis yields 
a 1) -1) =Y o x ya 
= Do + bi) = — Mr- a (mod n). 
Thus n divides mins) which is false for n even. O 


Example 2.97. (Serbia 2012) Find all positive integers n for which one can find 
a permutation a1, 42, ..., an of 1,2,...,n such that aj + 1,a2 + 2, ..., an +n and 
a, — 1, a2 —2,...,a, — n form complete residue systems modulo n. 


Proof. Suppose that a1, ..., an is such a permutation. Then 


1+2+... +n = (a1 +1)4+ (a2+2)4+...+ (Gn +7) (mod n), 


n(n+1) 
2 


hence n divides aj +... + an = , and thus n is odd. Also, we have 


2(17+274+...+n7) = (ay+1)?+...4(an+n)?+(a1—1)?+...+(an—n)? (mod n), 


and the last sum equals 2(a?+...+a2+17+...+n7). It follows that n divides 
2(12 +... + n?) = ninth (nt) hence 3 does not divide n. 

Conversely, if n is odd and not divisible by 3, let a; be the remainder of 
2i when divided by n (with the convention that we take remainders between 
1 and n, not between 0 and n — 1). The reader can easily check that aj, ..., an 
satisfies all requires properties (the point is that the numbers 2i for 1 <i<n 
give different remainders when divided by n, and so do the numbers 3i for 
1<i<n). O 
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Example 2.98. (Romania JBMO TST 2013) Find all positive integers n > 2 
having the following property: there is a permutation {a1, a2, ...,@n} of the set 
{1, 2,...,n} such that the numbers a; + a2 +... + ak, where k € {1, 2, 3,...,n}, 
form a complete residue system modulo n. 


Proof. We will prove that there is such a permutation if and only if n is even. 
Suppose that such a permutation exists. Then n does not divide a; +... + 
ak — (a, +... + ak—1) = ak for k = 2,...,n. Thus we must have a, = n and so 
n cannot divide a; +... + an = n(n) | which forces n to be even. 
Conversely, assume that n is even and let a; = n — i + 1 for i odd and 


a; = i — 1 for i even. Thus the permutation is 
n,1,n—2,3.,... 
If i = 2k + 1 is odd, then 


aj +a +... ta; = 1 + (—2) +34 (—4) 4+... + (2k — 1) + (—2k) 


—_ 





=-k=n- (mod n). 


If i = 2k is even, then 


(mod n). 


ay +a2+...+a; = 1+(—2)+...4+(2k—3)—(2k-2)4+2k-1=k= > 


It follows immediately that all partial sums (a1 +a2+...+a;i)1<i<n give distinct 
remainders modulo n, and the result follows. 0O 


We end this section with a series of miscellaneous problems in which the 
Euclidean division and its various consequences explained above play a crucial 
role. 


Example 2.99. (Kvant, M 24) Let 0 < m < n be positive integers. Prove that 


there are integers 0 < qi < ... < qr such that qı | q2 | ... | qr and 
m 1 1 1 
ne ee el EEN 
n qı q2 dr 
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Proof. We use strong induction on m, the case m = 1 being clear. Suppose 
that the result holds up to m—1 and let us prove it for m. Consider n > m > 1 
and writen = mq +r withO<r<mandq>1. If r = 0, then ™ =< and 
we are done. Otherwise, we have n = m(q + 1) — (m — r) and 

m mq+1) n+m-r 1 m—-r 


mn n+) n+l) qF QF 


By the inductive hypothesis we can write 





m—r 1 1 

= Pee 

n d2 qr 
with q | ... | q. Letting q1 = q + 1 and q; = (q + 1)q; for 2 < i < r yields the 
desired representation of +. O 


Example 2.100. We say that a positive integer n is good if the remainder of 
any perfect square when divided by n is a perfect square. 

a) Prove that n = 16 is good. 

b) Prove that any good number is smaller than 500. 


Proof. a) Let n = 8k +r be a positive integer, with 0 < r < 7. Then n? = r? 
(mod 16). If r < 3, the remainder of n? when divided by 16 is r°, a perfect 
square. If r = 4, the remainder is 0, while if 5 < r < 7 the remainder is 
(8 —r)*, again a square. 

b) Suppose that n > 500 is good and let q = |,/n| and r = n — °. Then 
O<r<2q and q > 22. Let M = (v2 — 1)q| and finally let 


ak = (q+ k} —n. 


It is not difficult to check that for 1 < k < M we have 1 < ak < n, so that 
ap is the remainder of (q + k)? when divided by n. Hence we can find positive 
integers bı < ... < by such that a; = bf for k < M. Since 


am =(q+M} -n <2 -n< g, 
it follows that bm < q and so by < q for all k. For 2 < k < M we have 


b? —b?_; = ak — ak1 = 2q + 2k — 1. 
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Combined with the fact that bx < q this easily yields by — by_1 > 3 (note that 
bk — bk—1 is odd by the previous relation). But then adding these inequalities 
yields 3(M — 1) < by — bı < q— 1. Coming back to the definition of M it is 
not difficult to see that the last inequality is impossible for q > 22. oO 


Remark 2.101. Actually the largest good number is 16, but this requires a 
certain number of manual computations which are not very nice. 


Example 2.102. (Japan 2000) Let n > 3. Prove that there are n pairwise 
distinct positive integers aj,...,a, such that the product ajag9...a;_14;41...an 
gives remainder 1 when divided by a; for 1<i<n. 


Proof. 'The obvious approach is to use induction, but we will see that this is 
slightly tricky to implement. For n = 3 choose the numbers 2,3,5. Assume 
that we constructed a1, ..., dn and let us try to construct an+1. This should bea 
divisor of a1...an—1. To make our life easy, we try the choice a@n41 = a1...an—1. 
Unfortunately, it is no longer true that a1a3...an+1 = 1 (mod ag), as required. 
Indeed 


01 Q3...dn41 = 4103...dn -An41 = 1- (—1) = —1 (mod a2). 


Since we cannot really say anything about divisors of a1...an — 1, this naive 
approach seems doomed. 

To make things work, we start by constructing a sequence b1, b2, ..., bn such 
that the product of all terms except b; gives remainder b; — 1 when divided 
by 6;. This is fairly easy to construct since this time the previous inductive 
argument works: start with bı = 2 and define inductively 


bn+1 = b1...bn + 1. 


Assuming that b1, ..., bn have the property that Į ];z;bj = —1 (mod b;) for 1 < 
it < n, the numbers b1, ..., bn+1 have the same property, since by construction 
bn+1 = 1 (mod bi) for 1 <i<n. 

Now, choose a; = b; for 1 < i < n and an+1 = b1...bn — 1. Then a1...an = 1 
(mod an+41) and moreover for 1 < i < n we have 


I] a= J] dj amm =(-1)-(-1)=1 (mod ai), 


1<j#i<n+1 1<ifFj<n 
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thus @1,...,@n,@n41 are a solution of the problem for all n > 2. O 


Example 2.103. (St Petersburg 2013) Let a be a positive integer with 54 digits, 
each equal to 0 or 1. Prove that the remainder of a when divided by 33-34... 39 
is larger than 100000. 


Proof. To simplify notations, let A = 33-...-39. Since a has 54 digits, each 
equal to 0 or 1, we can write a = 10%: + 10*2 +... + 10** for some integers 
ky >... > ks, with kı = 53. Write a = Aq + r for the Euclidean division of a 
by A. The key observation is that 10° — 1 divides A, as can be easily checked 
from 

10° — 1 = (10° — 1)(10° +1) = 9-3-37-7-11-13. 


Thus, r = a (mod 10 — 1). Now, let r1,...,7s be the remainders of kj,..., ks 
when divided by 6. Then 10 = 10% (mod 10° — 1) and so 


r=a=10 %+4+...4+10 (mod 10° — 1). 
Note that rı = 5 as kı = 53. If 
10 +...+10 < 10° — 1, 
the previous congruence yields 
r>10%+...4+10" > 10°. 


Assume that 10"! +... +107» > 10° — 1. Since kı, ..., ks are distinct numbers 
between 0 and 53, at most 9 of them give remainder i when divided by 6, and 
this holds for all 0 < i < 5. Thus 


107 +...4+10% <9-14+9-104+...+9-10° =10°—-1 


and so this inequality should be an equality, forcing kı = 53, ko = 52,..., 
ks4 = 0, in other words a would have all digits equal to 1. Moreover, r = 0 


(mod 10° — 1), hence r > 10° — 1 > 10° or r = 0. But if r = 0, then A would 


divide a = To impossible since 5 | A and 5 does not divide a. The result 


follows. E 
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Problems for practice 


Basic properties 


. Prove that the last n + 2 digits of 5?°+"+? are the digits of 5”+2, com- 


pleted on the left with some zeros. 


. Is there a polynomial f with integer coefficients such that the congruence 


f(x) =0 (mod 6) has 2,3 as solutions, but no other solution in the set 
{0,1,...,5}? 


. (Iran 2003) Is there an infinite set S such that for all distinct elements 


a,b of S we have a? — ab + b? | a2b?? 


. (Russia 2003) Is it possible to write a positive integer in every cell of an 


infinite chessboard in such a manner that for all integers m,n > 100, the 
sum of numbers in every m x n rectangle is divisible by m + n? 


. Prove that if k > 1 is an integer then there are infinitely many positive 


integers n such that n|k” + 1. 


. (Kvant M 904) For each positive integer A with decimal representation 


A = G@7Gn—1.-.40 
we set 
F(A) = an + 2an_1 +--+ +2" 4a, + 2a 
and consider the sequence Ag = A, A; = F(Ag), A2 = F(A}),.... 


(i) Prove that there is a term A* of this sequence such that A* < 20 and 
F(A*) = A*. 
(ii) Find A* for A = 197918, 


. Are there infinitely many 5-tuples (a, b,c,d,e) of positive integers such 


that 1<a<b<c<d<eanda|b*—1,b|c’—1,c|d*-1,d|e?-1 
and e | a? — 1? 
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(Romania JBMO TST 2003) Let A be a finite set of positive integers 
with at least three elements. Prove that there are two elements of A 
whose sum does not divide the sum of the other elements of A. 


(Iran 2005) Prove that there are infinitely many positive integers n such 
that n | 3+1 — 2+, 


(Mathematical Reflections S 259) Let a,b,c, d,e be integers such that 
a(b+c)+b(c+d)+c(d+e)+d(e+a)+e(at+b) =0. 
Prove that a+b+c+d+e divides að +b°+c°+d°+e° — 5abcde. 


(Kazahstan 2011) Find the smallest integer n > 1 such that there exist 
positive integers a), @2,...,Q@, for which 


a? +... ae | (Gi Poa)? =H 1. 


(Kvant 898) Find all odd integers 0 < a < b < c < d such that 
ad = be, a+ d=2*", b+c=2™ 
for some positive integers k and m. 


f is a polynomial with integer coefficients such that f(n) > n for 
every positive integer n. Define a sequence (£n)n>1 by zı = 1 and 
Li+1 = f (xi). Assuming that each positive integer has a multiple among 
£1,2£2,..., prove that f(X) = X +1. 


(Iran 2013) Suppose that a,b are two odd positive integers such that 
2ab + 1 |a? +b? +1. Prove that a = b. 


(Kvant) Prove that n? +1 divides n! for infinitely many positive integers 
n. 


(Vietnam 2001) Let (an)n>1 be an increasing sequence of positive inte- 
gers such that an+ı — an < 2001 for all n. Prove that there are infinitely 


many pairs (7,7) with i < j such that a;ļaj. 


08 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


20. 


26. 
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Induction and binomial coefficients 


(Tournament of the Towns) Define a sequence (an)n>0 by ao = 9 and 
An4+1 = a? (3an + 4) for n > 0. Prove that an + 1 is a multiple of 102" 
for all n. 


Find the largest integer k which divides 8"+! — 7n — 8 for all positive 
integers n. 


Let a,b be distinct integers and let n be a positive integer. Prove that 
(a — b)? | a” — b” if and only if a — b | nb"-!. 


(BAMO 2012) Let n be a positive integer such that 81 divides both n 
and the number obtained by reversing the order of the digits of n. Prove 
that 81 also divides the sum of digits of n. 


Prove that for all n > 1 the number Gn in) is an integer multiple of 
(n + 1)?. 


Find all integers a such that n? divides (n + a)” — a for all positive 
integers n. 


(P. Erdés) Prove that every positive integer is a sum of one or more 
numbers of the form 2” - 3°, where r and s are nonnegative integers and 
no summand divides another. 


(Kvant M 2274)) Let k > 2 be an integer. Find all positive integers n 
such that 2% divides 17 + 27 + ---+(2* — 1)”. 


Let k be an integer greater than 1 and let a1, ..., an be integers such that 
a1 + 2'ao + 3%a3 +... + nan =() 


for alli = 1,2,...,k —1. Prove that a; + 2faz + ... + ntan is divisible by 
k!. 


Prove that for any integer k > 3 there are k pairwise distinct positive 
integers such that their sum is divisible by each of the given numbers. 
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(Kvant) Prove that for any integer n > 1 there exist n pairwise distinct 
positive integers such that for any two a,b among them the number a+b 
is divisible by a — b. 


(Romania TST 1987) Let a,b,c be integers such that a + b + c divides 
a? +b? +c. Prove that a+ b+ c divides a” +b” +c” for infinitely many 
positive integers n. 


(Russia 1995) Let a; be an integer greater than 1. Prove that there is 
an increasing sequence of positive integers a, < ag < ... such that 


ai +a +... +ak |a +... +a? 
for all k > 1. 


Let n be a positive integer. Prove that 


a) All multiples of 10” — 1 which do not exceed 10”(10” — 1) have sum 
of digits 9n. 


b) The sum of digits of any multiple of 10” — 1 is at least 9n. 

(USAMO 1998) Prove that for each n > 2 there is a set S of n integers 
such that (a — b)? divides ab for every distinct a,b € S. 

(Romania JBMO TST 2004) Let A be a set of positive integers such that 
a) if a € A, then all positive divisors of a are also in A; 

b) if a,b € A satisfy 1 < a < b, then 1 + ab € A. 

Prove that if A has at least 3 elements, then A is the set of all positive 


integers. 


(USAMO 2002) Let a,b be integers greater than 2. Prove that there 
exists a positive integer k and a finite sequence n1, n2, ..., Nk of positive 
integers such that nı = a, nz = b, and nini+ı is divisible by n; + nj41 
for each i (1< i< k). 


Is it true that for any integer k > 1 we can find an integer n > 1 such 
that k divides each of the numbers (7), (5)... (21)? 
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(Catalan) Prove that m!n!(m + n)! divides (2m)!(2n)! for all positive 
integers m,n. 


Let 21 < £2 < ... < XZn_1 be consecutive positive integers such that 
Tk | k(Z) for all 1 < k < n— 1. Prove that x; equals 1 or 2. 


Euclidean division 


Prove that for any n > 1 there are 2n — 2 positive integers such that the 
average of any n of them is not an integer. 


Let n be a positive integer. Find the remainder of 3?” when divided by 
gnts 


(Saint Petersburg 1996) Let P be a polynomial with integer coefficients, 
of degree greater than 1. Prove that there is an infinite arithmetic pro- 
gression none of whose terms belongs to {P(n)| n € Z}. 


(Baltic Way 2011) Determine all positive integers d such that whenever 
d divides a positive integer n, d also divides any integer obtained by 
rearranging the digits of n. 


(Russia) A convex polygon on the coordinate plane contains at least 
m? +1 points with integer coordinates in its interior. Show that some 
m + 1 of these points lie on a line. 


(IMO 2001) Let n > 1 be an odd integer and let c1, c2,..., Cn be integers. 
For each permutation a = aj,@2,...,@n of 1,2,...,n, define 


S(a) = cya, + C202 +... + Cnan. 


Prove that there are permutations a # b of 1,2,...,n such that n! | 
S(a) — S(b). 


Let n,k > 1 be integers. Consider a set A of k integers. For each 
nonempty subset B of A, compute the remainder of the sum of elements 
of B when divided by n. Assume that 0 does not appear among these 
remainders. Prove that there are at least k distinct remainders obtained 
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in this way. Moreover, if there are only k such remainders, then all 
elements of A give the same remainder when divided by n. 

(IMO 2005) A sequence aj, ao, ... of integers has the following properties: 
a) a1, 42, --., An is a complete residue system modulo n for all n > 1. 


b) there are infinitely many positive and infinitely many negative terms 
in the sequence. 


Prove that each integer appears exactly once in this sequence. 


For a positive integer n, consider the set 
S = {0,1,1 +2,1 +2 +3,...,1+2+3+...+(n-—1)} 


Prove S is a complete residue system modulo n if and only if n is a power 
of 2. 


(Argentina 2008) 101 positive integers are written on a line. Prove that 
we can write signs +, signs x and parentheses between them, without 
changing the order of the numbers, in such a way that the resulting 
expression makes sense and the result is divisible by 16!. 


(adapted from Kvant M33) Consider the remainders of 2” when divided 
by 1,2,...,n. Prove that their sum exceeds cnlogn for some constant 
c > 0 (independent of n > 1). 


Chapter 3 


GCD and LCM 


This relatively short chapter discusses properties of the greatest common 
divisor and of the least common multiple of several integers, with special 
emphasis on the applications of these concepts to diophantine equations. Key 
results proved and discussed at length in this chapter are Bézout’s theorem 
and Gauss’ lemma. These are crucial results in arithmetic, which will appear 
constantly throughout this book. 


3.1 Bézout’s theorem and Gauss’ lemma 


3.1.1 Bézout’s theorem and the Euclidean algorithm 


In this chapter we will be interested in common divisors of two or several 
integers. We start by introducing the key definition and notation for this 
notion: 


Definition 3.1. Let aj, a2, ...,an be integers, not all equal to 0. We denote by 
gcd(a1, @2,.-.,@n) and call the greatest common divisor of a1, ..., a@n the largest 
positive integer that divides aj, a2,..., @n simultaneously. 


The fact that the previous definition makes sense deserves an explanation: 
we need to check that the set of positive common divisors of a1, ...,an has a 
greatest element. This set is nonempty, since it contains 1, and this set is finite, 
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since any common divisor of a1, ..., @n does not exceed max(|a1], azl, ..., |@n|) (if 
all a;’s are nonzero, we can replace max(|aj|,..., |an|) with min({az|,..., |an|)), 
so there are only finitely many common divisors. Note that this crucially uses 
the hypothesis that a1, ..., an are not simultaneously equal to 0. We will take 
the convention that gcd(a1, ..., an) = 0 when aj =... = an = 0. 

By definition, gcd(a1,...,a,,) divides a1, ...,an, hence it divides any linear 
combination of a1, ...,an. The fundamental result in this section states that 
gcd(a1, ..., an) is actually equal to some linear combination of a1, ..., an. The 
Euclidean division plays a crucial role in the proof. 


Theorem 3.2. (Bézout) For any integers aj, ..., An there are integers £1, ..., £n 
such that 
gcd(aj,...,@n) = a121 +... + AnZn. 


Proof. If aj = ... = an = 0, choose zı = ... = £n = 0, so assume that not all 
a;,’s are equal to 0. Let S be the set of all linear combinations a1£1 +... + an£n 
with integer coefficients £1, ..., £n. Note that a? +. + a2 is a positive integer 
in S, so there is a smallest positive integer d in S. We will prove that d = 
gcd(aj,...,@n), which implies the desired result. 

Since d is a linear combination of a1, ..., an, d is a multiple of gcd(aj, ..., an). 
It suffices therefore to prove that d divides a1, ..., an in order to conclude. We 
will prove that d divides any element s of S, and in particular it divides 
Q1,...,A4n. Let s E€ S and suppose that d does not divide s. Thus s = qd +r 
for some integers r,s with 0 < r < d. Now s and d are linear combinations of 
Q1,-..,Qn, thus r = s — qd is also a linear combination of a1, ..., an and so r is 
a positive element of S smaller than d. This contradicts the minimality of d 
and finishes the proof of the theorem. oO 


We record the following simple consequence of theorem 3.2, which will be 
constantly used from now on. 


Corollary 3.3. If £1,..., £n are integers and a is a positive integer, then 
gcd(ax}j,...,a%,) = a- gcd(x},..., Ln). 


Proof. The result is clear if x; = ... = £n = 0, so assume that this is not the 
case. Let d = gcd(agzj,...,a%,,) and e = gcd(z1,..., £n). Since e | z; for all i, 
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we have ae | ax; for all i, hence ae is a common positive divisor of azı, ..., at 
and so ae < d. By the previous theorem e is a linear combination of 71,..., Zn, 
hence ae is a linear combination of azı, ...,a&£n and so ae is a multiple of d. It 
follows that ae = d, as needed. O 


Example 3.4. (Putnam 2000) Prove that the expression ged(m,n) (n) is an in- 
teger for all pairs of integers n > m > 1. 


Proof. Write gcd(m,n) = an + bm for some integers a,b, then 


gcd(m, n) (" _ o(" +02 ("), 


thus it suffices to check that @(”) is an integer. But 


mf{n\ m n! E (n— 1)! Jusl 
n\m) n (n-m)'m! (m-1)!(n-m)! \m-1 


is an integer. L 


We will try to find a practical way of computing gcd(a1, ...,@n). The ob- 
vious and naive approach consists in testing whether k divides a1, ..., an for 
1 < k < max(|a1l, ..., |an|) (if all a;’s are nonzero, we can replace max with 
min) and take the largest such k. This is not efficient at all. 

We will first simplify the problem by reducing it to the case n = 2. In 
order to do this, we need the following very important result, which is an easy 
consequence of theorem 3.2, but which would not be so easy to prove directly 
from the definition of gcd(ay, ..., an). 


Corollary 3.5. Let aj,...,adn be integers. Any common divisor of a1, ..., an 
divides gcd(ay, ..., Qn). 


Proof. Any common divisor of a1,...,@, divides any linear combination of 
Q1,...,@n and, by theorem 3.2, gcd(aj,...,a,) is a linear combination of 
QA1, +--+, An. O 
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The previous corollary easily implies the following property of gcd, which 
reduces the computation of the gcd of n numbers to that of the gcd of n — 1 
numbers and the gcd of two numbers. Inductively, this reduces therefore the 
problem of computing the gcd of n numbers to that of computing the gcd of 
two numbers. 


Theorem 3.6. For all integers ai, ...,Qn we have 
gcd(aj, ...,@n) = gcd(ged(aj, ...,; @n—1), Qn). 


Proof. Let d = gcd(aj,...,@n) and e = gcd(aj,...,a@n-1). Note that d is a 
common divisor of aj,...,@,-1, thus d | e thanks to the previous corollary. 
We need to check that gcd(e,a,) = d. Since d divides a, and e, we know 
that d < gcd(e,a,). On the other hand, gced(e,a,) divides e and an, thus it 
divides aj1,...,@, and thanks to the previous corollary again, gcd(e,a,) | d, 
thus gcd(e, an) < d. We conclude that gcd(e, an) = d. 


The formal reductions of the problem being done, we need to solve the 
problem of computing gcd(a, b) for two integers a,b. The key observation is 
the following: 


Proposition 3.7. Let a,b be integers with b Æ 0 and let a = bq +r be the 
Euclidean division of a by b. Then gcd(a, b) = ged(b, r). 


Proof. Any common divisor of a and b divides a — bg = r and so is a common 
divisor of b and r. Conversely, any common divisor of b and r = a — bq is 
a divisor of a and so a common divisor of a and b. The result follows then 
straight from the definition of gcd(a, b) and gced(b,r). oO 


Using the previous proposition, we obtain a very efficient way of computing 
gcd(a, b). Ifa = 0, then clearly gcd(a, b) = |b|, and if b = 0 then gcd(a, b) = jal. 
Thus we may assume that a,b #0. Also, gcd(a, b) = gced(|al, |b|), so replacing 
a and b with their absolute values we may assume that a, b are positive integers. 
Finally, gcd(a,b) = gcd(b,a), so we may assume that a > b. Then we apply 
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the Euclidean division and obtain the relations 


a= bq +711, 0O<7r1 <b 
b = riqo +12, 0 < r2 < rı 
Tı = T203 + T3, 0< r3 <T 
Tk-2 = Tk—-1qk + Tk, 0 < Tk < Tk-1 


Tk-1 = Tklk+1 +Tk+1, Tk+1 =Q 


Since b > rj > rg > ... are nonnegative integers, there must be some k for 
which rz4; = 0. Hence our process must terminate. Moreover, by the previous 
proposition 


d = gcd(a, b) = ged(b, r1) = ged(ri, r2) = ... = gcd (Tk, rk+1) = ged(rz,0) = rk, 


thus gcd(a, b) is the last nonzero remainder obtained in the process. We have 
just proved the very important 


Theorem 3.8. (Euclidean algorithm) Let a > b be positive integers. Define 
ro = a, rı = b and, as long as rn # 0, define Tni1 as the remainder in the 
Euclidean division of rn_1 by Tn. Then there is a smallest n > 1 for which 
Tn = 0, and rn_-1 = gcd(a, b). 
Example 3.9. Compute 

a) gcd (2050, 123). 

b) gcd (987654321, 123456789). 

c) gcd (2016, 2352, 1680). 


Proof. a) The Euclidean algorithm is implemented as follows 


2050 = 123 - 16 + 82 
123 = 8&2. 1+ 41 
82 = 2.41 +0 


Hence gcd (2050, 123) = 41. 
b) Set a = 987654321, b = 123456789. Euclidean division yields a = 
8b +9. Next, we need to perform the Euclidean division of b by 9. A direct 
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computation shows that 9 | b and so the corresponding remainder is 9. It 
follows that gcd(a, b) = 9. 
c) We first find 


gcd(1680, 2016) = gcd(16 - 105, 16 - 126) = 16 gcd(105, 126) = 16- 21. 
We next find 
gcd(16 - 21, 2352) = gcd(16 - 21, 16 - 147) = 16- ged(21, 147) = 16- 21 = 336. 
Thus the answer is 336. O 


3.1.2 Relatively prime numbers 


We move on to the second important topic of this section, that of coprime 
and pairwise relatively prime numbers. Let us define this concept first. 


Definition 3.10. Integers a1, ..., an are called relatively prime or coprime if 
gcd(aj,..-,@n) = 1. 
They are called pairwise relatively prime if gcd(a;, aj) = 1 foralll <i Aj <n. 


Remark 3.11. Saying that a1,...,an are pairwise relatively prime is much 
stronger than saying that a1, ..., an are relatively prime. For instance 6, 10,15 
are coprime since no integer greater than 1 divides all of them, but gcd(6, 10) = 
2 > 1, gcd(6, 15) = 3 > 1 and gcd(10,15) = 5 > 1. 

Before moving on to more technical things, let us give some classical exam- 
ples illustrating the previous notions. The following example is very important, 
establishing a key property of the numbers 


Fa = 27" +1, 


called Fermat’s numbers. ‘These numbers play a fundamental role in arithmetic 
and quite a lot of difficult problems concern them (we will see the appearance 
of Fermat numbers quite often in this book). The following problem shows 
that these numbers are pairwise relatively prime (note that it is not entirely 
obvious how to construct infinite sequences of positive integers such that any 
two terms in the sequence are relatively prime). 


3.1. Bézout’s theorem and Gauss’ lemma 69 


Example 3.12. Let F, = 22” +1 be the nth Fermat number. Prove that 
gcd(Fin, Fn) = 1 
for m #n. 


Proof. We may assume that m > n. Suppose that d > 1 is a common divisor 
of Fm and Fn, then clearly d is odd, since F» is odd. Since 2?” = —1 (mod d), 
we also have 

(22")2""" = (-1)?" =1 (modd), 
in other words 2?” = 1 (mod d). But by assumption d | Fm, thus 2?” = —1 
(mod d). We deduce that d | 2 and since d is odd, we must have d = 1. O 


An alternative argument which can be used to prove that the Fermat 
numbers are pairwise relatively prime is based on the identity 


Fy — 2 = FoP... Fn, 
which follows from 
PaA E A. 


Thus if d divides F» and Fm with m < n, then d divides 2 = Fn — Fọo...Fn—1. 
Since d is odd, we must have d = 1. 
The next example is a variation on this theme. 


Example 3.13. Let f be a polynomial with integer coefficients such that 
f(0) = f(1) = 1. Prove that for all integers n, the numbers n, f(n), f(f(n)), 
f(f(f(n))), ... are pairwise relatively prime. 


Proof. Let n be an integer and define the sequence (ak)k>o by ao = n and 
ak+1 = f(ax) for k > 0. We need to prove that ao, a1, ... are pairwise relatively 
prime. 

By hypothesis f — 1 vanishes at 0 and 1, thus we can write 


F(X) = X(X — 1)g(X) +1 
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for some polynomial g with integer coefficients. Then 


ak+1 = f (ak) = 1 + aplak — 1)g(ak), 
which can be written as 
ak+ı — 1 = (ak — 1)axg(ax). 


A straightforward induction, then gives 
m—1 
am — 1 = (a — 1) [I (axg(ax)). 
k=0 
The right-hand side is a multiple of aoa1...am-1. Thus if d divides a; for some 
j < m, then d divides am — 1 and d does not divide am unless d = 1. We 
deduce that gcd(a;,a,) = 1 for j < k and the result follows. O 


Example 3.14. (Miklos Schweitzer Competition 1949) Let n and k be positive 
integers, n > k. Prove that the numbers (?), ("f'),..., ("{*) are relatively 


prime. 


Proof. We prove this by induction on k, the case k = 1 being clear. As- 
sume that the result holds for k — 1 and let d be a common divisor of 
(7), ("t*),...,("P"). Then d divides the successive differences between these 
numbers, thus d | ("{*) — (7) = (,",), then d | ("{7)-—("7") = (1) and finally 
d | ("t*7'). But by the inductive hypothesis the numbers (,”,),...,("{"7_) 
are relatively prime, so d | 1 and the result follows. oO 


Example 3.15. (Tournament of the Towns 2003) An increasing arithmetic pro- 
gression consists of one hundred positive integers. Is it possible that every two 
of them are relatively prime? 


Proof. Yes, it is possible. We are looking for positive integers a,b such that 
a + ib and a + jb are relatively prime for 0 < i < j < 99. Suppose that d 
divides a + ib and a + jb, then it divides (j — i)b and so it divides 99!b. But 
since d | 99!a +i99!b, d also divides 99!a, and so d | 99! gcd(a, b). We choose a, b 
relatively prime, then d | 99!. Next, we choose b a multiple of 99!, then d divides 
a (since it divides 99! and a + ib). Finally, choosing a = 1 (or any number 
congruent to 1 modulo 99!) yields the desired arithmetic progression. O 
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Example 3.16. (Kvant, M 1014) Let a;,a2,...,a, be pairwise distinct and 
pairwise relatively prime numbers. Prove that there are infinitely many posi- 
tive integers b such that the numbers a; + 6,a2+6...,an,+6 are also pairwise 
relatively prime. 


Proof. Denote by P the absolute value of the product of all numbers a; — aj, 
1 <i <j <n. Then for each positive integer k the numbers a; + kP, 


ag +kP,..., Qn +kP are pairwise relatively prime. Indeed, let d be a common 
divisor of aj + kP and a; + kP. Then d divides a; — a; and hence it divides 
P. Hence d divides both a; and aj, ie. d= 1. oO 


The following result (which will be constantly used from now on) explains 
why relatively prime integers are simultaneously a natural and useful notion: 


Proposition 3.17. Let aj,...,an be integers and let d = gcd(a1, ..., an). There 
are relatively prime integers z1, ..., £n such that a; = dzi fori<i<n. 


Proof. Since d divides aj,...,a@n, we can write a; = dz; for some integers 
L1,.+-,2n. If d = 0, we have aj = ... = an = O and we can take x; = 1 
for 1 <i <n. Ifd Æ 0, then z1,...,£n are relatively prime, since if e > 1 is 
a common divisor of 21,...,%n, then ed is a common divisor of a1, ..., an and 
ed > d, a contradiction. o 


Theorem 3.2 yields the following characterization of relatively prime numbers: 


Corollary 3.18. Integers aı,...,an are relatively prime if and only if there 
are integers £1, ..., £n Such that axı +... + an£n = 1. 


Proof. If there are such integers x1, ..., £n, then clearly any common divisor of 
Q1, ..., An divides 1 = azı + ... + nTn and so gcd(a1, ..., an) = 1. The converse 
follows directly from theorem 3.2. O 


We can give a slight improvement of the previous corollary (for n = 2) in 
which we take care of positivity: 


Corollary 3.19. Ifa,b are relatively prime positive integers, then we can find 
positive integers m,n such that am — bn = 1. 
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Proof. Choose x,y € Z such that ax + by = 1. For all integers t we have 
a(x + bt) — b(at — y) = 1, hence it is enough to show that we can find t such 
that «+ bt and at—y are positive integers. Simply choose t > max(—z,y). O 


3.1.3 Inverse modulo n and Gauss’ lemma 


The first part of the following fundamental theorem follows straight from 
theorem 3.2. 


Theorem 3.20. Jf gcd(a,b) = 1, then we can find an integer x such that 
ax =1 (mod b). Moreover, any two such integers x are congruent modulo b. 


Proof. As we have already observed, only the second statement needs a proof. 
If x, x’ are two such integers then ax = 1 = az’ (mod b) and so 


zc’ = azr’ = (axr =x (mod b), 
as needed. oO 


Remark 3.21. 1) The converse of the previous result also holds, for if ax = 1 
(mod b), then we can write ax — 1 = by for some integer y, hence any common 
divisor of a and b will divide 1. 

2) By the theorem, all numbers x satisfying az = 1 (mod b) give the same 
remainder when divided by b. This remainder is called the inverse of a modulo 
b and denoted a™t (mod b). 


The previous theorem has many important consequences, which wouldn’t 
be easy to prove directly. For instance, it immediately implies the following 
result, which is of utmost importance and will be used throughout the book: 


Theorem 3.22. (Gauss’ lemma) If a,b,c are integers such that a | bc and 
gcd(a,b) = 1, then a | c. 


Proof. Let x be an integer such that bx = 1 (mod a) (such z exists by theorem 
3.20). Since bc = 0 (mod a) we obtain zbe = 0 (mod a) and soc = 0 (mod a). 
The result follows. O 


Let us write Gauss’ lemma in terms of congruences: 
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Corollary 3.23. If ab = ac (mod n), then b = c (mod sdla alan In particu- 
lar, if gcd(a,n) = 1, then b = c (mod n). 


Proof. Let d = gcd(a, n) and write a = du,n = dv, with gcd(u,v) = 1. Then 
ab = ac (mod n) is equivalent to v | u(b — c). By Gauss’ lemma, this is 
equivalent to v | b — c, i.e. b = c (mod v). O 


Another very important result is the following direct consequence of Gauss’ 
lemma. 


Theorem 3.24. Let a,b,c be integers such thata | c, b| c and gcd(a, b) = 1. 
Then ab | c. In other words, if an integer is a multiple of two relatively prime 
numbers, then it is a multiple of their product. 


Proof. We can write c = ad for some integer d. Since b | c and gcd(a,b) = 1, 
by Gauss’ lemma, we have b | d. Thus ab | ad = c and we are done. oO 


Remark 3.25. An immediate induction shows that if an integer is a common 
multiple of finitely many pairwise relatively prime integers, then it is a multiple 
of their product. 


We also mention the following very useful consequence of theorem 3.20. 


Corollary 3.26. If an integer a is relatively prime to each of the integers 
b1, b2, ... bn, then it is also relatively prime to b1b9...bn. 


Proof. By theorem 3.20 we can find integers x; such that b;x; = 1 (mod a). 
Then (bıb2...bn) - (£1...£n) = 1 (mod a), hence a and 0}...b, are relatively 
prime. m 


The following result would be fairly difficult to prove using only formal 
properties of the divisibility relation: 


Corollary 3.27. If a,b are integers and a” | b” for some n> 1, thena |b. 


Proof. If a = 0 or b = 0, then the result is immediate, so assume that a,b are 
nonzero. Let d = gcd(a,b) and write a = du and b = dv for some relatively 
prime integers u,v. Then du” | dv”, so u” | v”. By the previous corollary 
gcd(u,v”) = 1, and since u divides v” (as u | u” | v”), we deduce that u | 1 
and so u = +1. Thus a = +d and it clearly divides b = dv. O 
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Let us see how the previous theoretical results work in practice. 


Example 3.28. (Saint Petersburg) Find all relatively prime positive integers 
x,y such that 
2(a° — x) = y? — y. 


Proof. Write the equation as 
2r’ — y’ = 2z — y 


and let z = 2x — y. Since gcd(z,y) = 1 we have gcd(x,z) = 1. Next, 
z | 2x — y hence z | 8z? — y3 and by hypothesis z | 2z — y?, thus z | 6zë. 
Since gcd(z, z) = 1, we have gcd(z, x3) = 1 (corollary 3.26) and Gauss’ lemma 
yields z | 6. We deduce that z € {—1, —2, —3, —6,1,2,3,6}. Solving in each 
case the corresponding system 


2e-—y=2z, Ww-y=z 
yields the solutions (x,y) € {(1, 1), (4,5)}. o 


Example 3.29. (Erdös-Szekeres) Let n be a positive integer, and let k and m 
be positive integers such that 0 < m < k < n. Prove that the numbers (%) 
and (/") are not relatively prime. 


Proof. Assume that the numbers (%) and (/) are relatively prime and note 


that 
n\ [k n! k! 
a | (z) — k(n—k)! m! (k= m)! 


B n! (n-m)! o fn n-m 
o mi(n—m)! (k-m)! (n-k)! \m k-m}) 
Thus (7) -(*) is divisible by (”) and since (7) and (7) are relatively prime, 
it follows that (*) is divisible by (”). Thus (£) > (2) (note that (£) 40, as 


m m 


0 <m < k). This is impossible, since by hypothesis k < n, thus 


(*) _ k:(k-1)-..(k-m+1) 


m m:(m—1)-...-1 
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< eaten) (n) C 


m:-(m—1)-...-1 m 


Example 3.30. Prove that if n,k are positive integers, with k odd, then 
12 on en 


Proof. This comes down to n(n+1) | 2(1*+2*+...+n*). Since ged(n,n+1) = 
1, it suffices to prove separately that n | 2(1*+...+n*) and n+1 | 2(1*+...+n*). 
But 


2(1*+...tn*®) = (1* + (n—1)*) + (2% + (n—2)*) + ... + ((n—1)* +.1*) + 2n* 


= (1" +n") + (28 + (n — 1)") + ... + (në 41") 


and we conclude in both cases using the fact that a + b | a* + b* when k is 
odd. a 


Example 3.31. (IMC 2012) Is the set of positive integers n for which n! + 1 
divides (2012n)! finite or infinite? 


Proof. The solution is very short but very tricky: we will prove that the set 
is finite. Write for simplicity 2012 = k. Assume that n!+1| (kn)! for some 
n. Since n!* | (kn)! (this follows by repeated applications of the divisibility 
alb! | (a+ b)!) and since n! + 1 and n!* are relatively prime, we must have 


kn)! 
Hn) = Ta n 1) =o 
However, 
f(n+1) _ (kn + 1)(kn + 2)...(kn + k)(n! + 1) 
f(n) (n+1)*((n+1)!41) 
(kn + k)" ni +1 kf 
mF mHE n’ 


n!+1 


1 
c < = 
(n+1)!+1 n 
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this last inequality being equivalent to n! > n — 1. Thus, if n > kf, then 
f(n+1) < f(n). Now, if the problem had infinitely many solutions, there 
would be an infinite decreasing sequence of positive integers, which is clearly 
absurd. Hence the set is finite. O 


Yet another result that is very useful in practice and follows directly from 
the previous ones is: 


Theorem 3.32. Let n be an integer greater than 1 and let a be an integer. 
Then 0, a, 2a, ...,(n —1)a is a complete residue system modulo n if and only if 
gcd(a,n) = 1. 
Proof. Suppose that gcd(a,n) = 1. It suffices to show that the remainders of 
0,a,2a,...,(m — 1)a when divided by n are pairwise distinct, as this implies 
that they must be a permutation of 0,1,2,...,.—1. If ia and ja give the same 
remainder when divided by n, then n | (i — j)a and by Gauss’ lemma we have 
n | i— j, which is impossible if0 <i4j <n. 
Suppose now that 0, a, 2a, ...,(n—1)a is a complete residue system modulo 
n, in particular there is j € {1,2,...,. — 1} such that ja = 1 (mod n), hence 
gcd(a,n) = 1. oO 
Here are two illustrations of theorem 3.32. 


Example 3.33. (Gauss) Let a,b be relatively prime integers greater than 1. 


Prove that 
> Ed _ (a—1)(6-1) 
reser A 2 


Proof. Writing ka = qkb + rk with 0 < rk < b, we know that r1,...,Tẹ—1 is a 
permutation of 1,...,b — 1, since gcd(a, b) = 1. Thus 


Staz SatY 
k=1 


and so 


= b(b-1)_ (a-1)(b-1) 


Sasi Dr- k) = 5 5 
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Since qk = [še], the result follows. O 


Example 3.34. (Landau’s identity) Prove that if m,n > 1 are relatively prime 
odd integers, then 


S [in| Ahm) _ (m-1)(n-) 
pig a a 


k=1 


Proof. Consider the set A of numbers of the form xm — yn with 1 < z < 3+ 
and 1 < y < ma, We will count the number of elements of this set in 


two different ways. First, we claim that A has (MUND elements, which 
reduces to checking that the previous numbers are pairwise distinct. But if 
rm— yn = rım — yın then (x — zı)m = (y — yı )n and so n | m(x — 21). Since 
ged(m,n) = 1, we deduce that n | z — xı and since 1 < x, zı < 23+, we must 
have x = xı and y = yı, proving the claim. 

On the other hand, let us see how many nonnegative numbers are in A. 
The inequality xm > yn is equivalent to y < @ or y < |77|. For a given 
x € {1,2, ..., 27} } we have |22| < ™=4, thus the number of y € {1,2,..., 254} 


such that y < = is |77]. Summing over all values of x, we deduce that there 
n—i 
are )>,2, |7] nonnegative numbers in A. A similar argument shows that 
1 


there are ,2, |% | nonpositive elements in A. We would have a problem if 
0 was in A, since it would be counted twice. However, 0 é A, since if xm = yn 


then m | yn, then m | y and this is impossible since 1 < y < m. Thus 0 ¢ A 


mal n-i 
and so A has 2 |z | ae ee ea elements. Combining this with the 
first paragraph yields the desired result. O 


We end this section with another very useful result, that will be constantly 
used when dealing with expressions of the form a” — b”. It is a simple combi- 
nation of Bézout’s theorem and Gauss’ lemma, but it is remarkably efficient 
in practice. 


Proposition 3.35. Let a,b and m,n be positive integers. If gcd(a,b) = 1, 


then 
gcd(a” _ b”. a” — b”) = gagean) _ pecd(m,n) 
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Proof. Replacing a, b, m, n by a8d0™”) | pgcd(m,n) eda) and Sedan) respec- 
tively, we may assume that gcd(m,n) = 1. Since a = b (mod a — b), we have 
af =b: (mod a — b) for all k > 1. Hence a — b divides gcd(a™ — b™, a” — b”). 
Conversely, let d = gcd(a™ — b™, a” — b”) and let us prove that d | a — b. We 
have a™ = b™ (mod d) and a” = b” (mod d), hence a™ = b™F (mod d) and 
a™ = b™! (mod d) for all k,l > 1. Since ged(m,n) = 1, Bézout’s lemma (more 
precisely corollary 3.19) gives us k,l > 1 such that km = lIn + 1. Hence 


gin tl — gmk = pmk — ptl =b.g™ (modd), 


that is d | a™(a—b). But since gcd(a, b) = 1, we have gcd(a, b™) = 1 and hence 
gcd(a,a™ — b™) = 1. Since d divides a™ — b™, we conclude that gcd(a, d) = 1. 
Thus using Gauss’ lemma, we obtain d | a — b and the result follows. oO 


Corollary 3.36. Leta > b > 0 andm,n be positive integers. If gcd(a, b) = 1, 
then a™ — b™ divides a” — b” if and only ifm |n. 


Note that one implication of this corollary is a direct consequence of the 
fact that if n = md, then a™ — b™ divides a” — b” = (a™)4 — (b™)?. The 
other implication can also be proved independently of the previous proposition 
(whose proof is rather technical but whose result is stronger). Indeed, suppose 
that a™ — b™ | a” — b” and write n = mq + r for some integers q,r with 
0<r<m. Suppose that r > 0. Then 


a” — b” = a™4(a" — b") + b" (a™ — b™), 


By the first step a — b™ | a™2 — b™4, hence a™ — b™ | a™4(a™ — b"). Since 
gcd(a,b) = 1, we have gcd(a™,a™ — b™) = 1 and using Gauss’ lemma we 
obtain a” — b” | a” — b". But this is impossible, since 0 < a” — b" < a™ — b™ 
(to see why the inequality a” — b" < a™ — b™ holds, write it in the form 
at + at*b4 0.401 <a™t+... 40), 

Let’s give a few examples of applications of the previous proposition and 
corollary: 


Example 3.37. Let n be an integer greater than 1. Find all positive integers 
m such that (27 — 1)? | 2” — 1. 
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Proof. Let m be a solution of the problem. We have 2” — 1 | 2™ — 1, thus 
n |m. Write m = kn for some positive integer k. Then 


(27 — 1)? | 2% — 1 = (2° — 1)(1 +2” + ... + (2")*") 


and so 
NE E aes E on o 


On the other hand, 
1+2 +... +20 =1+1+..+1=k (mod 2"-1), 


hence we must have 2” — 1 | k and thus n(2” — 1) | m. Conversely, if m = kn 
with 2” — 1 | k, then the previous computations and congruences show that 
(2” — 1)? | 2™ — 1. Thus the solutions of the problem are all multiples of 
n(2” — 1). O 


Example 3.38. (Kvant M 1858) Let a and b be positive integers such that 
gcd(2a + 1,2b+1) =1. 
Find the possible values of gcd(224+1 + 2041 4. 1, 22641 4 got1 4 1). 
Proof. The key observation is that for all k > 0 
(Q2A+1 4 gk+1 4 1)(22k+1 _ okt] 4 1) = (g2k+1 4 1)2 — (gh+1)2 = 24k+2 4 7, 


Set d = gcd (22441 4 20+1 4 4, Q26t1 4 20+1 +1). Then d divides 24¢+2 + 1 and 
hence also 28¢+4 — 1. Analogously d divides 28°+* — 1. Using the hypothesis, 
we obtain 


gcd (2°¢*4 _ 1, 98b+4 = 1) Z ggcd(8a+4,8b+4) a ee 94 —12=15 


and d is a divisor of 15. Note that 3 does not divide d since 224+! + 20+1 41 = 
27+! (mod 3) is not divisible by 3. Thus either d = 1 or d = 5 and both cases 
are possible. Indeed, to achieve gcd (224714291141, 226+1495+111) = 1 simply 
take a = 1 and b = 2, and to achieve gcd(274T1 + 20+1 +1, 220+1 4 2b+141)=5 
take a = 3 and b = 4. oO 
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3.2 Applications to diophantine equations and 
approximations 


The goal of this section is to illustrate the power of the techniques and 
results established in the previous section, by applying them to the resolution 
of certain classical diophantine equations. Along the way we will discuss the 
important topic of approximations of real numbers with rational numbers and 
its arithmetic applications. 


3.2.1 Linear diophantine equations 


The simplest diophantine equations are the linear ones. These are the 
equations of the form 
azı +... + anTn = b, 


where @},...,@n,6 are given integers. For these equations we have a complete 
theory, which describes when these equations have solutions as well as methods 
of finding all solutions. 


Theorem 3.39. Let aj,...,Qn,6 be integers. The equation 
Q12%1 +... + antn = b 
has integral solutions if and only if gcd(aj,...,@n) |b. 


Proof. Let d = gcd(a,..., an). If d does not divide b, then clearly the equation 
has no integral solution. Assume that d | b. By Bézout’s theorem there are 
integers 7/1, .-., Yn Such that 


d=ayyit... + Gnyn- 
But then setting x; = b -y; yields an integral solution of the equation. E 
How can we find all solutions of the previous equation? By induction on 


n we are reduced to discussing the case n = 2, which is dealt with in the next 
theorem. 
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Theorem 3.40. Let a,b,c be integers with (a,b) # (0,0). Suppose that the 
equation ax + by = c has integral solutions (which is equivalent to gcd(a, b) | c 
by the previous theorem) and let (xo, yo) be a solution. Then the solutions of 
the equation are given by 


b a 
(xo T gcd(a, by” 40 gcd(a, b) 7 i 


with t € Z. 


Proof. One easily checks that (zo + dast: Yo — at) is a solution of 
the equation for all integers t. Assume now that (x,y) is a solution of the 
equation. Subtracting the relations ax + by = c and ago + byo = c yields 
a(x — zo) = b(yo — y). Writing a = du and b = dv, where d = gcd(a,b) 
and gcd(u, v) = 1, we obtain u(x — zo) = v(yo — y). Since u | v(yo — y) and 
gcd(u, v) = 1, by Gauss’ lemma we can find an integer t such that yo — y = ut. 
Then x — xo = vt, hence x = xo + vt and y = yo — ut. The proof is therefore 
finished. O 


Example 3.41. Solve in integers the linear diophantine equations 
a) 15x + 84y = 39. 
b) 3x + 4y + 5z = 6. 


Proof. a) The equation is equivalent to 52 + 28y = 13. A solution is y = 1, 
x = —3. All solutions are of the form xz = —3 + 28t, y = 1 — 5t, t € Z, by 
theorem 3.40. 

b) The equation can be written as 3x + 4y = 6 — 5z. Since gced(3,4) = 1 
solutions exist for all z, hence we can set z = s for any s € Z. A solution of 
3x + 4y = 1 is z = —1, y = 1. So a solution of 3x + 4y = 6 — 5s is rp = 5s — 6, 
yo = 6 — 5s. Hence (using again theorem 3.40) all solutions are 


x=5s—6+4t 
y = 6 — 5s — 3t O 


2=—S8 
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Example 3.42. (Sylvester 1884) Let a,b > 1 be relatively prime integers. Then 
ab — a — b is the largest integer that cannot be written as ax + by, with x,y 
nonnegative integers. 


Proof. Suppose that ab — a — b = ax + by for some nonnegative integers x,y. 
Then —b = by (mod a) and since gcd(a,b) = 1, we have y = —1 (mod a). 
Similarly x = —1 (mod b). We deduce that x > b—1 and y > a — 1, hence 


ab—a-— b= az + by > a(b — 1) + b(a — 1) = 2ab — a — b, 


clearly impossible. 

It remains to prove that any integer n > ab — a — b can be written in the 
desired form. Since gcd(a, b) = 1, there are integers u, v such that au+bv = n. 
Moreover, by replacing u by u + bt and v by v — at for some integer t, we may 
suppose that 0 < u < b. Then 


ab—a—b+1 < n= au+bv < a(b—1)+ bv, 
hence v > 0. The result follows. O 


Example 3.43. Let a1, ...,an be positive integers and let gcd(aj,...,an) = k. 
Then all sufficiently large multiples N of k can be written azı + ... + anTn 
with £1,..., £n positive integers. 


Proof. We will prove the statement by induction, the case n = 1 being clear. 
Assume that the result holds for n—1 and let us prove it for n. Fix a1, ...,an > 0 
and let k = gcd(a1, ..., an) and l = gced(ay,...,@n_1). Then k = gcd(l, an) by 
theorem 3.6. Let N > lan be a multiple of k. Theorem 3.2 shows the existence 
of an integer £n such that N = £nan (mod l). Adding a large multiple of l 
tO £n, We may assume that £n > 0. Choose the smallest such zn > 0 and 
observe that £n < l since if £n > l then x, — l is a smaller positive solution 
of the previous congruence. Choose M such that any multiple of l greater 
than M can be written xz1a1 +...+2%n-1an_-1 with positive integers z1, ..., £n—1 
(this is possible by the inductive hypothesis). Then for any N > M + anl 
which is a multiple of k, N — an£n is a multiple of l greater than or equal to 
N — anl > M, thus we can write N — antn = £101 +... + Ln—-1An—1 and so 
N = azı +... + an£n With z1, ..., £n > 0. This finishes the inductive step and 
solves the problem. a 
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Remark 3.44. If a1, ..., an are relatively prime positive integers, let g(a1, ..., an) 
be the greatest positive integer N for which the equation 


aizi +--+ + anin = N 


has no solutions in nonnegative integers. Then g(a1,...,an) is well-defined 
by example 3.43. The problem of determining g(a1,...,@,) is known as the 
Frobenius coin problem and it is still open except for n = 2 (in which case 
example 3.42 shows that g(a1, a2) = aja2 — a1 — a2). 


Example 3.45. (Iran 2002) Let S be a set of positive integers such that a+b € S 
whenever a,b € S. Prove that there are positive integers k and N such that 
for all n > N we have n € S if and only if k | n. 


Proof. It is clear that S is infinite. Let aj < ag < ... be the elements of S 
and consider the sequence gn = gcd(aj,...,@n). Clearly gn > gn+4i for all n, 
thus the sequence (gn)n>1 is eventually constant, say with value k. Clearly 
k divides all elements of S. It suffices therefore to prove that all sufficiently 
large multiples of k are in S. Since S is stable under addition, S contains 
a,21 +... + ann for any aj,...,dn E S and zi,..., £n positive integers. The 
result follows then from example 3.43. oO 


3.2.2 Pythagorean triples 


We want to discuss now one of the most classical and important diophan- 

tine equations, namely 
z? + y’ = 27, 

Triples of integers (x,y,z) satisfying this equation are called Pythagorean. 
Finding Pythagorean triples is equivalent to finding right-angled triangles with 
integer side-lengths. In order to describe all solutions of this equation, we will 
need the following result, which turns out to be extremely useful in the study 
of diophantine equations. 


Theorem 3.46. Let a,b be relatively prime positive integers such that ab = c” 
for some positive integer c. Then a and b are both nth powers of positive 
integers. 
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Proof. Let d = gcd(a,c) and write a = du and c = dv for relatively prime 
positive integers u,v. Then ub = dlu”. Since gcd(u,v) = 1, we have 
gcd(u,v”) = 1 (corollary 3.26). Since u | dtu”, Gauss’ lemma yields u | 
d"t} and so v” = rb is a multiple of b. On the other hand v” | ub and 
gcd(v”, u) = 1, thus using again Gauss’ lemma, we obtain v” | b. We conclude 
that b = v” and u = d”—!, thus a = d”. The result follows. oO 

Before dealing with the resolution of the equation z? + y? = z? we would 
like to illustrate the previous theorem with a few interesting examples. 


Example 3.47. Prove that the product of three consecutive positive integers is 
never a perfect power. 


Proof. Write the three consecutive integers n — 1,n,n + 1, and suppose that 
(n —1)n(n +1) = af, with a,d > 1. 

Then n(n? — 1) = af and since gcd(n, n - 1) = l, it follows that both n and 
n? — 1 are dth powers. Say n = cf and n? — 1 = eĉ, for some integers c,e > 1. 
Then c?4—e® = 1, which can also De written as (c? a a(d-1) 4 tet De: F 
This is clearly imposible. since c?—e > land e4) +... +e! >d>1. O 


Example 3.48. (IMO Shortlist 2007) Let b,n be integers greater than 1 such 
that for all k > 1 one can find an integer a such that k | b — a”. Prove that b 
is the nth power of an integer. 


Proof. Choosing k = b?, it follows that there are integers a and c such that 
b— a” = cb?. This can be written as b(1 — cb) = a”. Thus b and 1 — cb 
are positive numbers, relatively prime and whose product is an nth power. 
It follows that both are nth powers. In particular, b is an nth power, as 
desired. O 


Example 3.49. (Vietnam 2013) Find all integers x such that x = j is a perfect 
square. 





Proof. Clearly x = —1 and x = 0 are solutions, and we will prove that they 
are the only solutions of the problem. If x < —1, then the fraction is negative 


3.2. Applications to diophantine equations and approximations 85 


and cannot be a perfect square, so we need only consider x > 1. Since 


1000 a | 900 _ 1 


T 500 
Need Sg ee 1 
xzx—i xrx— i (x +1) 


and gcd (7,2 ee ts hy 2, and since z5% + 1 is not a square!, we deduce 


that z500 +1 = 2u? and =! = %? for some integers u,v > 1. Thus 


250 _y 5041 
z-i se 
Note that 4 does not divide x7°° + 1 (since 4 does not divide u? + 1 for any 


integer u), hence 7? and ot l are relatively prime and so each of them 
125 =1 





must be a square. But thien” = 2 -(z9 41) is a square and z1*°+1 and 2—+ 


are relatively prime (since = E zl is odd, because x is odd). Thus x!7° ra 1 is 
a square, say xt? +1 = 27. Then (z—1)(z+1) = x!” and z — 1,z + 1 are 
relatively prime (since z is Gren thus z — 1 and z+ 1 are both thie 125th 
power of some positive integers p,q. But then q/”° — p!” = 2 and so q— p = 1 
or q—p = 2. In both case it is easy to see that we aca have q!” — p!” = 2. 


Thus the only solution is x = 0. O 





We are now ready to describe all Pythagorean triples. 


Theorem 3.50. The solutions in positive integers of the equation 


a? +4? = 2? 


are given by 
a = d(m? —n?), y = 2dmn, z = (m? + n?)d 
or 
a = 2dmn, y = (m? —n?)d, z = (m? + n*)d, 
where m > n> 0 are relatively prime and of different parity, and where d > 0. 


500 


Since z5% + 1 lies strictly between the consecutive squares 2°°° and (x7°° +. 1)?. 
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Proof. It is not difficult to check that the given triples are solutions of the 
equation: this reduces to the equality 


(m? — n?)? + (2mn)? = (m +n)”, 


which is easy to check. 

Conversely, let (x,y,z) be a solution of the equation with x,y,z > 0 and 
let d = gcd(z, y), so that x = da and y = db with a,b relatively prime positive 
integers. Moreover, 


d'(a? + b*) = 2? 
hence d? | z* and so d | z. Say z = dc for some positive integer c, then 
a? + b7 =e. 


Since a,b are relatively prime, the previous relation implies that a,b,c are 
pairwise relatively prime. Also, note that c is odd: otherwise, since a,b are 
relatively prime they must be both odd but then c? = a? + b? = 2 (mod 4), 
impossible. Thus a and b have different parities. By symmetry, we may assume 


that a is odd and b is even. Rewrite the equality a? + b? = c? as 


( b ) * c-ac+a 
2, 2 2 
and observe that since gcd(a,c) = 1 we also have gcd ($51, $2) = 1 (note that 


the sum and difference of the numbers “3% and 55° are c and a respectively). 
We deduce that $* and © are both perfect santas say 








c—a c+a 
eT L =m. 
2 2 


Note that m > n are relatively prime positive integers of different parities 
(since m? + n? = c is odd). Also b = 2mn and 


r =d(m? -n’), y=2dmn, z=d(m? +n’), 


as desired. L 
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One of the most famous problems in number theory is the resolution of 

Fermat’s equation 
rre ae 

We have just seen how to solve it for n = 2. The general case was solved by 
Wiles in 1994 (more than 350 years after the problem was posed), who proved 
that for n > 2 there are no nontrivial solutions. The proof of this deep result 
is one of the most spectacular applications of the interplay between number 
theory and algebraic geometry (needless to say, the proof goes far beyond the 
scope of this modest book). Already the case n = 3 is quite challenging (even 
though in this case there is an elementary, though fairly technical proof). The 
next theorem deals with the case n = 4 and establishes a stronger result, 
using Fermat’s method of infinite descent (we have already encountered some 
applications of this method in the first chapter). 


Theorem 3.51. (Fermat) The equations zt + y* = z? and xt — yt = 2? have 
no nontrivial (i.e. with cyz #0) integral solutions. 


Proof. We only give the proof for the equation z*+y* = z2, the argument being 
similar for the other one. We may restrict ourselves to solutions x, y, z in which 
x,y,z > 0 (since changing each of x, y, z into its absolute value does not change 
the fact that they form a nontrivial solution of the equation). Assume the 
contrary and consider a nontrivial solution (£o, yo, zo) with smallest possible 
value of z. Then necessarily gcd(xo, yo) = 1 (otherwise letting d = gcd(z0, yo), 
d? must divide z and so (%, ¥%, +) gives a nontrivial solution with smaller 
value of z, contradicting the minimality of zp). Also, one of ro, yo must be 
even (otherwise we obtain z? = 2 (mod 4), a contradiction), say without loss 
of generality yo is even. Using theorem 3.50 we may find relatively prime 
positive integers a,b such that 
te =a? — b°, yê = 2ab, zo = a° + b°. 

Since xê = a? — b?, xo is odd (as yo is even and gcd(£zọ, yo) = 1) and 
gcd(a,b) = 1, we deduce, using again theorem 3.50, the existence of relatively 
prime positive integers c,d such that 


to = Ê — d, b = 2cd, a = Ê +d’. 
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It follows that a 
ab Yo 
d(c??+d*)=— = (2) 
cd(c* + d*) 5 5 
Since c, d, c? +d? are pairwise relatively prime, we conclude that each of them 
must be a perfect square, say c = u?, d = v? and c? + d? = w?. Then 
ut +t = w? 


and so (u, v, w) is a nontrivial solution. By minimality of zo, this forces w > zo. 
But this is certainly impossible, since 


z =0? +b? > a? = (E +Ê) > eHe I ut Hot =v". 
The result follows. O 
Remark 3.52. 1. On the other hand, the equation 
rtty t t 
has nontrivial solutions: a famous example due to Elkies (1988) is 
2682440* + 15365639* + 18796760* = 206156734. 
Another example, found by Frye is 
95800* + 217519* + 414560* = 422481°*. 


The equation 

ePt+yte+P=w 
also has nontrivial solutions, for instance Lander and Parkin (1967) 
found the solution 


1445 = 27° + 84° + 110° + 133°. 


These examples disprove a conjecture of Euler, namely that for n > 2 
the equation 
aj + as +... + ap =b" 


has no solutions in positive integers (this turns out to be true for n = 3, 
as we have already mentioned). 
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2. With exactly the same arguments one can prove that the equation z4 — 


yt = z? has no nontrivial integral solutions. We deduce immediately 
that the equation zt + y* = 2z? has only the obvious integral solutions, 
by writing it in the form 


xt — yt 2 
tanta (B54 


3. In general, if d is a positive integer, then one can prove that the equa- 
tion xt — y* = dz? either has no nontrivial solutions or infinitely many 
solutions in relatively prime positive integers. 





Example 3.53. For which integers x,y do we have zt — 2y? = 1? 
Proof. Writing the equation as 
tt + yt = (y? +1)? 
and applying Fermat’s theorem above we obtain y = 0 and then z = 41. O 
Example 3.54. Find all integers z, y such that 82* + 1 = y?. 


Proof. Suppose that (x,y) is a solution. Replacing x,y with their absolute 
values, we may assume that x,y > 0. If y = 1, we obtain the solution (0, 1). 
Suppose that y > 1. Clearly y is odd, say y = 2z+1 for some positive integer z. 
Then z(z+1) = 2x* and since gced(z, z+1) = 1, we deduce that either z = 2a* 
and z+1 = bt for some positive integers a, b, or z = a* and z+1 = 204 for some 
positive integers a,b. In the first case we obtain bt — 2a* = 1, contradicting 
the result established in the previous example. In the second case we obtain 
at + 1 = 2b4, which can be written as 


4 2 
4 a" —l 8 

—— | =D". 
ate ( 5 


Since a,b > 1 and the equation zt + y? = z* is impossible in positive integers, 


Since the equation zt + z? = y* has only trivial solutions and since we deduce 
that a = 1 and b = 1, thus z = 1 and x = 1, y= 3. We conclude that the only 
solutions are (xz, y) = (0, +1), (+1, +3). oO 
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Example 3.55. Solve in integers the equation 
gt a. (a? 4 1) = y?, 


Proof. Again, we may assume that x,y > 0. If x = 0, we obtain y = 1, so 
assume that x > 0. Then z?, x? +1 and y form a Pythagorean triple with 
gcd(x*,2*+1) = 1 and moreover 2? is even (if x is odd, then the left-hand side 
is congruent to 5 mod 8, while the right-hand side is congruent to 1 mod 8). 
Thus there are relatively prime positive integers m > n of different parity such 
that x? = 2mn and z?+1 = m?—n?. Letting z = 2a, we obtain mn = 2a? and 
m? — n? = 4a? +1. Since m,n have different parity and m? — n? = 1 (mod 4), 
m must be odd and n must be even. Since mn = 2a? and gcd(m,n) = 1, we 
conclude that n = 2u? and m = v? for some integers u,v > 0, and a = wv. 
We conclude that 
vt — 4u* = 4u?v? + 1, 


which can also be written as 
(v? — 2u)? — 8u* = 1. 


By the previous example we obtain (since u > 0) u = 1 and v? — 2u? = 3. 
This is however impossible, thus the only solution is (0, +1). oO 


Example 3.56. Solve in integers the equation 
(2z? — 1) = 2y? — 1. 


Proof. We may assume that x,y > 0. Clearly y > 1 and if y = 1 we obtain 
x = 0 or x = 1. Assume from now on that y > 1, so that x > 1. 
Write the equation as 


(a7)? + (z? — 1} = y?. 


We discuss two cases, according to the parity of x. 

Suppose that x is odd, then z? = a? — b*, r? — 1 = 2ab and y = a? + b? 
for some a > b > 0 relatively prime and of different parity. Write a — b = u? 
and a+b = v? with 0 < u < v relatively prime and odd (note that such u,v 
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exist since (a — b)(a + b) = x? and gcd(a — b,a + b) = 1). Then z = wv and 
the equation z? — 1 = 2ab becomes 


u? +v? v2 — u? 


2 
siao 
(uv) 5 3 








or 

Qu7u* — 2 = vt — uå. 
This is equivalent to (v? — u?)? = 2(u* — 1) and writing v? — u? = 2w yields 
ut — 2w? = 1. Using example 3.53 we obtain a contradiction. 
Suppose now that x is even. Similar arguments yield the existence of a > b > 0 
relatively prime, of different parity such that z? = 2ab, r? — 1 = a? — b? and 
y = a? + b?. Since a? — b? = z? — 1 = —1 (mod 4), we deduce that a is even 
and b is odd. Since 2ab = x? is a square, a is even, b is odd and gcd(a, b) = 1, 
we obtain a = 2m?, b = n? and x = 2mn for some positive integers m,n, 
which are relatively prime. Then the equation z? — 1 = a? — b? becomes 


Am?n? — 1 = 4mt — nå. 
This can be rewritten as 
(n? + 2m?)? = 8m* +1. 


Using example 3.54 we obtain m = 1 and n? + 2m? = 3, thus m = n = 1. But 
then a = 2,b = 1,x = 2 and y= 5. 
We conclude that the solutions are (0, +1), (+1, +1), (+2, +5). o 


Example 3.57. Find all integers x, y such that 


l+eta? +a? =y’. 


Proof. Write the equation as (1+ x)(1 + z?) = y?, which makes it clear that 
x > —1. If x = —1 we obtain the solution (—1,0), and if x = 0 we obtain the 
solutions (0, +1). If z = 1 we obtain the solutions (1, +2). 

Assume from now on that x > 1 and, without loss of generality, that y > 0 
(and so y > 2). If x is even, then gcd(1 + 2,1 + x?) = 1 and we deduce that 
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1+z and 1+ z? are perfect square, which is clearly impossible. Thus z is odd, 
and then gcd(1+2,1+27) = 2. We deduce that 1+ 2 = 2a? and 1+ 2? = 2b? 
for some a,b > 1, and y = 2ab. But then 


(2a? — 1)* = 267 — 1. 


Using the previous example we obtain a = 2 and b = 5. 
But then x = 2a — 1 = 7 and y = 20. 
We conclude that the solutions of the problem are 


(—1,0), (0, £1), (1, +2), (7, +20). o 


Example 3.58. (Bulgaria 1998) Prove that the equation z?y? = z*(z*—2?—y’) 
has no solutions in positive integers. 


Proof. Assume the contrary and let a = z? + y2 and b = 2zy. Then 
a’ a b? — (a? a y’) 


and 
a° +b = at + yt + 6r y". 

On the other hand, since the equation (z7)? — z*a — “i has integer solutions, 
we deduce that its discriminant a? + b? is a perfect square. Thus a? — b? and 
a? + b? are both squares and so a* — b* = t? for some integer t. Since a,b > 0, 
we deduce that a = b and so x = y. But then (z? — x”)? = 22+, contradicting 
the fact that v2 is irrational (see example 3.62 for a proof of a more general 
result). O 


Remark 3.59. The proof shows that already the equation x7y* = z(z—2* — y?) 
has no solutions in positive integers. 


3.2.3 The rational root theorem 


We will discuss now another application of Gauss’ lemma, the rational root 
theorem. This theorem bounds the denominators of the possible rational zeros 
of a polynomial with integer coefficients. One important consequence is that 
any rational root of a monic polynomial with integer coefficients must be an 
integer. 
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Theorem 3.60. (the rational root theorem) Let f(X) = an X” +... + ao bea 
polynomial with integer coefficients anda, #0. If x= E (with p,q relatively 
prime integers) is a rational root of f, then q | an. 


Proof. Multiplying the equality f(x) = 0 by q” yields 
anp” + An—1p" q+... + aog” = 0. 


All terms in the sum except the first one are clearly multiples of q. Thus 
q | anp”. On the other hand gcd(q,p) = 1, thus gcd(q,p”) = 1 and using 
Gauss’ lemma we conclude that q | an, as desired. E 


Corollary 3.61. Let f be a monic polynomial (i.e. the leading coefficient of 
f is 1) with integer coefficients. Any rational root of f is an integer. 


Example 3.62. Let n be a positive integer and let d > 1 be an integer. Prove 
that if Yn is a rational number, then it is an integer. 


Proof. Let x = ~/n and observe that x is a rational root of the monic polyno- 
mial with integer coefficients X? — n. Thus x must be an integer, by corollary 
3.61. O 


In particular, if a,b,c are integers with a Æ 0 and if the equation ax? + 
bz + c = 0 has a rational solution, then the discriminant A = b? — 4ac must 
be a perfect square. Indeed, VA = |2az + b| is rational and we conclude it 
is an integer using the previous example. Here is a nice application of this 
observation. 


Example 3.63. (Kvant M 1740) Let a, b,c be positive integers such that 
a? +b? +c? = (a—b)*? 4+ (b—c)* + (c—a)’. 

Prove that ab, bc,ca and ab + bc + ca are all perfect squares. 

Proof. We can rewrite the given relation as 


a? +b +c? = 2(ab+ be + ca). 
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1+2 and 1+ z? are perfect square, which is clearly impossible. Thus z is odd, 
and then gcd(1+2,1+27) = 2. We deduce that 1+ 2 = 2a? and 1+ 2? = 2b? 
for some a,b > 1, and y = 2ab. But then 


(2a? — 1)? = 2b? - 1. 


Using the previous example we obtain a = 2 and 6 = 5. 
But then z = 2a? — 1 = 7 and y = 20. 
We conclude that the solutions of the problem are 


(—1,0), (0, +1), (1, +2), (7, +20). o 


Example 3.58. (Bulgaria 1998) Prove that the equation z?y? = z?(z?— z? — y?) 
has no solutions in positive integers. 


Proof. Assume the contrary and let a = z? + y? and b = 2zy. Then 
a2 _ b2 = (a? _ y?y)? 


and 
a? +b = qt + yt + 627y". 

On the other hand, since the equation (z*)* — z7a — 2 has integer solutions, 
we deduce that its discriminant a? + b? is a perfect square. Thus a? — b? and 
a? +b? are both squares and so a* — b* = t? for some integer t. Since a,b > 0, 
we deduce that a = b and so x = y. But then (z? — x”)? = 227%, contradicting 
the fact that v2 is irrational (see example 3.62 for a proof of a more general 
result). E 


Remark 3.59. The proof shows that already the equation z?y? = z(z— z? — y?) 
has no solutions in positive integers. 


3.2.3 The rational root theorem 


We will discuss now another application of Gauss’ lemma, the rational root 
theorem. This theorem bounds the denominators of the possible rational zeros 
of a polynomial with integer coefficients. One important consequence is that 
any rational root of a monic polynomial with integer coefficients must be an 
integer. 
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Theorem 3.60. (the rational root theorem) Let f(X) = an X” +... + ao be a 
polynomial with integer coefficients anda, #0. If x = ; (with p,q relatively 
prime integers) is a rational root of f, then q | an. 


Proof. Multiplying the equality f(x) = 0 by q” yields 
anp” + dn—1p” “q+... + aog” = 0. 


All terms in the sum except the first one are clearly multiples of q. Thus 
q | anp”. On the other hand gcd(q,p) = 1, thus gcd(q,p”) = 1 and using 
Gauss’ lemma we conclude that q | an, as desired. O 


Corollary 3.61. Let f be a monic polynomial (i.e. the leading coefficient of 
f is 1) with integer coefficients. Any rational root of f is an integer. 


Example 3.62. Let n be a positive integer and let d > 1 be an integer. Prove 
that if ~/n is a rational number, then it is an integer. 


Proof. Let x = 4n and observe that z is a rational root of the monic polyno- 
mial with integer coefficients X? — n. Thus z must be an integer, by corollary 
3.61. E 


In particular, if a,b,c are integers with a Æ 0 and if the equation ax? + 
bz +c = 0 has a rational solution, then the discriminant A = b? — 4ac must 
be a perfect square. Indeed, VA = |2az + b| is rational and we conclude it 
is an integer using the previous example. Here is a nice application of this 
observation. 


Example 3.63. (Kvant M 1740) Let a,b,c be positive integers such that 
a? +b? + e = (a—b)* + (b-c)? + (ce-a). 

Prove that ab, bc, ca and ab + bc + ca are all perfect squares. 

Proof. We can rewrite the given relation as 


a? +b? +c? = 2(ab + be + ca). 
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Considering this as a quadratic equation in a, the discussion preceding the 
problem shows that the discriminant A = 16bc must be a perfect square. We 
conclude that bc is a perfect square and by symmetry we also obtain that ab 
and ac are perfect squares. Writing bc = x’ for some integer x, we obtain 
a=b+c+2z andsob+c=a+e-2z with e € {-1,1}. But then 


ab+be+ca=2*+a(b+c)=2%+a(a+2e-2) =(ate-zx)’, 
finishing the proof. E 


The following exercise refines the rational root theorem. 
Example 3.64. Let f be a polynomial with integer coefficients and let x = 
be a rational root of f, with p,q relatively prime integers. Then we can fin 
a polynomial g with integer coefficients such that f(X) = (qX — p)g(X). 


p 
q 
d 


Proof. Write f(X) = an X” + an-1X"7t + ... + ao and let us look for g of the 
form g(X) = bn-1X"7! +... + bo. The equality f(X) = (qX — p)g(X) reduces 
(after looking at the coefficient of XÍ on both sides for all j) to the system of 
equations 

—pbo = ao, qbo — pb = a1, «..,Gon—2 — Pbn—1 = An-1, qbn-1 = an. 


Solving successively we obtain 


ao qao + pai 
bo = ——, bı E See N 
p 
n—lag + pg" “a1 +... + pta a 
p 7 — 2 + Pg “a t... +p an- _ an 
n—1 pr q . 


Thus we need to prove that all these expressions are integers. Note that the 
rational root theorem is precisely the statement that bn—1 is an integer. In 
general, we need to show that p**! divides qg*ap+pq*—!a1+...+p"a,. However 
we know that 


anp” + anıp" "qt... + appip taI + app" g +... + aog” = 0. 


We deduce that p**! divides ayp*q”—* + ... + aog” = q?—*(axp* + ... + aog"). 
Since p*t! and qg”~* are relatively prime, we deduce that p**+! divides app! + 
... + agg”, as needed. O 


3.2. Applications to diophantine equations and approximations 95 


Here is a nice application of the rational root theorem. Assume that a,b 
are rational numbers such that a+ 6 and ab are integers. We claim that a 
and b are actually integers. Indeed, a and b are roots of (X — a)(X — b) = 
X? — (a+ b)X + ab, which is a monic polynomial with integer coefficients, 
by assumption. Using the previous corollary, we deduce that a and b must 
be integers. A similar argument shows that if a,b,c are rational numbers and 
a+6+c,ab+bc+ca and abc are all integers, then a, b,c are all integers. This 
kind of result is very useful in many contexts, and can lead to quite surprising 
results. 


Example 3.65. Find all positive integers a, b, c such that ¢ + ? +£ and ? EE 
are both integers. 


Proof. Consider the polynomial with roots ¢, 


? 


ry (x-4): (8-9) 


A brutal expansion shows that 


f(X) = X8- ($424) x74 (2+5+2)x-1 
b c a a b c 
and so (a,b,c) is a solution of the problem if and only if f has integer coeffi- 
cients. Consider such (a,b,c) and note that f is also monic and has rational 
b c 


roots $, >, 2. By the rational root theorem, these roots must be integers, thus 
a b 


PaSa are positive integers. Since their product is 1, they all must be 1 and 
so a = b = c. Conversely, if a = b = c then obviously (a,b,c) is a solution of 


the problem. E 


Example 3.66. (USAMO 2009) Let s1,s2,53,... be an infinite, nonconstant 
sequence of rational numbers. 

Suppose that ty, t2,t3,... is also an infinite, nonconstant sequence of rational 
numbers with the property that (s; — s;)(t; — t;) is an integer for all ¢ and 
j. Prove that there is a nonzero rational number r such that (s; — s;)r and 
(ti — t;)/r are integers for all i and 7. 


96 Chapter 3. GCD and LCM 


Proof. By working with the sequence 0, s2 — $1, 83 — S1,... instead of $1, 89,..., 
we may assume that sı = 0. Similarly, we may assume that tı = 0. In 
particular s;t; is an integer for all 1, thanks to the assumption of the problem. 
But then (s; — s;)(t; — t;) — (sit; + sjt;) must be an integer, i.e. sjt; + sjt; is 
an integer for all į, j. Fix i, j and note that (s;t;) - (s;t;) is an integer, since it 
equals (s;t;) - (s;t;). Since the sum and product of the rational numbers sit; 
and sjt; are integers, both these rational numbers must be integers. Thus sit; 
is an integer for all i,j. By choosing i such that s; Æ 0, we see in particular 
that there is a nonzero integer N such that Nt; is an integer for all j. Define 


1 
Ta WN gcd( Nti, Nt2, an). 


By Bézout’s theorem (note that ged(Ntı, Nt2,...) is actually the gcd of finitely 
many of the Nt;’s) r is a linear combination with integer coefficients of ty, ta, ... 
(and only finitely many of the coefficients will be nonzero). Since s;t; is an 
integer for all į, j, we deduce that rs; is an integer for all i, thus (s; — s;)r is 
an integer for all 7,7. Finally, it is clear by construction that 

ti — tj Nt, — Nt; 


roo ged(Ntı, Nta, ...) 


is an integer for all 2,7. E 


3.2.4 Farey fractions and Pell’s equation 
In this subsection we start the study of two fundamental diophantine equations 


2 _ ny? = 1, 


r? +y =n and z 
where n is a given positive integer. Note that the first equation clearly has 
finitely many solutions since |x| and |y| cannot exceed yn. We will prove that 
the equation z? + y2 = n has as many solutions as the congruence z? = —1 
(mod n). We will see in later chapters how to find the number of solutions of 
this congruence (once enough theory is introduced, this will become a straight- 
forward exercise, while the problem of giving a closed formula for the number 
of solutions of the equation z? + y? = n is definitely not easy). We will also 
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prove that if n is not a perfect square, then x? — ny? = 1 (known as Pell’s 


equation) has infinitely many solutions and that if one knows the smallest 
solution, then one can obtain all other solutions by a simple recipe. In order 
to prove all these results, we will introduce and study a very beautiful object: 
Farey sequences. 

Let n > 0 be an integer. Consider all fractions (in lowest form) whose 
(positive) denominator does not exceed n, in other words all rational numbers 
of the form ¢ with a,b relatively prime integers and 0 < b < n. Arrange these 
fractions in increasing order and call the resulting sequence the Farey sequence 
of order n. 

The key property of Farey sequences is then: 


Theorem 3.67. Let = and g, be consecutive terms in the Farey sequence of 
order n. Then 
b+b' >n+1 and bd —ab' = 1. 


Proof. We may assume that ¢ < g, We will actually identify the fraction 2, 
as follows. Consider two integers x,y such that 


br —ay=1 and —-b<y-n<0O. 


Note that such integers exist: by theorem 3.20 the congruence ay = —1 
(mod b) has at least one solution y in the set {n,n —1,...,.n — b + 1} (which 
is a complete residue system modulo b). Note that since by definition b < n 
and y > n — b, we have y > 0. 

We prove now that g = 7 Suppose that this is not the case. Since ¢ and 


g are consecutive in the Farey sequence of order n and since 7 is also a term 
of this sequence (as clearly gcd(z, y) = 1 and 0 < y < n) and 
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A similar argument yields 


a’ a 1 
ee 
866” bb 
thus 
1 La 1 1 
SS ee 
by y b7 by b 


which gives b > y +b > n, a contradiction with the fact that a is in the Farey 
sequence of order n. 

Thanks to the previous paragraph we know that g = 7 and so b'x = a'y. 
We deduce from Gauss’ lemma that b = y and then a’ = x. Taking into 


account the choice of x,y, we conclude that 
ab—ab’=br—ay=1 and 64+0=b+y>n. 
The result follows. E 


A simple but very important consequence of the previous theorem is the 
following approximation result: 


Corollary 3.68. If x is a real number and n is a positive integer, then we 
can find relatively prime integers a,b such that O < b <n and 


1 


a e 
b| — b(n+1) 

Proof. Let fi < fe < ... < fq be the terms of the Farey sequence of order n 
that belong to the closed interval [x — 1, + 1]. If fı = # with ged(a;,b;) = 1 
and 0 < 6; < n, consider 


L — 





51 ea 
bg + biyi 
for 1 < ¿i < d. Thanks to the previous theorem we have 
a oe bidi+ı — Qibi+i _ 1 Z ( 1 | 
: i b; (b; + bi+1) b; (b; + bi+1) ? (n -+ 1)b; 


and similarly fi+ı — gi € (0, ane: We deduce that 


fı < gı < f2 < 92 < f3 <... < fd-1 < ga-1 < fa. 
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Since x lies in one of the intervals [f;, gi] or [gi, fi+1] (for some i), the result 
follows. O 


Remark 3.69. If ESN is replaced with $, a simple proof of the previous 
corollary, based uniquely on the pigeonhole principle, goes as follows: consider 
all numbers of the form 1+ |kz] — kz for 0 < k <n. We have n + 1 numbers 
that belong to [0, 1), so by the pigeonhole principle two must lie in an interval 
(Z, rt) for some 0 < 7 < n. We deduce the existence of integers u1, ug and 


0< vy < vo < n such that 
1 
Jug — uy — £(v2 — v1 )| < = 


Setting 
U2 — V1 U2 — U1 


= ae oe ee a t= -eeoeoerwrererrrorr > 
gcd(ve — v1, u2 — U1) ged(ve — v1, U2 — u1) 
yields the desired result. 


We are now ready to deal with the equation x? + y? = n. More precisely, 
we will prove the following beautiful theorem. 


—1 1 


Theorem 3.70. The map sending a pair (x,y) to yr™> (mod n) (where x7 
is the inverse of x modulo n) establishes a bijection between the set of pairs 
(x,y) of relatively prime positive integers x,y such that x? + y? = n and the 
set of solutions of the congruence z? = —1 (mod n). 

Proof. Clearly if x, y are relatively prime positive integers such that z? +y? = 
n, then gcd(x,n) = 1 (any common divisor of x and n would divide y2, but 


gcd(x, y?) = 1, so this divisor must be 1 or —1) and letting z = yx! (mod n) 
we have 

O=a7+y? =27(z*4+1) (mod n), 
thus z* = —1 (mod n) by Gauss’ lemma. This shows that the map is well- 


defined. 
Let us prove first the injectivity of the map. Consider two different pairs 
(x1, Y1) and (x2, y2) that have the same image, say z. Thus yo = r2z (mod n) 
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and yı = 21z (mod n). It follows that r1y2 = xeyi (mod n), thus n divides 

£T1Y2 — £241. On the other hand 

n? = (x1 + yf) (x3 + y2) = (2192 — tay)? + (z191 + £292)”, 

thus |%1y2—xey1| < n. We conclude that x; y2 = z2y1. But then Gauss’ lemma 

yields zı | x2 and zə | xı, thus zı = £2 and then yı = ye, a contradiction. 
Finally, let us deal with the most difficult part, the surjectivity of the 

map. Consider a positive integer z such that z? = —1 (mod n). We want to 

show that we can find relatively prime positive integers x,y such that y = xz 

(mod n) and z? + y2 = n. By corollary 3.68 we can find relatively prime 

integers a,b such that 0 < b < |./n| and 


1 1 
< 50+ [Va] ~~ byn 


= a 
n b 





It follows that 
0 <b? 4+ (bz+an)? <n+n=2n 


and on the other hand 
b? + (bz tan)? = b? 4+ b?z? = b7(14+ 27) =0 (mod n). 


Thus we must have 
n = b? + (bz + an}. 


In particular 
2 
1 
b. Z + 2abz—1+an=0 
and so gcd(b,n) = 1 and also gcd(b,bz + an) = gcd(b,an) = 1. We deduce 
that if bz + an > 0 then x = b and y = bz +an work, while if bz +an < 0 then 
x = —bz — an and y = b work. The result follows. iB 


We turn now to the diophantine equation z? — dy? = 1, where d > 1 is 
not a square (if d is a square, say d = e°, then the equation can be written 
as (x — ey)(x + ey) = 1, the resolution being therefore very easy). This 
equation is widely known as Pell’s equation, even though Pell did not have 
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major contributions to its study. Note that while studying Pell’s equation we 
may assume that x and y are nonnegative. There is a trivial solution (1,0), 
but it is not clear at all that there are other solutions. We will prove now 
that there are infinitely many solutions of this equation. This requires a few 
preliminary steps. 

We fix a positive integer d which is not a perfect square, so that vd is an 
irrational number by example 3.62. 


Proposition 3.71. There are infinitely many pairs (x,y) of positive integers 
such that 


1 


Proof. By corollary 3.68 for any n > 1 we can find integers 0 < bn < n and 


an such that 
1 


Í 
[bn Vd — anl < Ad < ba 
Note that necessarily an > 0. If the sequence (bn)n has infinitely many distinct 
terms, we are done, so assume that this is not the case. Then the sequence 
(Gn )n is bounded and so has only finitely many distinct terms. It follows that 
there are indices 7, 7 such that bn = b; and an = a; for infinitely many n. But 
for such n we have 


1 
bivd — ail < — 
| vd ail < n+i 
and the quantity -H becomes smaller (for n large enough) than any given 
positive real number. We deduce that b;vd = a;, contradicting the fact that 


vd is irrational. O 


The proof of the previous proposition adapts immediately to prove the 
following more general (and very useful) result: 


Theorem 3.72. If x is an irrational number, then there are infinitely many 
pairs (p,q) of integers with gcd(p,q) = 1 and 
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On the other hand, the result established in the previous theorem fails for 
rational numbers, as the following exercise shows. 


Example 3.73. Prove that if x is a rational number, then there are only finitely 
many rational numbers £ such that |x — =| < a 


Proof. Suppose that @ is an infinite sequence of pairwise distinct rational 
numbers (in lowest form) such that 


jo I< 

dn dn 
for all n. If the sequence (qn)n>0 is bounded, then the previous inequality 
shows that the sequence (Pn )n>0 is also bounded, which is clearly impossible. 
Writing x = + in lowest form, we deduce that for infinitely many n we have 
ldn| > |v|. But since by assumption 


| 


|qnu — Pn | L A 


|an] 


it follows that for infinitely many n we have qnu = pnv, contradicting the fact 
that the numbers ee are pairwise distinct. The result follows. E 


Theorem 3.74. Let d be a positive integer which is not a perfect square. The 
equation z? — dy? = 1 has integral solutions x,y with x,y > 0. 


Proof. We will prove this in two steps. We first establish the existence of a 
nonzero integer k such that the equation z? — dy? = k has infinitely many 
integral solutions with x,y > 0. Note that if x,y are positive integers and 


1 
|z — yvd| 5 
y 
then z < y/d+1 < 2yvd and so 


1 1 
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Using proposition 3.71, we conclude that for infinitely many pairs (x, y) of pos- 
itive integers we have x? — dy” € {—N,...,—1,1,..., N} for some fixed positive 
integer N = 1+ [3vä]. The result follows then from the pigeonhole principle. 


Fix now a nonzero integer k such that x? — dy? = k has infinitely many 
integral solutions with z, y > 0. Considering the pairs (x (mod k), y (mod k)) 
for these solutions, we see (using again the pigeonhole principle) that we can 
find two solutions (x1, y1) and (x2, y2) for which zı = x2 (mod k) and y1 = yo 
(mod k). Setting 


_ £12 — dy1y2 ee L1Y2 — Loy 
k i k i 


a simple calculation shows that 
1 
z’ — dy” = īz(z1 — dyi) (13 — dyz) = 1. 
On the other hand, since zı = z2 (mod k) and yı = y2 (mod k), we have 


zız2 — dyiyo = z? — dy? =0 (mod k) 


and so gx is an integer. Similarly y is an integer. If we prove that y Æ 0, then 
we are done (as then considering the numbers |x|, |y| finishes the proof). 
Assume now that y = 0, so that 21y2 = rey, and z? = 1 (since x? — dy? = 1). 
Thus x = +1, ie. 2129 — dy, yg = +k. Replacing x2 by ae yields 


yo(xy — dyt) = +k - yı 
and so yg = +y1. Finally, we obtain y; = y2 and zı = x2, a contradiction. LU 


We are now ready to express all positive solutions of the equation z?—dy? = 
1 in terms of a distinguished solution. Namely, considering all pairs of positive 
integers (x,y) which satisfy x? — dy? = 1, it is clear that there is a unique pair 
(x,y) for which y has the smallest possible value (or equivalently x + yvd has 
the smallest possible value). We call this pair the smallest positive solution. 
This solution generates all positive solutions, as the following theorem shows. 
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Theorem 3.75. Let (x1, y1) be the smallest positive solution of the equation 
x? — dy? = 1. The general solution (tn, Yn) is given by 


Tn + Yn vd = (xı + yı vd)”. 


We have 
Intl = 1n + dYlYn, Yn+1 = Y1Tn + T1Yn 


and the explicit formulae 
_ (z1 +yıvd)” + (zı — yı vd)” _ (z1 +yıvd)” — (z1 — yı v d)” 


Tn = n 
n 9 2/d 


Proof. Note that by the binomial formula and the fact that vd is irrational 
there are unique integers £n, Yn such that 


In + Yn Vd = (21 +y vd)”, 
and moreover they satisfy 

En — Yn Vd = (z1 — yı vd)”, 
i.e. they are given by the explicit formulae appearing in the theorem. One 
sees directly that 

Tn+1 = T1Tn + dyiYn, Ynt1 = YiLn + L1Yn. 
We have 
Tn — dyn = (En + YnV d) - (En — yn V d) = (aj — dy?)” =1, 


thus (£n, Yn) is a positive solution of the equation x? — dy? = 1. Conversely, 


consider a positive solution (x,y) of this equation and set 
a=atyvd z=z+yvVvd. 


By minimality of z1, we have z > zı. Since z; > 1, we deduce that there is a 


unique n > 1 such that 


EA 
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Write 
a= (x +yvd)(zı — yı vd)” = ut+vvd 


1 


for some integers u,v, then 1 < u + vvd < z1. Note that, by the binomial 
formula and the fact that vd is irrational we also have 


u— vvd = (x — yVd)(x1 + yıv d)” 
and so 
u? — dv? = (x? — dy’) (£? — dy?)" =1. 


Assuming that u + vvd > 1, we conclude that (u,v) is a positive? solution 
of the equation x? — dy? = 1 which is smaller than (21, y1), a contradiction. 
Thus u + vvd = 1 and so z = 27, as needed. m 


Example 3.76. Are there integers a,b > 1 such that ab + 1 and ab’ + 1 are 
both perfect squares? 


Proof. Assume that such integers exist and write 
ab+1l=c?, ab +1=r?. 
Then 
a* —1= (c* — 1)b’. 


Consider this as a Pell equation in the variables x and b. Then smallest positive 
solution is obviously x = c and b = 1, thus the general solution is given by the 
previous theorem. In particular, defining sequences £n and bn by 


Ln41 = Cin + (c? — 1)bn, bn+1 = En + Cbn 


we deduce that b = bn for some n. Since b > 1, we must have n > 1. If n > 3, 
then bn > b3 > c*? — 1, contradicting the fact that b = bn | c —1=ab. Thus 
n = 2 and b = 2c. It follows that 2c | c? — 1, which is clearly impossible for 
c > 1. Thus there are no such a,b. C 


2To see that u,v > 0 note that u — vvd = FEER € (0,1) since u+ vvd > 1. 
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Finally, let us deal with the more general equation 


az? — by? = 1. 


Example 3.77. Let a,b be positive integers such that ab > 1 is a square. Prove 
that the equation az? — by? = 1 has no solutions in positive integers. 


Proof. The existence of a solution (x,y) clearly forces gcd(a,b) = 1. Since 
ab is a square, it follows that a and b are squares. Thus az” and by? are 
consecutive positive perfect squares, which is impossible. = 


Example 3.78. Prove that there are no positive integers a,b such that 2a? + 
1, 2b? + 1, 2(ab)* + 1 are all perfect squares. 


Proof. We argue by contradiction and assume that there are such integers. 
Clearly a,b > 1 and by symmetry we may assume that a > b. Then 


4(2a? + 1)(2a7b? + 1) = (4a7b + b)? + 8a? — b? + 4 
is a perfect square. However we clearly have 
(4a7b+b)? < (4a7b+b)?+8a?—b?+4 < (4a7b+b+1)? = (4a7b+b)?+8a7b+26+1. 
The result follows. C 


Theorem 3.79. Leta,b be positive integers such that ab > 1 is not a square. 
Let (x1,y1) be the smallest positive solution of the equation az? — by? = 1 and 
let (un, Un) be the general positive solution of the equation u? —abv? = 1. Then 
the general solution of the equation az? — by? = 1 is given by (xn, Yn), with 


Ln, = T1Un + by1Un, Yn = Y1Un + GL1Up. 


Proof. One checks that if (x, y) is a solution of the equation az? —by* = 1, then 
u = ax x —byyy and v = yx — 71 is a solution of the equation u? — abv? = 1, 
and we can recover x and y from u and v by the formulae 


£ = £1 + byv, y= yiutaxyv. oO 
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Example 3.80. Let d be a positive integer which is not a perfect square and 
such that x? — dy? = —1 is solvable in positive integers. Let (xo, yo) be the 
smallest positive solution and define (21, y1) by 


zı +yvd = (xo + yovd)?. 
Prove that (x1, y1) is the smallest positive solution of the equation x*—dy? = 1. 


Proof. Clearly (x1, y1) is a positive solution of the equation z? — dy? = 1. Let 
(x2, y2) be the smallest positive solution of the equation x? — dy? = 1. For 
i = 0, 1,2 set 

Zi = £i + yiv d. 


We prove first that zo < zg. Assuming that zo > z2, we clearly have zo > 29 
and so letting u,v be the integers such that 


utouvd= = = (zo + yo Vd) (x2 — y2 Vd) 
2 
we have 


u? — dv? = (28 — dyê) (23 — dy3) = —1 


and u + vvd > 1, as well as u + vvd < zo, contradicting the minimality of 
(zo, yo). Thus zo < 22. 
Assume next that 2% > ze, so letting u,v be integers with 


u+vvd = = = (£2 + y2Vd)(zo — dy/yo) 


we obtain u? — dv? = —1 and zo + yov'd > u+ vvd > 1, contradicting again 
the minimality of (xo, yo). Thus 2% < zg. Finally, by minimality of (x2, y2) it 
is clear that 20 > Z3, thus z2 = Z0 and we are done. O 

We deduce from the previous example that if the equation z? — dy? = —1 
(with d > 0 not perfect square) has solutions in positive integers and (£o, yo) is 
the smallest positive solution, then all solutions in positive integers are given 
by considering the odd (and positive) powers of x9 + yoVd. Also, all solutions 
in positive integers of the equation x? — dy? = 1 are obtained by considering 
the even (and positive) powers of zp + yoVd. 
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Example 3.81. Find all m,n positive integers such that 3 = 2n? + 1. 


Proof. The answer is (m,n) = (1,1), (2,2), and (5, 11). 

There are two cases to consider: 

1) If m is even then (3”/2,n) forms a solution to z? — 2y? = 1. The 
solutions for x in this Pell equation are given by the recurrence formula 


ro = 1, 41 = 3, Tk = OXR_-1 — Lp_2. 


It is easy to check that 32 = 9 divides x, if and only if k = 3 (mod 6). But 
for such k, xz is also divisible by 11, implying that m/2 does not exceed 1. 
Hence, m = 2 gives the only positive solution (m,n) = (2, 2). 

2) If m is odd then (3("-))/2, n) forms a solution to 3z? — 2y? = 1. The 
solutions for x in this Pell-like equation are given by the recurrence formula 


To = 1, tı = 9, Tk = 10zk-—1 — Tk-2. 


It is easy to check that 3° = 27 divides x, iff k = 4 (mod 9). But for such k, 
£k is also divisible by 17, implying that (m — 1)/2 does not exceed 2. Hence, 
m = 1 and m = 5 give the only solutions, (m,n) = (1,1) and (5,11). oO 


Example 3.82. (Romania TST 2011) Prove that there are infinitely many pos- 
itive integer numbers n such that n? + 1 has two positive divisors whose dif- 
ference is n. 


Proof. In formulas, we are asked to show that there are infinitely many solu- 
tions to n? + 1 = d(n + d) in positive integers. This equation is equivalent 
to (2d — n)? — 5n? = 4. The Pell equation z? — 5y? = 1 has infinitely many 
solutions, and setting n = 2y and d = x + y gives infinitely many solutions to 
the desired equation. O 


Example 3.83. (AMM 10622) Find infinitely many triples (a,b,c) of positive 
integers forming an arithmetic progression and such that ab+1,bc+1,ca+1 
are all perfect squares. 
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Proof. Consider solutions (x,y) in positive integers of the Pell equation x? — 


3y? = 1 and set 
a=2y—z, b=2y, c=2y4+ 2a. 


Then 
ab+1 = 4y? —2ry+1 = y?—-Qryt+a? = (y—x)*, be+1 = 4y*+2ey4+1 = (y+r)? 


and 
ca+1=4y?-—2741=y’. 


Since a, b,c clearly form an arithmetic progression and since the Pell equation 
above has infinitely many solutions in positive integers, the problem is solved. 
O 


Remark 3.84. One can prove (not without effort) that there are no positive 
integers a,b,c,d in arithmetic progression such that ab + 1,ac+ 1,ad + 1, bc + 
1,bd + 1,cd+ 1 are all perfect squares. 


Example 3.85. (AMM 10220) Let x > 0 be a real number. A positive integer 
n is x-squarish if one can write n = ab for some integers a,b such that 1 < a < 
b< (1+ {x)a. Prove that there are infinitely many sequences of 6 consecutive 
positive integers in which each term is xz-squarish. 


Proof. We will try to impose that each of the numbers n?,n? — 1,n? — 2,n? — 


3,n? — 4,n? — 5 is x-squarish. Clearly n?, n? — 1 = (n — 1)(n + 1), n? — 4 = 


(n — 2) (n + 2) are x-squarish for n large enough, so it remains to deal with 


n? — 2,n? — 3 and n? — 5. Choosing n of the form n = a? + a — 2 for some 


integer a > 1, one checks that 
n? —2=(n—a)(n+a+1) 
is z-squarish (if a is big enough) and so is 
n? — 5 = (n — 2a + 1) (n + 2a + 3). 


Finally, if we can also ensure that such n’s are of the form n = 2b? — 2 for 
some integer b, then 


n? — 3 = (n— 2b + 1)(n+2b+1) 
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is also x-squarish for b big enough. It is thus sufficient to prove that for 
infinitely many positive integers a we can find integers b such that 


a? +a —2 = 2b — 2. 


This reduces to (2a + 1)? — 8b? = 1. Since the equation u? — 8v? = 1 has 
infinitely many positive solutions and u is odd in any such solution, the result 
follows. O 


Example 3.86. (AMM 10238) a) Prove that 1 +a and 1 + 3a are both perfect 
squares for infinitely many positive integers a. 

b) Let a, < ag < ... be all positive integers satisfying the conditions of 
part a). Prove that 1+ anan41 is a perfect square for all n. 


Proof. Imposing 1+ a = x? and 1+ 3a = y’, we are reduced to showing that 
the Pell-like equation y? — 3z? = —2 has infinitely many positive solutions. 
Taking into account part b), we also need to find explicitly all solutions. For 
this, we observe first that for any solution (z,y) both x and y are odd (by 
taking the equation y? — 3z? = —2 modulo 4). Letting 

_ 3n-y y—2x 


2°? 9 9 








U 


we obtain positive integers u,v such that u? — 3v? = 1. The smallest positive 
solution of this last equation being (2,1), we deduce that all solutions are 
given by (un, Un), where 


Un + Unv3 = (2+ V3)”, 


in other words 
B A” + B” B A” — Br 


Un 


’ U a a T 
2 n 24/3 


where A = 2 + v3 and B = 2 — v3. Since we can recover x,y from u,v via 
x = u +v and y = 3v + u, we deduce that 


aa = (ta + Un)? — 1, 
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with the notation introduced in part b) of the problem. This immediately 
implies part a). A simple but tedious computation yields then 


A2rt2 4. B2n+2 _ ) 2 
5 ; 


1+ anan+ı = ( 


2n+2 2n+2 __ a) ee e 
It suffices therefore to prove that AETS = Y2? is an integer for 


all n. This follows easily since the formula for un coming from the binomial 
formula applied to (2 + v3)” shows un = 2” (mod 3). O 


Example 3.87. Solve in integers the equation 


(x? — 1)(y?-1) = (CR 


Proof. Write the equation as 





2 4 
T — T — 
ES 5 (24) 


or equivalently as 
2 2 2 
T- y Ly)". (+y) _ 
(( 5 ) +av) (CZ ) zy) T 5 = 0 


(x+y)? 2x*—6ry+y? n (c+y)? _ 

4 4 7 

Thus either x + y = 0, giving the family of solutions (t,—t), with t € Z, or 
xr? —6ry +y? +8 = 0. This last equation is equivalent to (y—32x)* = 8(x?—1). 
Hence y — 3z is a multiple of 4, say y — 3x = 4z, and z? —2z7 = 1. Let (un, Un) 
be the family of solutions of the Pell equation u? = 2v2 = 1 in positive integers 
u and v. Then we get a second family of solutions with x = tu, and z = vn. 
Noting that 3u, +4v, = Uun+1, we see that y = +un+1. Being careful with the 
signs, we find solutions (£n, Yn) = (Un, Un41), (Un+1, Un), (—Un, —Un+1), and 
(—Un41,—Un). oO 


and finally 
0. 
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Example 3.88. Prove that the only positive integers n for which 3” — 2 is a 
perfect square aren = 1 and n = 3. 


Proof. Suppose that n > 3 is a solution of the problem. Write u? = 3” —2 and 
observe that n must be odd, since otherwise the right-hand side is congruent 
to —1 (mod 8), and no square is congruent to —1 (mod 8). Let v = 375, 
so that u? — 3v? = —2. As we saw in example 3.2.4, this Pell-like equation 
can be reduced to a Pell equation by analyzing parities. Letting (un, un) the 
general positive solution of this equation, with uo = vo = 1, we have vı = 3 
and Un+2 = 4Un41 — Un for all n > 0. It is not difficult (though rather tedious) 
to check that vn is a multiple of 9 if and only if n = 4 (mod 9) and that vy, is 
a multiple of 17 if and only n = 4 (mod 9). Writing v = 3°" = vp for some 
k, we have 9 | v = vx since n > 3. We deduce that n = 4 (mod 9) and so 
17 | vy. Since vz is a power of 3, this is clearly impossible. Hence any solution 
n satisfies n < 3, and the result follows easily. a 


Example 3.89. (USA TST 2013) Determine if there exists a (three-variable) 
polynomial P(x, y, z) with integer coefficients and with the following property: 
a positive integer n is not a perfect square if and only if there is a triple (x,y, z) 
of positive integers such that P(x, y, z) =n. 


Proof. We will prove that there is such a polynomial P € Z[X,Y,Z], more 
precisely that the polynomial 


P(X,Y,Z) = Z7(X? — ZY? -1° +Z 


is a solution of the problem. 

If n is not a perfect square, then the Pell equation x? — ny? = 1 has 
nontrivial solutions. Choosing z = n yields P(z,y,n) = n. On the other 
hand, suppose that P(z, y,z) = n for some triple (x, y, z) of positive integers. 
Then 


2 


z (x? — zy*-1)*+2=n. 
Assume that n is a perfect square, then x? — zy? — 1 is nonzero and 
(z(x* — zy? —1))? <n < (z|? — zy? — 1] +1)’, 


a contradiction. O 
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Example 3.90. (Putnam 2000) Prove that for infinitely many positive integers 
n each of the numbers n,n + 1 and n + 2 can be written as the sum of two 
squares of integers. 


Proof. Choosing n of the form n = z? — 1 for some x > 1, the numbers 
n+1=27+07 andn+2=27+1? are automatically sums of two squares. It 
remains to ensure that n itself is a sum of two squares for suitable x. Simply 
choose xz such that x? — 2y? = 1 for some y > 1. As this Pell-type equation 
has infinitely many solutions, we are done. E 


Remark 3.91. One can avoid the use of Pell’s equation here, by choosing x = 
2y? + 1 for some y > 0, in which case 


n =x? — 1 = (2y)* + (2y?). 


3.3 Least common multiple 


In this section we study the dual notion of gcd, namely that of least com- 
mon multiple. We will see very soon that the two notions are closely linked to 
each other. 


Definition 3.92. Let aj,...,a, be nonzero integers, not all equal to 0. The 
least common multiple of a1, ..., an, denoted lcm(a}, ..., an) is the smallest pos- 
itive integer which is divisible by aj, a2, ..., Gn. 


Note that the definition makes sense: the set of positive integers divisible 
by a1,...,@n is nonempty, since |a;...a,| is such an integer (as aj,...,@n are 
nonzero). We make the convention that lem(a1, ..., an) = 0 when one of the 
a;’s is equal to 0. 

Before moving on to theoretical properties of the lcm function, let us men- 
tion the following beautiful problem of Erdos: 


Example 3.93. Let n be an integer greater than 1. Integers 1 < a; < ag < 
... < ak < Nn have the property that lcm(a;,a;) > n forall 1 <i Æj <k. 


Prove that: 
1 1 1 3 
—+—4+..4—<5. 

ai a2 Qk 2 
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Proof. The idea is extremely beautiful: let us count the number of multiples 
of one of the numbers a1, ..., az in the set {1,2,...,n}. For each 1 <i < k there 


are Fa such multiples of a;. The crucial claim is that no multiple of a; can be 


4 


equal to a multiple of a; for some 1 < i Æ j < k, since this common multiple 
would be at least Icm(a;,a;) > n. Thus the total number of multiples of one of 


the numbers aj, ..., ap is PE] 2], and in particular (using that |x| > 2-1) 


k k 
n n 
n > —|> — — k. 
E 2 z > i 
i=1 i=l 
The problem is then reduced to proving that k < 5. But if k > 5 then 
by Erdés’ problem 3.93 there are indices 1 < j such that a; | aj, and so 
aj = lcm(a;,aj) > n, a contradiction. oO 


The following theorem is dual to the statement that any common divisor 
of a1, ..., ân is a divisor of gcd(a1, ..., an): 


Theorem 3.94. Any common multiple of the integers aj,...,an is a multiple 
of lem(a1, ..., an). 


Proof. Let l = lem(aj, ..., an). We may assume that l Æ 0 (i.e. that all a; are 
nonzero). Let x be a common multiple of a1, ..., an and assume that | does not 
divide x. Thus we can write x = ql + r for integers q,r such that 0 <r < l. 
But then r = x — ql is a common multiple of a1, ..., an (since so are x and ql), 
and 0 < r < l, contradicting the minimality of l. The result follows. O 


Example 3.95. Show that 
Iem(1,2,...,2n) = lcm(n + 1,n + 2,..., 2n). 


Proof. Let A denote the left-hand side and B the right-hand side. Since A is a 
multiple of n+ 1,n +2, ..., 2n, and B is the smallest multiple of these numbers, 
we have B < A. To prove that A < B, it suffices to prove that B is a multiple 
of 1,2, ..., 2n and this reduces to checking that B is a multiple of 1, 2,...,n. Fix 
k € {1,2,...,n}. Among the k consecutive numbers n+ 1,n+2,...,.n+k < 2n 
there is a multiple of k, and this multiple is a divisor of B by definition. Thus 
k | B and the result follows. O 
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Using the previous theorem, the reader can easily check that 
lcm(a1, ..., an) = lem(Iem(aj, ..., @n—1), Gn) 


for all integers aı,...,an. Thus computing the lcm of a family of integers 
reduces to understanding the computation for two integers. 

The link between the gcd and the lcm of two numbers is given by the 
following important result. 


Theorem 3.96. If a,b are positive integers, then 


ab 


Iem(a, b) = gcd(a, b)’ 


in other words 
lcm(a, b) - gcd(a, b) = ab. 


In particular, if gcd(a, b) = 1 then lcm(a, b) = ab. 


Proof. Let d = gcd(a, b) and write a = da; and b = db, with gcd(a1,b1) = 1. 
By definition, lcm(a, b) = dk for some integer k, and dk is a multiple of both 
a and b, thus k is a multiple of a; and bı. Since gcd(a;,b,) = 1, we deduce 
that a,b; | k and so da,b; = a divides lcm(a, b). Since on the other hand 
a = dab is a common multiple of a and b, we have 4 > Icm(a,b). Thus 


lcm(a, b) = a and the theorem is proved. O 
Let us mention the following useful consequence of theorem 3.96: 


Corollary 3.97. For all integers 0 < a < b we have 





ab 
l b) > 
cm(a, ) — b = a’ 
or equivalently 
ee E 
Icm(a,b) 7a b 


Proof. It suffices to observe that gcd(a, b) is a positive divisor of b — a, thus 
gcd(a,b) < b— a. The result follows. oO 
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Here is a beautiful and rather classical application of the previous corollary: 


Example 3.98. (Kvant M 865) Prove that for any integers 1<ag <a, < ... <an 
we have 
< 


tz lem(aK, ak+1) ` 2: 


Proof. We will prove this inequality by induction, the case n = 1 being clear. 
Suppose now that the inequality is true for any choice of 1 < ao < ... < an_1 
and fix 1 < ao < ... < an. 

Using corollary 3.97, we obtain 


n—1 n—1 
irran EDDI Paa : )=2-=<1-, 
Icm( Ak a0 an An, 


k=0 Ok, Ak-+1) k—0 Ak+1 





the inequality holds if a, < 2”. 
Suppose now that a, > 2”, hence lcm(an-1,an) > Gn > 2”. Using the 
inductive hypothesis, we obtain 


S : <1 l + 1 = 1 
k=0 Icm(axz, Ak+1) gn—-1 Qn an? 
proving the inductive step in this case also. 4 


We continue with a few other illustrations of theorem 3.96. 


Example 3.99. (Kvant) Let a and b be positive integers such that 


Icm(a,b) _ 


ged(a,b) 


Prove that lem(a, b) = (gcd(a, b))?. 


Proof. Set d = gcd(a, b). Then a = aid, b = bid, where gcd(aj, b1) = 1. 
On the other hand 


ab _ d?a,b 1 


eee ae 
ee) ready a 


= daıbı. 
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Hence the given identity can be written as a,b; = d(a; — bı). It follows that 
a, divides dbj, i.e. a; divides d. Analogously bı divides d. Thus aıbı divides 
d and we conclude that a; — b1 = 1 and d = a}b,. Hence 


lcm(a, b) = dayb; = d? = (gced(a, b))’. 


Remark. The above arguments show that all positive integers a and b satisfying 
the given identity have the form 


a=n(l+n)*?, b=(1+n)n?, 
where n is a positive integer. E 


Example 3.100. (Saint Peterburg 2009) Let z, y, z be pairwise different positive 
integers such that 


Iem(z, y) — lem(az, z) = y — z. 


Prove that x divides both y and z. 


Proof. Since the left-hand side is a multiple of x, so must be the right-hand 
side, thus we can write y — z = kx for some integer k. Then 


LY LY LY 


] = Aan aa a a 
aay e a a 


Since lem(z, z) = CHIC we can rewrite the equation as 


Since y Æ z, we deduce that x = gcd(z,z) and so x | z. Since x | y — z, we 
conclude that x | y, too. E 


Example 3.101. (Romania JBMO TST 2007) Find all positive integers n which 
can be written as lcm(a,b) + lem(b, c) + lem(c,a) for some positive integers 
a,b, c. 
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Proof. Call such integers good. Clearly, if n is good, then so is 2n (simply 
replace a,b,c by 2a,2b and 2c). By choosing b = c = 1 we see that all odd 
integers greater than 1 are good, hence by the first observation all integers 
except for powers of 2 are good. Now, we will prove that powers of 2 are bad, 
thus finishing the solution. 

Suppose that 2* = lem(a, b)+lcm(b, c)+1cem(c, a) for some positive integers 
a,b,c. Clearly k > 1. We may write a = 24a1,0 = 27b1,c = 20c with 
A > B > C (by symmetry we may assume this) and a1, bi,c, odd. We deduce 
that 

ok — 24 (lcm(aı, b1) + lem(a;,c1)) + 27 lem(b1, c1). 


Dividing by 28 we obtain a power of 2 greater than 1 in the left-hand side 
and an odd number in the right-hand side (note that lcm(a1, b1) + lem(aj, c1) 
is even), which is clearly absurd. O 


Algebraic identities can be very powerful when trying to understand the 
lcm of a family of numbers a1,...,an. The idea is the following: one tries 
to find integers b1,...,bn such that one has total control on 2. +... + bn, 


Since this expression is clearly of the form ae pan) for some integer k, 


nün 
this leads to nontrivial information about Icm(aj, PR (such as order of 
growth or divisibility properties). Combinatorial identities are very powerful in 
finding suitable b1, ..., bn as above. So are techniques coming from algebra, such 
as the Lagrange’s interpolation formula, which leads to numerous algebraic 
identities. Let us recall this last result. Consider pairwise distinct real numbers 
Q1,.--,@n,, and arbitrary real numbers b1, ...,bn. Then Lagrange’s interpolation 


polynomial 


is the unique polynomial of degree < n—1 such that P(ak) = by fori <k <n. 
Indeed, it is easy to see that this polynomial satisfies P(a,) = by for1 <k<n 
(since [Lan aaa vanishes at a; for any j Æ k). If Q is another polynomial 
of degree < n — 1 such that Q(a,) = by for 1 < k < n, then P — Q has degree 
< n — 1 and at least n different roots (namely aj,...,a,), thus must be the 
zero polynomial, which gives P = Q. 
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Let us give a few examples of how algebraic identities can be used to obtain 
interesting properties of Ilcm(a,..., dn). 


Example 3.102. Let a > b> n be positive integers. Prove that 


Iem(1, 2,...,7) - Q- E€ Z. 


Proof. Let k = a — b and let N = Icm(1,2,...,n). We need to prove that 


A = (’)) is an integer. Using Vandermonde’s identity 
Or) El) (2s) 
n = k]\n-—k 
we obtain 


ECs) EFE andl) 


so it is enough to check that X (f) is an integer for 1 < i < n. But 


oaa 


and ¥ is an integer by the definition of N. O 


os 


Example 3.103. Prove that for all positive integers a,b we have 


(°F?) | lcm(b + 1,b + 2,...,b + a). 


Proof. Using a partial fraction decomposition of CEOE we obtain 
the identity 
ee rs: 5 Cm 
(x+ 1)(x + 2)...(2 +n) Es ci ` 
Therefore 
4: ;—1/a-1 
Pt EN) E 


(At) (b+1)..(b+a) & b+i — bai 
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The last expression is clearly of the form EAEE ATA for some integer k. 


.„b+a) 
Thus a(t”) | lem(b+1,0+ 2, ...,b + a), as needed. oO 


Example 3.104. Prove that for all integers n > 1 we have 


(n + 1)lem (8): C) na (") = lem(1,2,...,.n + 1). 


Proof. Let 
N = lem(1, 2,...,.n + 1). 


First, we prove that the left-hand side divides N. It suffices to prove that 


a+0(7) = croft) 


divides N for all 0 < i < n, which follows directly from the previous example. 
On the other hand, we claim that the left-hand side is a multiple of N. For 
this, it suffices to prove that i + 1 divides the lcm of the numbers (n + 1) (4) = 


(j+1) a which is clear since i+1 divides (t+1) eee The result follows. O 


Example 3.105. Prove that for all n > 1 


lem(1, 2, ... n) > 21. 


Proof. This follows directly from the previous example, since 


(HOi  « 


Example 3.106. (Saint Petersburg 2004) Given distinct positives a1, a2, .. . , an. 
Let b; = (a; — aı)(ai — a2) sss (a; — ai—1)(ai — Qi+1) ve (a; — Ga): Prove that 
lcm(b1, b2, ... bn) is divisible by (n — 1)!. 





3.4. Problems for practice 121 


Proof. For any polynomial f of degree < n we have 


f(X) = Dr 


jÉk | 
In particular, for any f(X) =cX"!+dX"? +... we have (by looking at the 
coefficients of X"—') 


` flak)  _ 5 f (ax) 


kzi Len (x — aj) 7 a1 Ok 





C = 


If moreover f (ap) is an integer forall 1 < k < n, then the expression $`- f fon) 
is clearly of the form TEENOOR) for some integer u, in particular lcem(b1, ... bY), 
c is an integer. ‘Take now 


f(X) = (* 7 m goy EE E 


n—l 


deduce that (n — 1)! divides lem(0j, ..., bn). oO 


In this case c = CEN and f(a,) = (%*,) is an integer for all 1 < k <n. We 


3.4 Problems for practice 


Bézout’s theorem and Gauss’ lemma 


1. Prove that for all positive integers a,b,c we have 


gcd(a, bc) | gcd(a, b) - gcd(a, c). 


2. (Romania TST 1990) Let a,b be relatively prime positive integers. Let 
x,y be nonnegative integers and let n be a positive integer for which 


ax + by =a” +b”. 


ajej 


Prove that 
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. (Kvant M 1996) Find all n > 1 for which there exist pairwise different 


positive integers a1,@2,...,Q@,, such that 
a1 a2 An—1 An 
a2 Q3 An ai 


is an integer. 


. Let m,n be positive integers greater than 1. We define the sets 


1 2 — 1 1 2 — 1 
P= {oso E and Py = S5, oh. 
m n n n 


Find 
min{|a — b| : a € Pm,b € Pa}. 


. (Saint Petersburg 2004) Positive integers m,n, k are such that 5” — 2 


and 2* — 5 are multiples of 5™ — 2™. Prove that gcd(m,n) = 1. 


. (Russia 2000) Sasha tries to find a positive integer X < 100. He can 


choose any two positive integers M, N less than 100 and ask for gcd(X + 
M,N). Prove that he can find X after 7 questions. 


. (Poland 2002) Let k be a fixed positive integer. The sequence {an}n>1 


is defined by 
a, = k+1,@n41 = a2 — kan + k. 


Show that if m Æ n, then the numbers am and an are relatively prime. 


. (Romania TST 2005) Let m,n be relatively prime positive integers with 


m even and n odd. Prove that 


Toole {me} 4 2. 


We denoted by {x} the fractional part of z, i.e. {x} =a — |z]. 


. An infinite sequence aj, a2,... of positive integers has the property that 
 gcd(am, an) = gcd(m,n) for all m Æ n > 1. Prove that a, = n for all 


n> 1. 


3.4. 


10. 


11. 


12. 


13. 


14. 


l5. 


16. 
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(Iran 2011) Prove that there are infinitely many positive integers n such 
that n? + 1 has no proper divisor of the form k? + 1. 


a) (Romanian Masters in Mathematics 2009) Let aj,...,a, be nonneg- 
ative integers and let d = gcd(a,...,a,) and n = a, +... + az. Prove 
that 


d n! 
—-——_ E Z. 
n ay!...az! 


b) Prove that (n)!*k!|(nk)! for all positive integers n, k. 


(Brazil 2011) Are there 2011 positive integers aj < ag < ... < a2011 such 
that gcd(a; aj) = a; — a; for any i, j such that 1 < i < j < 2011? 


(Tournament of the Towns 2001) Are there positive integers a1 < a2 < 
... < a100 Such that 


gcd(a1, a2) > gcd(a2,a3) > ... > gcd(agg, a100) > gcd(a100, a1)? 


(Russian Olympiad 2012) Let n be an integer greater than 1. When a 
runs overs all integers greater than 1, what is the maximum number of 
pairwise relatively prime numbers among 1 + a, 1 + a?,..., 1 +a? ~!? 


(Brazilian Olympic Revenge 2014) a) Prove that for all positive integers 
n we have 
gcd (n, [nv2]) < V8n?. 


b) Prove that there are infinitely many positive integers n such that 


gcd (n, [nv2]) > V7.99n2. 


(AMM) The greatest common divisor of a set D of positive integers is 1. 
Prove the existence of a bijection f : Z — Z such that |f (n)— f(n—1)| € 
D for all integers n. 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 
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(China TST 2012) Let n be an integer greater than 1. Prove that there 
are only finitely many n-tuples of positive integers (a1, a2, ..., an) such 
that 


a) ay > a2 >... > An and gcd(aj, a2, ...,@n) = 1. 
b) We have 


ay = gcd(a, a2) T ged(a2, a3) PeT gcd(an_1, An) + gcd(an, a). 


Applications to diophantine equations and approximations 


Integers a,b and rational numbers z, y satisfy y? = 2° + ax + b. Prove 
that we can write x = ṣz and y = {3 for some integers u,v,w, with 


gcd(u, v) = ged(w,v) = 1. 


(Kvant M 905) Let x and n be positive integers such that 4x” + (x + 1)? 
is a perfect square. Prove that n = 2 and find at least one x with this 


property. 


Solve in positive integers the equation 


(Romania TST 2015) A Pythagorean triple is a solution (x,y,z) of the 
equation z? + y? = z? in positive integers, where we count (x,y,z) and 
(y,z, 2) as the same triple. Given a non-negative integer n, prove that 
some positive integer appears in precisely n distinct Pythagorean triples. 


Find all triples (x,y, n) of positive integers with gcd(z,n + 1) = 1 and 


a+ ES 


Let n be a positive integer such that n? is the difference of the cubes of 
two consecutive positive integers. Prove that n is the sum of the squares 
of two consecutive positive integers. 


9.4. 


20. 


26. 


27. 


28. 


29. 


30. 
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(Vietnam 2007) Let x,y be integers different from —1 such that zl + 


y+ 
vat is also an integer. Prove that r*y** — 1 is a multiple of z + 1. 


(Balkan 2006) Find all triplets of positive rational numbers (m, n, p) such 
1 1 1 , 
that the numbers m + aie m AE n ee all integers. 


A polynomial f has integer coefficients and satisfies |f(a)| = |f(b)| = 1 
for some distinct integers a, b. 
a) Prove that if |a — b| > 2, then f has no rational root. 
b) Prove that if |a — b| = 2, then the only possible rational root of f is 
a+b 

z. 


(Turkey 2003) Find all positive integers n for which 2?”+1 + 2” +1 is a 
perfect power. 


Let f be a polynomial with rational coefficients such that for all positive 
integers n the equation f(x) = n has at least one rational solution. Prove 
that deg(f) = 1. 


Least common multiple 


(Kyiv mathematical festival 2014) 


a) Let y be a positive integer. Prove that for infinitely many positive 
integers x we have 


lcem(z, y + 1) -lcem(z + 1,y) = x(x + 1). 
b) Prove that there exists positive integer y such that 

lem(z,y + 1) :lcm(z + 1,y) = y(y + 1) 
for at least 2014 positive integers zx. 


(Kvant M 666) Find the least positive integer a for which there exist 
pairwise different positive integers a1, a2, ...,ag greater than a such that 


lcm(a, a1, a2, ...,a9) = 10a. 
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3l. 


32. 


33. 


34. 


35. 


36. 


37. 
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(Korea 2013) Find all functions f : N > N satisfying 
f(mn) = lem(m,n) - ged(f(m), f(n)) 


for all positive integers m,n. 


(Romania TST 1995) Let f(n) = Icm(1,2,...,n). Prove that for any 
n > 2 one can find a positive integer x such that 


f(x) =f(e@t+)l=...=f(r«+n). 
Prove that for all positive integers a1, ..., dn 


a1Q2...An 


lem(a1, ..., an) > =... 
l n) Thi<icj<n gcd(a; aj) 


(AMM 3834) Let n > 4 and let ay < ag < --: < an < 2n be positive 
integers. Prove that 


ates | 
1<idj<n lem(a;,a;) < 6([n/2] + 1) 


Let (Gn)n>1 be a sequence of integers such that m — n | am — an for all 
m,n > 1. Suppose that there is a polynomial f such that |a,| < f(n) for 
all n > 1. Prove that there is a polynomial P with rational coefficients 
such that an = P(n) for all n > 1. 


Let n, k be positive integers and let 1 < aj <... < ak < n be a sequence 
of integers such that Ilcm(a;,a;) < n for all 1 < i,j < k. Prove that 


k<2|[J/n]. 
(AMM E 3350) For n > 1 and 1 < k < n define 
A(n, k) = lem(n,n — 1,... n — k +1). 


Let f(n) be the largest k such that A(n, 1) < A(n,2) < ... < A(n, k). 
a) Prove that f(n) < 3yn. 
b) Prove that f(n) >kifn>k!+k. 
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38. Let ay < ag < ... < Gy be an arithmetic progression of positive integers 
such that a, is relatively prime to the common difference. Prove that 
a1Q...dn, divides (n — 1)! -lem(a},..., an). 


39. Let n > 1 and let ap < a, < ... < an be positive integers such that 


4, ..., + is an arithmetic progression. Prove that 
0 an 





on 
> ; 
nS n+1 


Chapter 4 


The fundamental theorem of 
arithmetic 


This chapter is devoted to the proof and the many consequences of the 
fundamental theorem of arithmetic: the unique factorization of integers into 
products of prime numbers. Basic properties of prime and composite num- 
bers are studied, with many examples. These are then applied to prove the 
fundamental theorem of arithmetic, and the remaining part of this chapter is 
devoted to applications of this theorem, for instance to the study of arithmetic 
functions. 


4.1 Composite numbers 


We start by defining prime and composite numbers. Prime numbers are 
the bricks of arithmetic, and most of the material in this book will be devoted 
to a better understanding of this notion. 


Definition 4.1. a) An integer n > 1 is called a prime number (or simply 
prime) if the only positive divisors of n are 1 and n, in other words if n has 
no proper divisors. 

b) An integer n > 1 is called composite if it is not a prime number, in 
other words if there is an integer 1 < d < n such that d | n, or equivalently if 
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n = ab for some integers a,b > 1. 


Note that even though the only positive divisor of 1 is 1, but we do not 
consider 1 to be a prime. There are many reasons for this. For example, if 
1 were called prime, then the unique factorization of integers into products 
of prime numbers would need a cumbersome restatement. The sequence of 
primes starts as 

2.350, bol LS cd (519,20) 295 Oust 


It is not clear for now that there are infinitely many prime numbers, but we 
will prove later on that this is indeed the case. 

Before focusing on primes, let us spend some time dealing with composite 
numbers. First of all, note that there are many composite numbers: all even 
integers greater than 2 are composite, and also all multiples of 3 greater than 
3, all multiples of 4, etc. It looks therefore natural to conjecture that most of 
the integers greater than 1 are composite: for instance, if n is large enough, 
then more than 99.99999 percent of the integers between 1 and n are compos- 
ite. Though this looks intuitively true, the proof of this statement is already 
nontrivial and we will be able to prove it only after having introduced a fair 
amount of theory. 

Since we are dealing with the basics for now, we can only prove the follow- 
ing weak result, which is already very important historically: prime numbers 
have unbounded gaps, that is for any N there are two consecutive primes whose 
difference is greater than N. Establishing that there are infinitely many pairs 
of consecutive prime numbers that have bounded difference is a much deeper 
problem and was only established in the spectacular work of Yitang Zhang 
in 2013: he showed that there are infinitely many pairs of consecutive primes 
which differ by at most 70- 10°. This was later improved in several articles 
to 270. Replacing 270 with 2 and therefore proving the famous twin primes 
conjecture (saying that there are infinitely many primes p such that p+ 2 is a 
prime) will probably require a great deal of new ideas. The fact that primes 
have unbounded gaps is equivalent to the following: 


Proposition 4.2. For any n > 1 there are n consecutive composite numbers. 


Proof. The numbers (n+1)!+2, (n+1)!+3,...,(n+1)!+n+1 are n consecutive 
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composite numbers, since į divides (n+1)!4+7 for 2 < i < n+l and (n+1)!+i > 
t. L 


Example 4.3. Is there a sequence of 2005 consecutive positive integers that 
contains exactly 25 primes? 


Proof. The answer is positive. Let f(n) be the number of primes among 
n+1,n+2,...,.2 +2005. One easily checks that f(1) > 25. The key observation 
is that f(n+1)— f(n) is either —1,0 or 1. Indeed, if both n+1 and n+ 2006 
are both composite or both prime, then f(n+1)— f(n) = 0. If only n+1 
is prime, then f(n + 1) — f(n) = —1 and if only n + 2006 is prime, then 
f(n+1) — f(n) = 1. Since there are arbitrarily long strings of consecutive 
composite integers, there is n such that f(n) = 0. Since f cannot increase or 
decrease by more than 1 at a time, it follows that there must be k such that 
f(k) = 25. o 


The next example is a more elaborate version of the proof of proposition 4.2. 


Example 4.4. (Kvant M 2284) Prove that there exists a strictly increasing 
sequence 4&1, 42,... of positive integers such that for any arithmetic progression 
b1, b2,... of positive integers all but finitely many terms of the sequence a, + 
61,a2 + bg,... are composite. 


Proof. We will show that the sequence an = (n?)!, n > 1 has the desired 
property. Let b1,b2,... be an arithmetic progression of positive integers with 
common difference d, so that by = bı + (k —1)d. For k > max(bj, d) we have 
by < k-max(b1,d) < k?, thus for n > max(b;, d) the number an +bn is divisible 


by bn > 1 and so it is not a prime. O 


The next example is also historically very important: it shows that in any 
nonconstant polynomial sequence there are infinitely many composite num- 
bers. In other words, nonconstant polynomial sequences cannot generate only 
primes. 


Theorem 4.5. (Goldbach) Let f be a nonconstant polynomial with integer 
coefficients and with positive leading coefficient. There are infinitely many 
composite numbers in the sequence f(1), f(2), f(3), .... 
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Proof. Since f has positive leading coefficient, there is an n such that f(n) > 1. 
Note that f(n+kf(n)) = f(n) (mod kf(n)), thus f(n) | f(n+kf(n)) for all 
k. But f(n+kf(n)) is a nonconstant polynomial in k with positive leading 
coefficient. Hence there is a K such that for all k > K, we have f(n+kf(n)) > 
f(n). Hence f(n + kf(n)) is composite for k > K. oO 


Remark 4.6. If we consider polynomials in several variables, the situation can 
change rather drastically: Jones, Sato and Wada constructed a polynomial 
f in 26 variables a,b,c,... such that when a,b,c,... range over the nonnega- 
tive integers, the positive numbers among f(a,b,c,...) are precisely the prime 
numbers! | 


In the next examples, we discuss a few methods that are often used to 
prove that a given number is composite. Algebraic identities can be used from 
time to time to establish that numbers are composite. 


Example 4.7. (Komal A 622) Prove that T is composite for all n > 1. 
Proof. The key ingredient is the algebraic identity 


oi +1 


a = (2 + 1)f — 7a(2* +2 +1)? 





Checking that this holds is a purely mechanical matter, which we will leave to 
the reader. It follows that if z = 7y? for some y > 1 (which is the case when 
x= T” with n > 1) then 


xe’ +1 
xz+1 





= ((x +1)? — Ty(z? + xz + 1))((£ +1)? + Ty(z? +x + 1)). 


If we ae that (x+1)°—7y(x?+2+1) is greater than 1, then we can conclude 





that = a is composite. But 


9 rð — 1 r3 
ete FLSA 
t= -gl 





and (x +1)’ > z3 +1, thus it suffices to check that 7y < x — 1, or equivalently 
Ty? — Ty — 1 > 0. This is clear for y > 1, so we are done. o 
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Congruences are also a very useful tool in proving that a given integer is 
composite. Here are a few examples: 


Example 4.8. Prove that 521 -12"-+ 1 is composite for all n > 1. 


Proof. If n is odd, then 521 - 12” + 1 = 521 - (—1)” + 1 = 0 (mod 13) and we 
are done. If n = 0 (mod 4), we work mod 29 (since 122 + 1 = 5 - 29, hence 
12* = 1 (mod 29)) and get 


521-127 + 1 = 521 + 1 = 522 = 18-29=0 (mod 29). 


Finally, if n = 2 (mod 4), then 521 - 12” + 1 = 2” +1 = 2? +1 = 0 (mod 5) 
and we are done again. oO 


Remark 4.9. One can also prove that 78557 - 2” + 1 is composite for all n > 1, 
by proving that it is a multiple of one of the numbers 3,5,7,13,19,37 or 73. 
We do not know whether for any a > 1 there is k > 0 such that k- a” + 1 is 
composite for all n. 


Example 4.10. (Kvant) The sequence of positive integers a1,a2,... satisfies 
An+2 = Anân+1 +1 for all n > 1. Prove that if n > 9 then a, — 22 is composite. 


= 1 (mod k), an43 = 
An4+1An+2 + 1 1 (mod k), an+4 = Qn420n43 + 1 = 2 (mod k) and simi- 
larly an+5 = 3 (mod k), an+6 = 7 (mod k) and ani7 = 22 (mod k). Hence 
k | Qn47 — 22. In other words, an+41 | an+7 — 22 for all n > 1. We want to 
prove that an+7 — 22 is composite for n > 2. Note that a; > 1, a2 > 1 and the 
recurrence relation immediately yields an+ > 21. Moreover, the recurrence 
relation also gives an+5 > Qn41 +1. Thus an+7 = Qnisdnig + 1 > an+ı + 22 
and so an+7 — 22 is composite. = 


Proof. Let n > 1 and let k = an+ı. Then anie 


Remark 4.11. The same proof shows that if b1 = 1, b2 = 1 and bn+2 = bnbn+1 + 
1, then an — bk is composite for n > k+3, since it is a multiple of a,_, greater 
than an—p. 

Example 4.12. (Putnam, 2010) Prove that for each positive integer n, the 
number 1010 + 101°" + 10" — 1 is composite. 
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010” 


Proof. Put N = 1010? +10!0"+10"—1. Write n = 2k with m a nonnegative 
integer and k a positive odd integer. For each nonnegative integer 7, 


10?” = (—1)f (mod 10?” +1). 


Since 10” > n > 2™ > m + 1, 10” is divisible by 2™*!, and similarly 101°” is 
divisible by 210°” and hence by 2*+1. It follows that 


N =14+1+(-1)+(-1)=0 (mod 10?” +1). 
Since N > 10/8" > 10° +1 > 102” +1, it follows that N is composite. O 


4.2 The fundamental theorem of arithmetic 


In this section we will prove the fundamental theorem of arithmetic: the 
existence and uniqueness of prime factorization for integers greater than 1. 
This theorem will be constantly used from now on. 


4.2.1 The theorem and its first consequences 
We start with a weak form, the existence of the factorization. 


Theorem 4.13. Any integer n > 1 is a product of (not necessarily distinct) 
prime numbers. 


Proof. We argue by contradiction and assume that n > 1 is the smallest 
counterexample. In particular, n is not a prime number, hence it must have 
a proper divisor d. Since n is the smallest counterexample, d and Ẹ are the 
product of some prime numbers. But then n = 3 -d is also the product of 
some primes, contradiction. The result follows. E 


The uniqueness of prime factorization is deeper and relies on the following 
fundamental theorem, which establishes a crucial and not formal property of 
prime numbers. Despite the rather easy-looking statement, the next theorem 
is not at all a formal consequence of the definition of a prime and the proof 
requires Gauss’ lemma (which required Bézout’s theorem, which itself required 
the Euclidean division...). Fortunately, we have already done all the hard work. 
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Theorem 4.14. Let a,b be integers and let p be a prime divisor of ab. Then 
p|aorp| ob. 


Proof. Suppose that p does not divide a. Then gcd(a, p) = 1, since gcd(a, p) is 
a positive divisor of p and cannot be p. Since p | ab and gcd(a, p) = 1, Gauss’ 
lemma yields p | b, finishing the proof. O 


A useful corollary (which will be considerably refined in later chapters) of 
the previous theorem is the following: 


Corollary 4.15. Let p be a prime and let a be an integer not divisible by p. 
There is a positive integer k such that p | aë — 1. 


Proof. Consider the remainders of the numbers 1, a, a, ... when divided by p. 
Since there are only finitely many remainders, the pigeonhole principle yields 
the existence of 0 < i < j such that af and af give the same remainder when 
divided by p. Thus p | a*(a?—* — 1). Since p does not divide a, the previous 
theorem yields p | a7~* — 1 and so we can take k = j — i. O 


We are now ready to state and prove the fundamental theorem of arithmetic: 


Theorem 4.16. (Fundamental theorem of arithmetic) Any integer n > 1 can 
be uniquely written as a product of prime numbers, up to the order of the 
factors. In other words, if p1, p2, ..., Pk and qi...q, are prime numbers such that 
D1p2-.-Pk = q-q then k = l and there is a permutation o of 1,2,...,k such 
that qi = Poi) for 1 Stick. 


Proof. The existence has already been established. In order to prove unique- 
ness, it suffices to prove the statement concerning 7},..., Pk, q1, ---, q1- We will 
prove this by induction on k + l, using the previous theorem. The base case 
k+l = 2 is clear. Since pı divides q1...q;, the previous theorem shows that 
there exists į such that pı divides q;. Since pı and q; are primes, this forces 
pı = qi. By permuting qı, ..., qı, we may assume that 2 = 1. Dividing by pı we 
obtain p2...Pk = q2...q; and the number of factors in the products decreases. 
Hence we can apply the inductive hypothesis to conclude. O 
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If an integer n > 1 is a product of primes pjp2...pz, we say that p1, ..., Pk 
are the prime divisors or prime factors of n. In other words, a prime p is a 
prime factor or prime divisor of n if p | n. Note that if a,b > 1 are integers, 
then the set of prime factors of ab is the union of the set of prime factors of a 
and that of b, since a prime p divides ab if and only if p divides a or p divides 
b. 

By collecting equal numbers among pı, ..., pk in the equality n = p1po...pr, 
we deduce that n can be written as 


— 4O1 „Q2 Q 
n = qi l2 ds? 


with q1,.-..,qs pairwise different prime numbers and q1, ..., œs positive inte- 
gers. This is called the prime factorization (or canonical factorization) of n. 
Note that by the fundamental theorem of arithmetic the numbers q1, ..., qs and 
Q1, -Œs are unique. 

The fundamental theorem of arithmetic describes the multiplicative struc- 
ture of the set of integers, in terms of prime numbers. The additive structure 
of the set of integers is relatively simple, but the interaction between the two 
structures is the source of many very difficult (and most of the time unsolved) 
problems. For instance, one of the oldest and most intractable problems (so 
far) is the famous Goldbach conjecture, stating that any even integer greater 
than 2 can be written as the sum of two prime numbers. A weaker version 
of this conjecture (also known as the ternary Goldbach problem) states that 
any odd number greater than 5 can be written as the sum of three (not neces- 
sarily distinct) primes. After almost one century of hard work (starting with 
Hardy and Littlewood in 1923, Vinogradov in 1937 and ending with Helfgott 
in 2013), this weaker conjecture is now a theorem. 

Another famous conjecture relating the additive and multiplicative struc- 
ture of integers was stated in 1986 by Masser and Oesterlé. In order to state 
it, let us introduce a notation: if n is an integer greater than 1, let 


r(n)=] [p 


pln 


be the product of all different prime factors of n. 
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Conjecture 4.17. (the abc conjecture) For any € > 0 there is a constant 
c(é) > 0 such that for all nonzero integers a,b,c satisfying a + b + c = 0 and 
gcd(a, b,c) = 1 we have 


max(|a|, |b, lel) < e(e) - r(abe)***. 


This conjecture lies extremely deep, since it is not difficult to prove that it 
implies many difficult results, which are either already theorems or still con- 
jectural. For instance, the abc conjecture immediately implies that Fermat’s 
last theorem holds for all sufficiently large n: if n is large enough, then the 
equation x” +y” = z” has no integer solutions with xyz # 0. Indeed, suppose 
x,y,z is such a solution (with x,y,z positive to simplify notations). Then we 
may assume that gced(z, y, z) = 1 and hence 


ae c(1/2)r(xyz)2 < c(1/2)z2. 
Since z > 2 (otherwise xy = 0) we deduce that 
2"-3 < ¢(1/2), 


which bounds n from above. 

Similarly, it is a simple exercise to deduce from the abc conjecture the 
following result (which is a deep theorem of Darmon and Granville, proved 
independently of the abc conjecture): if p,q,r > 2 and the equation xz? + y? = 
z” has infinitely many solutions in positive integers with gcd(z, y, z) = 1, then 


1 1 1 

ieee a 

P q rf 
Indeed, for any ¢ > 0 and any solution we will have 

z” < c(e)r(xyz)t* < e(e)z 095+), 

We deduce that 

1 1 1 

E aoe = | ee) 
P q r 


and since € > 0 was arbitrary, the result follows. 
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It is not difficult to check that the only triples (p,q,r) with p,q,r > 2 and 


1 1 1 

-+ 4 ->1 

P q fT 
are (2,2,n) (with any n > 2), (2,3,3), (2,3,4) and (2,3,5) and their permu- 
tations, while the only triples with 


1 1 1 

-+-+-=1 

P q T 
are (3,3,3), (2,4,4), (2,3,6) and their permutations. For instance, we have 
already seen that the equation zt + y? = z* has no nontrivial solutions. On 
the other hand, one can prove (with a lot of work!) that the only nontrivial 
solutions of the equation x? + y = 2? are 23 + (+1)® = (+3)?. In a different 
direction, each of the equations z? + y? = 22, zt +y? = 27, zt +y? = 23, 
r5 + y’ = z? have infinitely many solutions, for instance for the equation 
r’ +49 = 2? a family of solutions is given by 


r = a* + 6a?b? — 3b*, y = —a* + 6a?b? + 3b*, z = 6ab(a* + 3b) 


with arbitrary positive integers a,b. These are not the only solutions, for 
instance another infinite family of solutions is given by 


r = a* + 8ab?, y = —4a°b + 4b4, z = a® — 20a3b3 — 80°. 
Yet more examples of nontrivial solutions of such equations are given by 
92623 + 15312283? = 113”, 33° + 1549034? = 156133, 3° + 114 = 1222, ... 


The remaining part of this section is devoted to a long series of exercises 
and examples that illustrate the previous fundamental theoretical results. 


Example 4.18. (Zhautykov Olympiad 2010) Find all primes p,q such that 
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Proof. Write the equation as 
plp" — 1) = glaf — 1) = a(g? - 1)? + 1) 


= q(q — 1)( +q +1)(q+1)(f -q +1). 


Thus p divides one of the numbers q, q — 1,9? +q + 1,q +1,0? —q +1. We 
claim that p > q?, which then implies that p = q? +q + 1. Indeed, if p < g?, 
then 

gl- 1) =p? -p< p -1< qf- 1, 


impossible. 
Hence p = q? + q + 1 and the equation becomes 


p —-1=q(4-1)(4 +1) -4+ 1) 
or equivalently 
qala + 1)(q° +q +2) =qla +1) - Iq"? -4 +1). 
Dividing by q(q + 1) and simplifying the resulting expressions yields 
(a -3)(° +1) =0, 
hence q = 3 and then p = 11. E 


Example 4.19. (Saint Petersburg 2013) Find all primes p,q such that 2p — 1, 
2q — 1 and 2pq — 1 are all perfect squares. 


Proof. Say 2p—1 = a?, 2q — 1 = b? and 2pq—1 = c? for some positive integers 
a,b,c. Then p | a? + 1 and p | c? +1, thus p | c? — a? and so p | c — a or 
p| c+a. Note that a,c are odd and p is odd, hence p < <4 and with a similar 
argument q < bte, In other words 


c> 2p—a, c>2q-—b. 
But then 


2pq — 1 = c > (2p — a) (2q — b) = 4pq — 2pb — 2qa + ab, 
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which becomes 
2pq + 1 + ab < 2pb + 2qa. 


In particular pq < pb + qa and so 


b a 2 2 
Le ey ea: 
q P q P 


We may assume that p < q. The previous inequality yields p < 7. Clearly 
p = 7 is not a solution since 2p — 1 is not a square in this case. Thus p < 5 
and since p = 2 and p = 3 are not solutions, we obtain p = 5. But then 


c= /10q — 1 > 2q — b= 2q — V2q — 1, 


which immediately implies that q < 5 and then q = 5. Hence p = q = 5 is the 
only solution. oO 


Next, we discuss a series of exercises in which theorem 4.14 is used to prove 
that certain numbers are composite. 


Example 4.20. (Kvant M 888) Let a,b,c,d be positive integers such that ab = 
cd. Prove that for every positive integer k the number af + bf + c* + d* is 
composite. 


Proof. Replacing a,b,c,d with a*,b*,c*,d*, we may assume that k = 1. Let 
a m 
us write — = — = — in lowest terms, where m,n are positive integers. Since 


c n 

m divides na and gcd(m,n) = 1, we must have m | a, hence a = mu and 
c = nu for some positive integer u. Similarly d = mv and b = nv for some 
positive integer v. But then 


a+b+c+d=mu+nut+mvut+nv=(m+n)(utv) 


is composite. 

Here is another proof, more in the spirit of the argument used to solve 
the next exercise: assume that a +b + c+ d = p is a prime and note that 
a+b =-—c-—d (mod p) and ab = (—c) -(—d) (mod p) (the first congruence is 
clear and the second one follows from the hypothesis of the problem). Thus 
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the coefficients of the polynomial (X —a)(X —b) —(X+c)(X +d) are multiples 
of p and so its value at a is a multiple of p. In other words, p | (a+ c)(a+ d). 
Since p is a prime, p divides one of the numbers a+ c and a + d, which is not 
the case since p > max(a+c,a+d). O 


Example 4.21. Let a,b,c,d be positive integers such that 
a +ab+b =P +ced+ e. 
Prove that a + b + c + d is composite. 


Proof. Assume that p =a+b+c+d is a prime number. Then a+b = —c- d 
(mod p) hence 


a? +b? +ab+ab= e +d +cd+cd (mod p), 


which combined with the hypothesis yields ab = cd (mod p). Considering the 
polynomial (X — a)(X — b) — (X +c)(X + d) and arguing as in the previous 
example we deduce that —(a + c)(a + d) is a multiple of p. It follows that 
p divides one of the numbers a + c and a + d, which is impossible since p is 
greater than each of them. oO 


Example 4.22. (IMO Shortlist 2005) Let a, b, c, d, e, f be positive integers 
such that S = a+b+c+d+e+f divides abc+def and ab+bc+ca—de—ef—df. 
Prove that S is composite. 


Proof. Suppose that S is a prime and let x = —d, y = —e, z = —f, so that 
a+b+c=xz+y+z (mod S$), ab+bc+ca=ry+yz+zx (mod S) 
and abc = xyz (mod S). Considering the polynomial 
(T — a)(T — b)(T — ¢) — (T - x)(T — y)(T — 2) 
and arguing as in the previous examples we obtain that 
S | (a — z)(a — y) (a — z) = (a + d)(a + e)({a + f). 


Since S' is a prime, S divides one of the numbers a + d,a + e,a + f, which is 
impossible since S is greater than any of them. Hence S is composite. E] 
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Remark 4.23. There are many exercises (more or less difficult) with a very 
similar flavor and solution. Here are two more examples, left to the reader: 
a) (IMO 2001) Let a>b>c>d be positive integers such that 


ac+ bd=(b+d+a-—c)(b+d-—a+c). 


Prove that ab + cd is composite. 
b) (USAMO 2015) Let a, b, c, d, e be distinct positive integers such that 
at + bt = ct + dt = e5. Prove that ac + bd is a composite number. 


Example 4.24. (IMO Shortlist 2001) Is it possible to find 100 positive integers 
not exceeding 25000, such that all pairwise sums of two of them are different? 


Proof. We will prove more generally that for any odd prime p we can find p—1 
numbers a1, ...,@p)—1 not exceeding 2p? and such that all pairwise sums of two 
of them are different (then taking p = 101 will solve the problem). If a is an 
integer, let @ be the remainder of a when divided by p. Let an = 2np + n? for 
1<n<p-—1. The numbers a1, ..., ap—1 are smaller than 2p(p — 1) + p < 2p? 
and it remains to see that the pairwise sums are different. Suppose that 
An + am = ak +a ; for some n Æ m and k #1 between 1 and p — 1. We write 
this equality as 


2p(n + m — k — l) =k? +2 — m? — n?. 


The right-hand side is between 2 — 2(p — 1) and 2(p — 1) — 2 and is a multiple 
of 2p (since the left-hand side is so). Thus we must have n +m = k +l and 
k2 +12 = m? + n2. We deduce that n? + m? = k? + I? (mod p). Combined 
with n? +m? +2mn = k? +1? +2lk and using the fact that p is odd we obtain 
nm = lk (mod p). Thus the coefficients of the polynomial 


(X-m)\(X-n)- (X —1)(X —k) 


are multiples of p and so p | (m—1)(m—k). We deduce that either m = l and 
n=korm=kandn=l. E 


Recall that the Fibonacci sequence (fn)n>1 is defined by fı = fe = 1 and 
fn = fn-1 + fn—2 for n > 3. It is not difficult to prove that if fn is a prime 
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number, then n is also a prime number or n = 4, but the converse does not 
hold since fı9 is not a prime. Many prime Fibonacci numbers are known (for 
instance one of the largest ones is f19¢8721), but it is not known whether the 
Fibonacci sequence contains infinitely many primes. The following interesting 
result describes all primes in the shifted Fibonacci sequence (fn +1)n>1. A 
crucial ingredient in the proof is Catalan’s identity 


ie — fn+rfn-r = (alr fs 


whose proof is left as an easy exercise for the reader, recalling that we have 
the classical formula E : 
_ ¢" —(-9) 


fu = — 


where ¢ = he Another crucial ingredient is theorem 4.14. 


Example 4.25. a) Prove the Gelin-Cesaro identity 


fn — fa-2fn-ifn+ifn42=1, n23. 
b) Find all n for which fn + 1 is a prime. 


Proof. a) We use Catalan’s identity with r = 1,2 to obtain 


fn+1fn-1 = ie = (—1)” = i. = fn+2fn-2- 


Thus f2 —1 and f?+1 are fn-1fn+1 and fn-2fn+2 in some order. The desired 
result follows since in either case 


i = D t Se a 


b) It is easy to check that f, +1 is a prime for n = 1, 2,3. Suppose that n > 
3 and that fn +1 is a prime. Since fn +1 divides ff —1 = fn-2fn-1fn+1fn+2, 
it must divide one of the numbers fn-2, fn—1, fn+1, fn+2. Since it is greater 
than fn—2 and fn-1, it either divides fn+1 or fn+2. On the other hand, it is 
clear that the Fibonacci sequence is increasing and so fn+2 < 2fn41 for all 
n, thus fn+2 < 4fn. If fr +1] fn+1, since fn+1 < 2(fn +1) we must have 
fn+1 = fn +1 and then f,_; = 1, impossible for n > 3. Thus fn+1 | fn+2 and 
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since fn+2 < 4(fn + 1) and fn+2 > fn +1 we must have fn+2 = 2(fn +1) or 
fn+2 = 3(fn +1). In the first case we obtain fn+1 = fn + 2, that is fr_1 = 2, 
then n = 4 and f4 +1 = 4 is not a prime. In the second case we obtain 
fn+1 = 2fn + 3, impossible since fn+1 < 2f,. Thus the only solutions of the 
problem are n = 1,2, 3. O 


4.2.2 The smallest and largest prime divisor 


The next problems are concerned with the largest and smallest prime fac- 
tors of integers. We will introduce therefore the following notation: if n > 1 
is an integer, P(n) will denote the largest prime factor of n, while p(n) will 
denote the smallest prime factor of n. 

The first two examples exploit a very specific property of monic quadratic 
polynomials. This class of polynomials can be characterized by the property 
that 


F(X)F(X +1) = F(X + F(X). 
We leave it to the reader as a very pleasant exercise to prove this property. 
In particular, if g(n) = P(f(n)) is the largest prime factor of f(n), then the 
previous relation yields 


q(n + f(n)) = max(q(n), a(n + 1)). 


Example 4.26. (IMO Shortlist 2013) Prove that there exist infinitely many 
positive integers n such that the largest prime divisor of nt + n? + 1 is equal 
to the largest prime divisor of (n + 1)* +(n+1)? +1. 


Proof. Let f(X) = X? — X +1, then f(X +1) = X? + X + 1 and so the 
previous identity becomes 


f(n? +1) =n +n? +1 = f(n) f(n+1), (1) 
Letting q(n) be the largest prime factor of f(n), the problem requires 
q(n? +1) = q((n +1)? +1) 
for infinitely many n, or equivalently (thanks to relation (1)) 


max(q(n),q(n + 1)) = max(q(n + 1), q(n + 2)) 
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for infinitely many n. This is the case if q(n + 1) > max(q(n),q(n + 2)), and 
we will prove that this inequality holds for infinitely many n. Assume that 
this is not the case, hence g(n + 1) < max(q(n),q(n + 2)) for n > N, where 
N is some positive integer. Since there is no infinite decreasing sequence 
of positive integers, there is no > N such that q(no + 1) > q(no). Since 
q(no +1) < max(q(no), (no +2)), we obtain q(no +1) < q(no +2). Combining 
this with q(no+2) < max(q(n9 +1), g(n9 +3)) we see that q(no+2) < q(no +3) 
and inductively q(n) < q(n +1) for n > no. But then the equality 


q(n? + 1) = max(q(n),q(n + 1)) 
cannot hold for n > no, since n? > n and n2>n+1. O 


Example 4.27. (Russia 2011) Let q(n) be the largest prime divisor of n? + 1. 
Prove that there are infinitely many pairwise distinct positive integers a, b,c 
such that g(a) = q(b) = q(c). 


Proof. Letting f(X) = X? +1 we obtain 
f(X?4+ X41) =f(X)f(X +1) 


thus 
q(n? +n + 1) = max(q(n), q(n + 1)) (1) 


and 
g(n* —n +1) =q((n = 1) + (n — 1) +1) = max(q(n — 1), g(n)). 
Hence if n > 1 and q(n) > max(q(n — 1), q(n + 1)) then 
q(n) = g(n* -n +1) =q(n?+n+1) 


and the numbers n,n? —n+1 and n? +n + 1 are pairwise distinct. It suffices 


therefore to prove that for infinitely many n we have 
q(n) > max(q(n — 1), g(n + 1)), 


which can be done exactly as in the previous problem. E 
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The next problems deal with the smallest prime divisor of a number. Be- 
fore discussing them, we would like to mention the following very important 
criterion of primality: 


Proposition 4.28. A number n > 1 is composite if and only if it has a prime 
divisor p < y'n, that is if the smallest prime factor of n does not exceed y/n. 


Proof. If n has such a prime factor, it is clear that n is composite. Conversely, 
suppose that n is composite, so we can write n = ab, with a,b > 1. Then each 
of a, b has at least one prime factor, say p and q. Since n > pq, we deduce 
that min(p, q) is a prime factor of n, not exceeding yn. O 


Example 4.29. (Kvant M 557) Prove that each set of n pairwise relatively 
prime numbers greater than 1 and less than (2n — 1)? contains at least one 
prime. 


Proof. Suppose that the given numbers a1,a2,...,an are all composite. De- 
note by q; the least prime divisor of a;,1 < i < n and assume without loss 
of generality that qı < ... < qn (note that the q;’s are pairwise distinct as 
gcd(a; aj) = 1 for i Æ j). Thus q > 2, q2 > 3 and qi+1ı > qi + 2 for i > 2, 
which easily yields qn > 2n — 1. But then an > q2 > (2n — 1)?, a contradic- 
tion. E 


Example 4.30. (Russia 2014) Find all integers n > 1 such that for any positive 
divisor a of n the number a + 1 divides n + 1. 


Proof. Clearly all odd primes are solutions of the problem. Conversely, sup- 
pose that n is a solution and let us prove that n is a prime. If not, then n has 
a proper divisor a > yn (namely n/p, where p is a prime factor < yn of n). 
By hypothesis a + 1 divides n+ 1, thus a + 1 dividesn+1-—(a+1)=n-a. 
Since a | n — a and since gcd(a,a + 1) = 1, we deduce that a(a+1)|n-—a 
and so n — a > ala + 1) > a? > n, a contradiction. Thus the solutions of the 
problem are the odd prime numbers. E 


Example 4.31. (Saint Petersburg 2008) If a is an integer greater than 1, let 
p(a) be its smallest prime factor. Let m,n be integers greater than 1. 
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a) Prove that if 
m? +n = p(m) + p(n)? 
then m = n. 
b) If 
m +n = p(m)* — p(n)’, 


what are the possible values of m? 


Proof. a) We have p(n)? — n = m? — p(m) > 0, that is p(n) > yn. Thus n is 
a prime, say n = q, and p(n) = q. The equation becomes m? — p(m) = q? — q, 
hence p(m) divides q(q — 1). Assume that p(m) divides q — 1, then q > p(m) 
and (m — q)(m+q) = p(m) — q < 0, that is m < q. We conclude that 


gq? —q=m* — p(m) <m? < (q-1)’, 


a contradiction. Thus p(m) = q and then m? = q’, hence m = q =n. 
b) We have this time 


n+ p(n)* = p(m)* -m 


and again p(m) > ym, showing that m is a prime. If m = 2, then n+ p(n)? = 
2, which is impossible. Thus m is an odd prime. Conversely, if m is an odd 
prime, then we look for n even such that n + p(n)? = p(m)? — m, a relation 
which can also be written as n + 4 = m? — m. Thus n = m? — m — 4 works 
(note that n > 1 since m > 3). E 


Example 4.32. (Russia 2001) Find all odd positive integers n > 1 such that if 
a and b are relatively prime positive divisors of n, then a + b — 1 divides n. 


Proof. Let p be the smallest prime divisor of n and let n = p*m with k > 1 
and m relatively prime to p. By hypothesis p + m — 1 | n. Note that 


gcd(p +m- 1, m) = gcd(p vs. 1,m) | gcd(p E l n) = 1, 


the last equality being a consequence of the fact that all prime factors of 
p — 1 are less than p and so they cannot divide n. Thus p + m — 1 | p? and 
p+m-— 1 = p for some l < k. 
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Suppose that k > 2, then p? + m — 1 | n and similarly 
gcd(p* + m — 1,m) = ged(p* — 1,m) | ged(p* — 1,n) = 1. 


Note that the last equality crucially uses the hypothesis that n is odd, to 
ensure that all prime factors of p+ 1 are less than or equal to ett < p (since 
p is odd). As above, we deduce that p? + m — 1 = pf for some j < k. Then 


m-1=p -p =p -—p, 


that is pf + p = p! + p? or p' (pi~! — 1) = p(p — 1). This immediately implies 
l = 1 and then m = 1. In other words, if k > 2, then n is a power of an odd 
prime, and it is clear that any such number is a solution of the problem. 
Assume now that k = 1, thus necessarily l = 1 (as l < k and clearly l > 0) 
and then again m = 1 and n is a power of p. Thus the solutions of the problem 
are the odd prime powers. O 


The polynomial X? + X +41, discovered by Euler and Lagrange in the late 
18th century, takes prime values for X = 0,1,...,39. The next example shows 
that it suffices to check this only for X = 0, 1,2,3. 


Example 4.33. (IMO 1987) Let n be an integer greater than 2 such that k? + 
k +n is a prime number for all 0 < k < V3 . Prove that k? ++k+nisa prime 
for al0<k<n-2. 


Proof. Let f(X) = X? + X +n and let p be the smallest prime factor of any 
of the numbers f(0), f(1), f(2),..., f(n — 2). Suppose that the required result 
fails, so there is some k < n — 2 such that f(k) is composite. The smallest 
prime factor q of f(k) satisfies q? < f(k) < (n — 2)? +n —2 +n < n?, hence 
q <n. Since p < q, it follows that p < n. 

Now let k € {0,...,n — 2} be such that p | f(k). Let s be the remainder of 
k when divided by p and let r = min(s,p — 1 — s). Note that p also divides 
f(s) and f(p-— 1 -— s), so p | f(r). Moreover, r < pt thus 


p-1\? p-l p —1 
< E —— = 
f(r) <n + ( 5 ) + 5 n+ 1 
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Since p < n (as shows the first paragraph), we have p Æ f(r), hence we can 


f D, By minimality of p, we have q > p, hence 


p < f(r) < n+ o It follows that p < 2/3 and then r < E = ES But by 
assumption f(r) is a prime number, contradicting the fact that it is a multiple 
of pq. O 





choose a prime factor q of 


Remark 4.34. a) In 1952 Heegner proved that 41 is the largest integer A with 
the property that n? +n + A is a prime for all n = 0,1, ..., A — 2 (Heilbronn 
proved that there are only finitely many such A’s in 1934). 

b) The polynomial 36X? — 810X + 2753 gives (by taking X = 0,1,...,44 
and considering absolute values in case a number is negative) a string of 45 
different prime values. Also for 


F(X) = X’ — 133X4 + 6729X? — 158379.X? + 1720294X — 6823316 


the number 4|f(n)| is a prime for 0 < n < 56. 
Similarly |8n? — 183n? + 3318n — 18757| is a prime for 0 < n < 46. 


4.2.3 Combinatorial number theory 


Finally, we discuss some problems with a more combinatorial flavor. Most 
of these problems are fairly tricky. 


Example 4.35. (Tuymaada 2005) The positive integers 1, 2, ..., 121 are arranged 
in the squares of a 11 x 11 table. Dima found the product of numbers in each 
row and Sasha found the product of the numbers in each column. Could they 
get the same set of 11 numbers? 


Proof. The answer is negative. Consider the 12 primes 
61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109. 


The only multiple of such a prime belonging to the set {1,2,...,121} is the 
prime itself. Two of these primes, say p,q, must be in the same row. If Dima 
and Sasha found the same numbers, then there would be a column whose 
product of elements is a multiple of p,g. But then p,q would have to be in 
that column. Thus p,q belong to the same row and column, contradiction. L 
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We will use several times the observation that if a | b, then the prime 
factors of ab are exactly the prime factors of b. 


Example 4.36. (Kvant) Consider an infinite arithmetic progression of positive 
integers. Prove that there are infinitely many terms in this progression such 
that any two of them have the same set of prime divisors. 


Proof. Say the general term of this progression is a+ nd, with n > 0. All 
numbers a(1 + d)” with n > 0 are terms of this progression and they satisfy 
the desired condition. O 


Example 4.37. (Iran 2004) Let n be an integer greater than 1. Prove that 
there are n positive integers aj < ag < ... < an such that for all nonempty 
subsets I, J of {1,2,...,n} the numbers J -jerai and )°;-;a; have the same 
prime factors. 


Proof. Let a; = i- N! for 1 < i < n, where N is a large integer to be chosen 
later. If I C {1,2,...,n} is a nonempty subset, then 


` Qi = N!. Soi 

iel icI 
and ( 1) 

n(n + 
1< I< A = 
< D i<1+2+ +n 
iE 

Thus if we choose N = mint) then the prime factors of }),<; a; are exactly 
the primes dividing N!, and this is independent of the choice of I. O 


Example 4.38. Let p be a prime, let r € {1,2,...,p — 1} and let aj, ag, ..., ar € 
{1,2,...,p— 1}. Consider the remainders of all numbers )°;<5 a; when divided 
by p, over all subsets S of {1,2,...,r} (including the empty set, for which the 
corresponding sum is 0). Prove that there are at least r+1 different remainders 
among them. 


Proof. The result is clear for r = 1. Assume that it holds for r = k and that it 
is not true for r = k+1, with k+1 < p. By assumption we can find pairwise dis- 
tinct numbers c),...,c, € {1,2,...,9—1} such that 0, c1, ..., Cg all appear as re- 
mainders of some of the numbers }-;cg a; with S C {1, 2, ..., k}. Since the sums 
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jeg ai With S C {1,2,...,4 +1} give at most k + 1 distinct remainders, and 
they contain all sums 5°;.5 a; with S C {1,2,...,k}, it follows that 0,c1,..., Ck 
are all possible remainders of X jeg a; with S C {1,2,...,k + 1}. In particular 
the remainders of @,%41, @441 + C1, ---, @k+1 + Ck (which are pairwise different) 
are among 0, c1, ..., Ck, and so they must be a permutation of 0, c1, ..., Ck. This 
implies that the remainders of all numbers 0, ak+1, 20441, ..., (p — 1)ak+1 are 
among 0, c1, ---, Ck, which forces p < k+1, contradicting the fact that k+1 < p. 
Hence if the assertion holds for r = k and k + 1 < p, then it also holds for 
k+ 1. This yields the desired result. oO 


Example 4.39. (Erdös-Ginzburg-Ziv theorem) Let n > 1 be an integer. Prove 
that among any 2n — 1 integers we can choose n whose arithmetic mean is an 
integer. 


Proof. The proof is done in two steps: we prove the theorem when n is a 
prime using the result established in the previous example, then we deduce 
the general case by an elementary argument. 

Assume first that n = p is a prime. We may assume that our integers 
Q1, A2, ...,A2p-1 are between 0 and p — 1 (by replacing them with their remain- 
ders when divided by p), and we may also assume that a1 < a2 <... < a2p—1- 
If there is j € {1,2,...,p — 1} such that ap+; = aj41, then we must have 
Qj41 = Qj+2 = . = Qj+p and aj4i +... + Qj+p is a multiple of p. So as- 
sume that aj+1 # @j4p for 1 < j < p. By the previous example, the sums 
of the numbers aj+p — aj41 (for 1 < j < p) give at least p distinct remain- 
ders modulo p, i.e. they cover all possible remainders. In particular, if r 
is the remainder of aj + ag + ... + ap, then there is a sum giving remainder 
p—r. That is, we can find some indices 1 < jı < ... < jk < p—1 such that 
Ap+ jy +. + Op4j, — Aj, —  — Qjp +41 +... +p is a multiple of p. But this last 
sum is clearly equal to the sum of p numbers among a1, ...,@gp-1. The result 
follows. 

We now treat the general case. Since any n > 1 is a product of primes, 
it suffices to prove that if a,b > 1 and the result holds for a and b, then 
it holds for ab. Consider 2ab — 1 integers. We choose 2a — 1 of them, and 
among the chosen ones we choose a whose arithmetic mean mı is an integer. 
We now consider the remaining 2ab — 1 — a numbers and repeat the previous 
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procedure: we select 2a — 1 such numbers (if possible), then among them we 
select a whose arithmetic mean mz is an integer, and we keep doing this 2b— 1 
times, obtaining arithmetic means mı, ...,M2—1 of collections of a numbers. 
Since the result holds for b, there are b numbers among mı, ..., M2b—1 whose 
arithmetic mean is an integer. ‘These 6 arithmetic means correspond to ab 
integers among the 2ab— 1 original ones, whose arithmetic mean is an integer, 
proving the result for ab. O 


Example 4.40. (adapted from Iran TST 2008) Let (an)n>1 be a sequence of 
positive integers such that for all m,n > 1, all prime factors of am + an are 
among the prime factors of m + n. Prove that an = n for all n. 


Proof. The key observation is that p | an + am whenever p is a prime and m,n 
are positive integers such that m +n is a power of p. Indeed, an + am > 2, so 
there is a prime q | an + am, but by hypothesis q | n + m and so q = p. 

We first prove that if m Æ n, then am Æ an. Suppose that an = am and 
choose a large prime p. By the first paragraph, p | an+ap—n, thus p | Gm+ap—n 
and then p | m +p- n. Thus p | m — n for all large primes, contradiction. 

Next, we prove that |an — an+ı| = 1 for all n > 1. Suppose that there 
is n for which this is not the case and let p be a prime factor of an41 — an. 
Let k be such that p* > n. Then by the first paragraph p | an + Ank—n 
and so p | an + apk-n + an+1 — an. That is, p | ajr_, + an+1 -and then 
p|p*—-n+n+1=p* +1. Since this is absurd, the claim is proved. 

Finally, the previous two paragraphs yield an42 — an+1 = an+1 — An = C 
for all n and some c € {—1,1}. Since the sequence takes positive values, we 
must have c = 1 and so an = n + k for some k > 0. Take a large prime p. 
Choose positive integers m,n such that p | m+n + 2k. Then p | am + an and 
so p | m+n. Subtracting, we deduce that p | 2k for all large primes p, thus 
k = 0 and we are done. E 


Remark 4.41. The original problem was weaker, the hypothesis being am +an | 
(m+n)! for all m,n > 1, where k is fixed. 


Example 4.42. (IMO Shortlist 2007) Find all sequences (an)n>ı of positive 
integers such that: 
a) Each positive integer appears at least once in the sequence a1, dg, ...; 
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b) an + am and anm have the same set of prime divisors for all n,m > 1. 


Proof. We will prove in a sequence of steps that only the sequence an = n 
is a solution of the problem. Note that if a prime p divides an], dng, ..., An, 
then it also divides an,+4n.;@n3,---)@n, and continuing like this we obtain that 
p | Ony+not..tng: 

First, we prove that aj = 1. Otherwise, there is a prime p dividing ay. 
Using the observation in the first paragraph, we obtain p | an for all n, con- 
tradicting condition a). Hence a; = 1. 

Next, we prove that gcd(an,@n41) = 1 for all n. Suppose that this is not 
the case and let n > 1 and let p be a prime dividing a, and an+ı. Then p also 
divides @gn4y(n+1) for all z,y > 0 (see the first paragraph). Now all integers 
m > n(n + 1) can be written in the form zn + y(n + 1) (see example 3.42), 
so we obtain that all but finitely many terms of the sequence aj, a2,... are 
multiples of p, contradicting again assumption a). 

We are now ready to prove that |an—an+ı| = 1 for all n. Suppose that there 
is n for which this is not the case, and choose a prime p dividing an — an+1. 
By hypothesis a), we can choose m > 1 such that p | an + am. Then p | @nim 
and also p | am + an+1, thus p | Gnim+i. This contradicts the fact that 
gcd(Anim,G@n+m+i1) = 1 (previous paragraph). 

The previous paragraph shows that an+1 E€ {an — 1, an + 1} for all n. Since 
an > 0 for all n and a; = 1, we must have ag = a,j +1 = 2. We are now in good 
shape to prove that a, = n for all n. Indeed, assume that there is n such that 
Qn41 = An — 1. Since an+1 = an — 1 and an +a, = an + 1 have the same prime 
factors, both an — 1 and a, + 1 must be powers of 2 (as gcd(an — 1, an + 1) 
divides 2) and so necessarily an = 3 and an41 = 2. Repeating the argument 
then yields an+2 Æ an+1 — 1, SO Gn42 = Gn41 +1 = 3. But then a, + a2 = 5 
and an+2 = 3 don’t have the same prime factors, a contradiction. Hence 
An+1 = an + 1 for all n and finally a, = n for all n. O 


Example 4.43. (Kvant M 1863) Consider the sequence of positive integers 
(an)n>1 such that a; = 1, a2 = 2 and for all n > 3 the number an is the least 
positive integer different from a1,a2,...,@n—ı which is not relatively prime 
with an-ı. Prove that this sequence contains all positive integers. 
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Proof. The solution is based on the following two lemmas: 


Lemma 4.44. The sequence (Gn)n>1 contains infinitely many even integers. 


Proof. Assume the contrary, i.e there exists m such that am,@m+1,@m+2;--- 
are all odd. Since all terms of the sequence are different there exists k > m 
such that a, < ak+ı and a1,Q2,...,@m—1 < ak. Let p be the least prime 
divisor of ag. Then ak+ı > ak + p since otherwise a, and aķ+ı are relatively 
prime. But a, + p is an even integer and therefore akķ+ı > ak + p. This shows 
that aķ+ı is not the least positive integer different from a1, a2,...,a,% which is 
not relatively prime with az, a contradiction. [i 


Lemma 4.45. If the sequence (an)n>1 has infinitely many terms divisible by 
a prime p then it contains all positive integers divisible by p. 


Proof. Let k be a positive integer such that pk is not a term of the given 
sequence. Let m be such that an > pk for all n > m. There is a term a, of the 
sequence divisible by p with s > m. The by the definition of as+ı it follows 
that as+ı < pk, a contradiction. O 


Now we turn to the solution of the problem. By lemmas 4.44 and 4.45 the 
sequence contains all positive even integers. Then by 4.45 it follows that for 
every prime p the sequence contains all positive integers divisible by p. This 
solves the problem. a 


4.3 Infinitude of primes 


Having seen several examples of prime and composite numbers, we will 
focus on the problem of proving that there are infinitely many primes. One 
obvious approach to this problem is to find explicitly a sequence that contains 
infinitely many primes. This sounds easy, but it is not: for many sequences 
that naturally appear in number theory it is not known whether they contain 
infinitely many prime numbers. 
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4.3.1 Looking for primes in classical sequences 


One of the most natural sequences are polynomial ones, so let us start 
with them. Let f(X) = ao + a1ıX +... + an X” be a nonconstant polynomial 
with integer coefficients and with positive leading coefficient a,, so that f(k) 
is a positive integer for k large enough. We would like to know whether the 
sequence f(1), f(2),... contains infinitely many primes. There is an obvious 
obstruction for this to happen: if there is an integer d > 1 dividing all the 
numbers f(1), f(2),..., then there are only finitely many primes in the previous 
sequence. Also, if we can write f as a product of two nonconstant polynomials 
with integer coefficients, then again there can be only finitely many primes in 
the sequence f(1), f(2),.... A remarkable and wide open conjecture is that 
these two obstructions are the only ones: 


Conjecture 4.46. Let f be a nonconstant polynomial with integer coefficients 
and positive leading coefficient. Assume that: 

a) there is no integer d > 1 dividing all the numbers f(1), f(2),.... 

b) f is not the product of two nonconstant polynomials with integer coeffi- 
cients. 

Then f(n) is a prime number for infinitely many positive integers n. 


To give a hint on how difficult the previous conjecture is, let us mention 
that there is not a single polynomial of degree greater than 1 for which the 
conjecture is proved! There are also versions of the previous conjecture, which 
involve several polynomials fj,..., fg and ask that fi(n), ..., fk(n) should be 
simultaneously prime for infinitely many n. A famous such conjecture is 


Conjecture 4.47. (Hardy-Littlewood prime k-tuple conjecture) Let a1, ..., ak, 
bi,...,b% be integers such that gcd(a;,b;) = 1 for 1 < j < k and such that 
for any prime p < k there is x € Z such that p does not divide any of the 
numbers a,x + b1, ... akx + by. Then there are infinitely many n for which 
ayn + bı, ... akn + by are all prime numbers. 


Remark 4.48. Granville proved the following amazing result: if the previous 
conjecture holds, then there are infinite sets A, B of positive integers such that 
for all a € A and b € B the number a + b is prime! Also, he proved that the 
previous conjecture implies the existence of an infinite set A such that for all 
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a,b € A the number ato is prime. It is known (this is a deep theorem of 


Balog) that for any n there is a set A of n primes such that for all a,b € A 


the number att is prime, and all these prime numbers are pairwise distinct. 


Even the case when f has degree 1 in conjecture 4.46 is highly nontrivial: in 
this case the conjecture was proved by Dirichlet. Let us restate his remarkable 
and very deep result: 


Theorem 4.49. (Dirichlet’s theorem) Let a,b be relatively prime integers with 
a> 0. The arithmetic progression (an+b)n>0 contains infinitely many primes. 


One can also consider the problem of understanding the arithmetic pro- 
gressions all of whose terms are primes. It is an easy exercise left to the reader 
to check that there cannot be such an infinite arithmetic progression. On 
the other hand one can produce arithmetic progressions of fairly large length 
consisting exclusively of primes: the smallest 10-term arithmetic progression 
consisting of primes is 199 + 210n for 0 < n < 9, the smallest 21-term arith- 
metic progression of primes is 5749146449311 + 26004868890n for 0 < n < 20, 
and an arithmetic progression of primes with 26 terms is 


43142746595714191 + 5283234035979900n 


with 0 < n < 25. One can easily see that they involve huge numbers for the 
common difference (and also the first term). The next example explains this 
partially: 


Example 4.50. (Thébault’s theorem) An increasing arithmetic progression of 
length n > 2 consists of prime numbers. Prove that the common difference is 
a multiple of the product of all primes less than n. 


Proof. Suppose that a, d are positive integers such that a,a+d,...,a+(n—1)d 
are primes. We want to prove that any prime p < n divides d. Assume that 
p < n does not divide d. Note that gcd(a,d) = 1, otherwise gcd(a,d) > 1 
would divide both a,a+d and so a = a+d = gcd(a,d), a contradiction. 
Since p does not divide n, the numbers a,a + d,...,a + (p — 1)d give pairwise 
distinct remainders when divided by p, so one of the remainders must be 0 
and a + jd is divisible by p for some j € {0,1,...,p—1}. Since p < n, a+ jd is 
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a prime and so necessarily p = a + jd > a and a < n (since p < n). But then 
a+ ad = a(l + d) is a prime and so a = 1, a contradiction with the fact that 
a is a prime. E 


Here is a nice application of the result established in the previous example: 


Example 4.51. (Tournament of the Towns 2007) Find all increasing arithmetic 
progressions consisting only of prime numbers, such that the number of terms 
is larger than the common difference. 


Proof. Let a,a+d,...,a + (n —1)d be an arithmetic progression as in the 
statement of the problem, so n > d. Let (pn)n>1 be the increasing sequence of 
primes and let k be such that pk < n < pk+1. By Thébault’s theorem p1...Pk 
divides d and so 

P1---Pk Sd <N < Dest. 


If p1... pk > 2, then pı...pk — 1 > pk+ı since pi...p, — 1 must have a prime 
factor, and this prime factor cannot be p1,..., Pk. So if pı...Pk > 2, then 
D1.--Dk > Pk+1, contradicting our assumption. It follows that p,...p, = 2, then 
k= l andn < 3. Hence we must have n = 3, d < n = 3 and a,a+d,a+2d are 
all primes. If d = 1, this is impossible since a,a + 1 being primes forces a = 2, 
but then a + 2 is not a prime. If d = 2, then a,a + 2,a + 4 should be primes. 
One of these numbers is a multiple of 3 and this immediately implies that 
a = 3. Hence the problem has a unique solution, the progression 3, 5, 7. O 


The following amazing (and very deep) theorem was proved in 2004, solving 
a problem that was open for at least 200 years: 


Theorem 4.52. (Green-Tao) For any n > 3 there is an arithmetic progression 
of length n consisting of prime numbers. 


kemark 4.53. Just to see how powerful this theorem is, let us mention a 
few straightforward consequences which would be extremely hard to prove 
otherwise... 

a) For any n there is a set A of n primes such that for all a,b € A the 
number atb is prime, and all these prime numbers are pairwise distinct. Here 


is such a set for n = 12: 


A = {71, 1163, 1283, 2663, 4523, 5651, 9311, 13883, 13931, 14423, 25943, 27611}. 
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As we have already mentioned, this is a theorem of Balog, proved before the 
Green-Tao theorem. Using the Green-Tao theorem, this becomes a simple 
exercise: consider an arithmetic progression a+ jd of primes for 0 < j < 2"*1, 
and let A be the set of numbers a + (2f —1)d forl<j<n. 

b) It follows from Green-Tao that for any k and d one can find a polynomial 
f with integer coefficients of degree d such that f(0), f(1),..., f(k) are all 
primes. Indeed, if a + jd are primes for 0 < j < kt, the polynomial bX¢ + a 
works. It is harder to solve the similar problem with monic polynomials. 

c) Yet another consequence of the Green-Tao theorem: there are arbitrarily 
large sets of integers A such that the average of the elements of any nontrivial 
subset of A is a prime. Moreover, we can impose that these primes are pairwise 
distinct. 

Indeed, first without the restriction of the primes distinct, the construction 
is easy: take an arithmetic progression of primes a+ jd,0<j<k:=n-nl 
and set 

A= {a+ jnid|0 <j <n}. 


The average of the numbers a+jnid for j € S C {1,2,...,.n} isatd( zes x) 
and this is a number belonging to our arithmetic progression of primes, so it 
is a prime: indeed 


x 
aor E 


0<n! 

If we want the primes to be pairwise distinct we employ the following trick. 

Consider a set B = {bj < ... < bn} such that all averages of all subsets of B 

are pairwise distinct (for instance take b; = (i + 1)! for 1 < i < n), then take 

k = (bn — 6;)n!, an arithmetic progression of primes a+ jd as above and set 

A = {a+ (bj — b1)n!d|1 < j < n}. For instance, for n = 4 we have the set 
5,17, 89, 1277, for n = 5 we can take the set 


209173, 322573, 536773, 1217893, 2484733. 


Already for n = 7 it is very difficult to write down an example of such a set! 


Other important sequences that arise very often in arithmetic are sequences 
of the form a” +1 and a” — 1, where a > 1 is a fixed integer. One may wonder 
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when a” +1, respectively a” —1 are primes, where for simplicity n > 1. Again, 
there are a few easy obstructions for this to happen. 


Assume first that a” — 1 is a prime and that n is composite, say n = mk 
with m,k > 1. Then a” — 1 | a” — 1 and 1 < a™ — 1 < a” — 1, thus a” — 1 
is not a prime. Therefore if a” — 1 is a prime, then n is a prime. Moreover, 
a— 1 | a” — 1 and a— 1 < a” — 1, thus necessarily a — 1 = 1 and a = 2. 
In other words, the only possible primes of the form a” — 1 with a,n > 1 
are those of the form 2? — 1 with p a prime. However, it is not true that all 
these numbers are primes: one can check that 23 | 2)! — 1 and 47 | 273 — 1. 
Prime numbers of the form 2? — 1 are known as Mersenne primes. It is not 
known whether there are infinitely many such primes, and it is not even known 
whether the sequence (2? —1),, where p runs over the prime numbers, contains 
infinitely many composite numbers (one can prove that this is the case if there 
are infinitely many primes p = 3 (mod 4) such that 2p + 1 is also a prime, 
by proving that for such p the number 2p + 1 divides 2? — 1). The largest 
Mersenne prime known in 2015 is 274207281 _ 1, and 49 Mersenne primes are 
known up to now! 


Assume now that a” + 1 is a prime, with a,n > 1. If n has a proper odd 
divisor m, then am +1 | a” +1 and a” + 1 is not a prime, contradiction. 
Thus n is necessarily a power of 2. One very important case is when a = 2, 
then we see that the only primes of the form 2” + 1 are among the Fermat 
numbers F, = 27° + 1. Here, the situation is much worse: again, it is not 
known whether the sequence Fo, Fi, ... contains infinitely many primes or in- 
finitely many composite numbers, and we only know 5 primes in this sequence: 
Fo, Fi, Fo, F3, F4. This is in stark contrast with Fermat’s original conjecture 
that all Fermat numbers are primes, a conjecture which was disproved by Eu- 
ler, who proved that 641 | Fs = 232 + 1 (actually Fs = 641 - 6700417; see also 
example 2.12). The only Fermat numbers whose prime factorization is known 
are Fo, F3, ..., Fi, (even though one knows that Fn is composite for 5 < n < 32, 
no prime factor of F29 or Fo4 is known!). 


Yet another sequence which appears very often in number theory is (n!+1)n>1. 
Again, it is not known whether this sequence contains infinitely many primes, 
even though one knows that it contains infinitely many composite numbers 
(this would be hard to prove at this moment, but we will see later on that 
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n+1|n!+1 when n+1 is a prime, a result known as Wilson’s theorem, 
and this immediately implies the desired result). We will however use this 
sequence below to prove that there are infinitely many primes. 


4.3.2 Euclid’s argument 


We can summarize the discussion in the previous section by saying that 
many of the natural sequences appearing in arithmetic are expected to con- 
tain infinitely many primes, but we are far from being able to prove such 
a statement. Instead of dealing with such difficult (and most of them wide 
open!) problems, we present in this section Euclid’s wonderful indirect ar- 
gument proving there are infinitely many primes, some of the consequences 
of the result and some related results that can be obtained with similar (but 
more technically involved) arguments. 


Theorem 4.54. (Euclid) There are infinitely many primes. 


Proof. Note that 2 is a prime, so there is at least one prime. Assume that there 
are only finitely many primes, call them pı, ..., Pk, and consider the number 
1 +pı:...- py. It is greater than 1, so it is a product of primes. Choose one of 
these primes and call it q. Then q € {p1,..., Pk}, since by assumption pj, ..., Pk 
exhaust all primes. In particular, q divides p,-...- Pk. But q also divides 
p1°...'Pk +1, hence q divides 1, a contradiction with the fact that q > 1. The 
result follows. 0O 


Remark 4.55. a) Start with a; = 2 and define aņn+ı to be the largest prime 
divisor of 1 + a1a2...an. This sequence is not monotonic since aio < ag. It is 
not known whether this sequence contains all sufficiently large primes. 

b) Consider the sequence whose nth term is 1+ pj : p2- ... * Pn, where pı < 
po <... is the increasing sequence of primes. The first 5 terms of this sequence 
are all primes: 3, 7,31, 211, 2311. However, the 6th term 1+2-3-5-7-11-13 is 
composite (a multiple of 59). It is not known if this sequence contains infinitely 
many prime numbers, or if it contains infinitely many composite numbers. 


There are many other ways of proving that there are infinitely many primes, 
based on theorem 4.13 (which ensures that every integer greater than 1 has 
a prime factor). For instance, suppose that (£n)n>1 is a sequence of integers 
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greater than 1 and pairwise relatively prime. Let p, be a prime divisor of 
Lyn. Then pi, po,... are pairwise distinct primes, thus there are infinitely many 
primes. We know from the previous section how to construct many such 
sequences (%n)n>1: for instance £n = 22" + 1 the nth Fermat number, or 
Sylvester’s sequence defined by xı = 2 and rp41 = x2 — £n +1, etc. 

The next examples either imitate or refine Euclid’s argument. Most of 
them are crucially dependent on the uniqueness of the prime factorization of 
an integer. 


Example 4.56. Let n > 2 be an integer. Prove that there are infinitely many 
primes p such that n does not divide p— 1. In particular (by taking n = 3 
and n = 4), there are infinitely many primes of the form 3k + 2 and infinitely 
many primes of the form 4k + 3. 


Proof. We will imitate Euclid’s argument. Note that 2 is such a prime. Next, 
assume that pj,...,p% are all primes p for which n does not divide p—1. Then 
N = npı...pk — 1 is an integer greater than 1 and so it is a product of primes 
N = q1...gr. Since N is relatively prime to p1,..., Pk, none of q1, ..., qr is equal to 
one of the numbers pı, ..., pk, thus we must have q; = 1 (mod n) forl <i<r. 
But then 

N=q..-Gr =1 (mod n), 


and since N = —1 (mod n), we obtain that n | 2, a contradiction. oO 


Example 4.57. (Romania TST 2003) Let # be the set of all primes, and let 
M be a subset of Z, having at least three elements. Suppose that for any 
proper subset A of M, all prime factors of —1 + |],<4p belong to M. Prove 
that M = 2. 


Proof. Taking an odd element p of M and considering p—1, we see that 2 € M. 
We will prove below that M is infinite, so let us take this for granted for a 
moment and see how we can finish the proof. Suppose that there is an odd 
prime p € M. Let pj, po,... be the increasing sequence of elements of M and 
consider the numbers pı — 1, pipe — 1, pipep3 — 1,.... Two of them must give 
the same remainder when divided by p, and so we can find i < 7 such that 
p divides pj...p; — pi...p;. Since p is not pi,...,p; (as p € M), p must divide 
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Pi+1---—pj — 1. But by assumption all prime factors of this last number belong 
to M, contradiction. Hence M = 2. 

Let us prove now that M is infinite. Assume the contrary and let p be 
the smallest odd element of M, and let x be the product of the elements of 
M \ {2, p} (we are using here that M has at least three elements). All prime 
factors of x are greater than p and all prime factors of x — 1 and 2x — 1 belong 
to M, by assumption. It follows that 22 — 1 = p° and z — 1 = 2°p° for some 
a>1,b,c > 0. Since x —1 and 2z — 1 are relatively prime, we must have 
c = 0 and z = 2 + 1, then p? = 2°+141. If ais even, say a = 2k, then 
(p* —1)(p* +1) is a power of 2, thus pë — 1 and p? +1 are powers of 2 differing 
by 2, so pë = 3 and p = 3. If ais odd, then (p—1)(1+p+...+p%!) = 28+! 
is impossible, since 1+ p+... + p*! is odd and greater than 1. Thus p = 3 
and 3 € M. We deduce that 2-3 —1 = 5 must be in M, and 7 | 3-5-1 
must divide z = 2? + 1. This is impossible, since 7 does not divide 2° + 1 for 
any b. This contradiction shows that M must be infinite and the problem is 
solved. O 


Remark 4.58. A very similar problem was proposed at the USA TST in 2015: 
let M be a nonempty set of primes such that for any nonempty subset N C M, 
all prime factors of 1 + [| [pen P are also in M. Prove that M is the set of all 
primes. 


Example 4.59. Let (an)n>ı be a sequence of pairwise distinct positive integers. 
Suppose that there are positive integers k, c such that an < cn* for all n > 1. 
Prove that there are infinitely many primes p dividing at least one of the 
numbers a1, @9,.... 


Proof. Suppose that there are only finitely many such primes, call them 
P1, P2,---,Ps. Choose a large integer N > c and consider the positive inte- 
gers in {1,2,..., c2N Er, There are at least 2% terms of the sequence among 
these numbers, namely a1, ..., aon. On the other hand, all these terms have 
prime factors among p1, po, ..., Ps, SO can be written uniquely as pī! ...p2° for an 
s-tuple (£1, ..., £s) of nonnegative integers. Since pf! ...p2s < c- 205 < 2N (k+1) 
and p;...pz* > 2 for all i, we deduce that z; < (k+1)N for all i. Thus there 
are at most ((k + 1)N)* such s-tuples and consequently at most ((k + 1)N)°§ 
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numbers between 1 and c- 2%* all of whose prime factors are among p1, ..., Ps. 


Since a@1,...,@gn are such numbers, we deduce that 
((k+ DN): > 2”. 


This certainly does not hold if N is big enough: the left-hand side is smaller 
than a constant times N°, but for N large enough 2% > N*+! using the 
inequality 2% > ( o) and the fact that (,’,) is a polynomial expression of 
degre s +2 in N. The result follows. oO 


Remark 4.60. As the proof clearly shows, it suffices to ensure that there is M 
such that each integer occurs at most M times in the sequence a1, ag,.... If f 
is a nonconstant polynomial with integer coefficients, the sequence an = f(n) 
has this property, so the previous result shows that infinitely many primes 
divide at least one of the numbers f(1), f(2),.... This gives an alternative 
proof of theorem 4.67 below. 


The existence of infinitely many primes is a very useful tool in construc- 
tive problems. Here are a few typical examples of problems whose statement 
has nothing to do with primes and whose solution crucially depends on the 
existence of infinitely many primes: 


Example 4.61. (Tournament of the Towns 2006) For each positive integer n let 
b, be the denominator of 1 + 5 +... + 1 when written in lowest terms. Prove 
that bn+1 < bn for infinitely many n. 


Proof. We will prove that n = p? — p — 1 is a solution of the problem for 
each odd prime p. First, we claim that p does not divide bn+ı1. Indeed, 
the only fractions among 5) sie whose denominator is a multiple of p are 
z ome — Gp? but their sum is a fraction whose denominator is not a multiple 
l EEES E S E: E Se Se ee, 
of p, since pT (p—l)p ~ p—1? 23T (p—2)p 2-a 
Next, let an be the numerator of 1 + ł +... + L, so that 
a Os oe 
bn+1 bn = p(p — 1) 
Thus 
an P(p—1)an41 — bn 
On p(p E 1)bn+1 
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If d = ged(p(p — 1)an41 — bn4i,p(p — 1)bn41), then d divides p?(p — 1)?an4i 
and p(p — 1)bn+1, hence d divides p?(p — 1)*. But p does not divide d, since it 
does not divide bn+1. Hence d | (p — 1)? and so 


p(p — 1) 
by > bn+1—— > 41. 
n Z Yn+1 (p = 1)? n+1 


The result follows. O 


Example 4.62. (IMO Shortlist 2011) Let n > 1 be an odd integer. Find all 
functions f : Z — Z such that f(x) — f(y) divides x” — y” for all integers x,y. 


Proof. It is clear that all functions of the form f(z) = exf +c with e € {-1,1} 
and d a positive divisor of n are solutions. We will prove that these are all 
solutions of the problem. Note that if f is such a function, then f +c has the 
same property for any integer c, hence we may assume that f(0) = 0. 

If p is a prime, then f(p)—f (0) divides p”, thus f(p) | p” and so f(p) = +p 
for some sign + and some 0 < d < n. We deduce that there is a sign € and 
some fixed 0 < d < n such that f(p) = ep? for infinitely many primes, call 
them pı < pg <.... We may assume that £ = 1, by replacing f with —f. Now 
pł — p% divides p? — p by hypothesis, hence d divides n (by corollary 3.36). 
Write n = kd. 

We will now prove that f(x) = x? for all x. Fix an integer x. Then 
f(z) — pt divides x” — p”? and it also divides f(x) — p? = f(x)! — p?. Thus 
f(x) — p? divides f(x)* — x”, and this for all i > 1. Note that d Æ 0, since 
d divides n. Hence d > 0, and since f(x) — pt divides f(x)* — x” for all i, it 
follows that f(x)* — x” has infinitely many divisors, thus it must be 0, and 
then f(x) = x? (since n is odd). oO 


Example 4.63. (USA TST 2010) Let P be a polynomial with integer coefficients 
such that P(0) = 0 and 


gcd(P(0), P(1), P(2),...) =1. 
Prove that for infinitely many n 


gcd(P(n) — P(0), P(n + 1) — P(1), P(n + 2) — P(2),...) =n. 
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Proof. Let us try to study first 
dn = gcd( P(n) — P(0), P(n + 1) — P(1),...) 


for any polynomial P with integer coefficients. Let q be a prime factor of dn, 
so that P(n+k) = P(k) (mod q) for all k, i.e. P is n-periodic modulo q. But 
P is also q-periodic modulo q. Thus, if gcd(q,n) = 1, then P is 1-periodic 
modulo q (by Bézout’s theorem) and so q divides P(n + 1) — P(n) for all n. 
Then q divides P(n) — P(0) for all n, so if P(O) = 0, then q must divide 
gcd(P(0), P(1),...). In particular, for our polynomial we must have gq|n for 
any prime factor q of dn. 

The previous paragraph suggests taking for n a power of a prime, say 
n =p. Then we saw that dn is also a power of p. Note that dn is a multiple 
of n, since n divides P(n+k) — P(k) for all k. It remains to see if we can have 
p\+1|P(k + p’) — P(k) for all k. Since? 


P(k+p™) = P(k)+p%P'(k) (mod p++), 


this would imply that p divides P’(k) for all k. Now we see how to choose our 
numbers n: pick and fix once and for all a value k such that P’(k) 4 0. If p is 
sufficiently large, then p does not divide P’(k). For any such p, the previous 
arguments show that dn = n for all n = p™. The conclusion follows. O 


Example 4.64. (Erdös) Let A be a set of n nonzero integers. Prove that A 
contains a subset B with more than 3 elements, such that the sum of any two 
elements of B (not necessarily distinct) is not an element of B. 


Proof. Let the elements of A be aj, ag,...,a, and let p = 3k + 2 be a prime 
number greater than max |a;| (such a prime exists thanks to example 4.56). 
For any i € {1,...,n} the numbers a;i, 2a;, ..., pa; form a complete system of 
residues modulo p (since a; # 0 and |a;| < p). It follows that for each 1 < 
i < n one can find k + 1 numbers among ai, 2a;,...,na; which are congruent 
to k+1,k +2,...,2k +1 modulo p. 


1We recall that P’ is the derivative of P. 
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For each 1 < j < p let B; be the set of those a; for which the remainder of 
ja; modulo p belongs to {k+1,...,2k+1}. It follows from the first paragraph 
that 


P 
X |B;| = (k+ 1)n, 
j=l 


hence we can find j with |B,| > aera" > 3. It remains to check that the 
sum of two elements of B; is not in B;. Suppose that x,y,z € B satisfy 
x+y =z. By definition the a of 72,jy,jz when divided by p are 
in {k+1,k+2,...,2k +1} and one of them is the sum of the remaining two. 
This is clearly impossible, since no two elements of {k + 1,...,2k + 1} add up 


to a third element of this set. Thus B; satisfies all desired conditions. O 


Example 4.65. (Iran 2011) Find all sequences (an), of positive integers such 
that nan + Mam + 2mn is a perfect square for all positive integers m,n. 


Proof. The key is to prove that a, = p for sufficiently large primes p. Assume 
that this is the case for a moment, and fix a positive integer n. By assumption 
Nan + 2np +p? is a square for all sufficiently large primes p, hence there is a 
prime po and a sequence of positive integers (bp)p>po such that Nan +2np+p* = 
(p+b,)?. Then 2pb, +b; = = 2np+nan and so bp < n+nan. Hence the sequence 
(bp)p>po is bounded and since p divides b — nay for all p > po, it follows that 
b = = Nan for p large enough. But then wie relation 2pbp + b2 = = 2np + nan 
yields bp = n and finally an = n. Hence, modulo the initial aie we find that 
there is a unique sequence, namely a, = n for all n. 

Now, let us prove that ap = p for all large primes p. Since 2pay + 2p? is a 
square and a multiple of p, it must be a multiple of p*, hence p divides Ap if 
p> 2. 

Next, we prove that nan is a square for all n. Indeed, fixing n and choosing 
m = (nan), we see that nan + Mam + 2mn = nan(1 + znan) for some integer 
x. Since na, and 1+ znan are relatively prime positive integers and their 
product is a perfect square, nan must be a perfect square. 

Finally, by the previous two paragraphs we can write pay = (prp)* for some 
positive integer xp, and this holds for all primes p > 2. Since pap + 2p + a1 is 
a square, it can be written as (pr, + yp)” for some positive integer yp. Now 
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2PIpYp +y = 2p+ a1. If 2p > aj, then necessarily Tpyp < 2, hence Lp = Yp = 1 
and so Gp = p whenever 2p > a; and p > 2. This finishes the proof. CI 


Example 4.66. For any integer n > 1, let P (n) denote the largest prime divisor 
of n. Prove that there are infinitely many positive integers n for which 


P(n) < P(n+1)<P(n+2). 
Proof. We will prove that for each prime p > 2 we can find k > 1 such that 
P(p” — 1) < P(p”") =p < P(p® +1), 


which will be enough to conclude. The numbers (p> +1), are pairwise rel- 
atively prime? and not divisible by 4, so the sequence (P(p2" + 1))k>1 is un- 
bounded. Hence there is a smallest k for which P(p” +1) > p. We will 
prove that P(p? — 1) < p. Otherwise, there is a prime q > p such that 
q| p —1=(p—1)(p + 1)(p? +1)...(p?” +1). Clearly q £ p and since p is 
odd and q > p, q does not divide p+ 1. Thus q divides one of the numbers 
p% +1 with 1 < j < k, and P(p” +1) > p, contradicting the minimality of 
k. O 


Here is yet another very short proof of the existence of infinitely many 
primes. Consider the number zn = n!+1. Since £n > 1, £n has at least one 
prime divisor, say pn. Since pn cannot divide 1, 2, ...,n (as otherwise pn divides 
both n! and n! +1, impossible), we must have pn > n. Hence the sequence 
(Pn)n>1 has infinitely many distinct terms and the result follows. The proof 
of the following very useful result is a variation on the previous argument: 


Theorem 4.67. (Schur) Let f be a nonconstant polynomial with integer coef- 
ficients. There are infinitely many primes dividing at least one nonzero term 


of the sequence f(1), f(2), f(3),.... 


Proof. Let f(X) = ao +a,X +... tanX”, with a, #0 and n> 1. If ap = 0, 
then any prime p divides f(p) and f(p) 4 0 for all sufficiently large p, thus 
the result is clear in this case. Assume that ap Æ 0 and observe that 


f(aoX) = ao + aoa1 X +... + aan X” = ao(1 + a1 X +... + ap tan X”). 


?This can be proved in the same way as for Fermat numbers. 
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The polynomial g(X) = 1+aıX +... +a? tan X” is nonconstant, hence there 
is an integer kp such that for all x > ko we have |g(x)| > 2. Pick any prime pk 
dividing g(k!), for k > ko. Then px divides g(k!) and k! | g(k!) — 1, thus px is 
relatively prime to k! and so pg > k. Moreover, pp divides f(aok!) for k > ko 
and since pk > k, the result follows. a 


The following examples illustrate the previous theorem. 


Example 4.68. (Iran 2004) Find all polynomials f with integer coefficients 
such that f(m) and f(n) are relatively prime whenever m and n are relatively 
prime positive integers. 


Proof. Note that the polynomials +X*, with k > 0 are solutions of the prob- 
lem. We will prove that these are the only solutions. Let f be a solution and 
write f(X) = X*g(X) with k > 0 and g(0) Æ 0. If g is constant, then clearly 
this constant must be +1. Suppose that g is not constant, hence for infinitely 
many primes p the congruence g(n) = 0 (mod p) has solutions. Choose such 
p and n, with p relatively prime to g(0) 4 0 (since g(0) Æ 0, this holds for 
all but finitely many primes p). Then p does not divide n, hence n and n+ p 
are relatively prime. But then f(n) and f(n + p) are relatively prime, which 
contradicts the fact that p divides both of them (since p divides g(n), it also 
divides g(n + p)). Thus g is constant and we are done. O 


Example 4.69. (Taiwan TST 2014) Let k be a positive integer. Find all polyno- 
mials f(X) with integer coefficients such that f(n) divides (n!)* for all positive 
integers n. 


Proof. Replacing f with —f we may assume that the leading coefficient of f 
is positive. If f is constant, then since f(1) | 1 we must have f(X) = 1, which 
is a solution of the problem. Assume now that f is not constant, and write 
f(X) = ao +a,X 4+... + agX*% with ag > 0 and d > 1. Let j be the smallest 
nonnegative integer such that a; # 0, thus ag = ... = aj_1 = 0 and a; Æ 0. 
Then f(X) = XJg(X) with 9(X) = aj + aj+1X +... +aqX*4. Assume that 
j < d, so that g(X) is nonconstant. By hypothesis g(n) | (n!)* and so for any 
prime p | g(n) we have p | n! and p < n. Since g is nonconstant, theorem 
4.67 yields the existence of infinitely many primes p dividing at least one of 
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the numbers g(1), g(2),.... Let p be such a prime and let n be the smallest 
positive integer for which p | g(n). If r is the remainder of n when divided 
by p, then p | g(n) — g(r) and so p | g(r). If r > 0, then since g(r) | (r!)* we 
must have p < r, impossible. Thus r = 0 and so p | g(0). Thus g(0) = aj is 
divisible by infinitely many primes and is nonzero, which is impossible. Hence 
our assumption that j < d was wrong and f(X) = agX%. Since ag > 0 and 
f(1) | 1, we obtain ag = 1. Then nê | (n!)* for all n > 1. Choosing n = pa 
prime, we see that (n!)* = p! -m with m not a multiple of p, thus pê | (p!)* 
forces d < k. Conversely, if d < k then clearly nê | (n!)* for all n. Hence the 
solutions of the problem are f(X) = +X* with d < k. 

Here is a slightly different argument: assume that f is not constant and 
has positive leading coefficient. Thus if p is a large enough prime, we have 
f(p) > 1. Let q be a prime factor of f(p) and assume that q # p. Write 
p=qk+r with 0 <r <q. Since q | f(p) = f(qk +r), we have q | f(r) | r!*. 
This is impossible, since q is a prime greater than r. Thus q = p and so 
p | f(p). It follows that p | f(0) for all large enough primes, thus f(0) = 0. 
Thus we can argue like in the previous solution. o 


Example 4.70. a) (Saint Petersburg 2001) Prove that there are infinitely many 
positive integers n such that the largest prime divisor of nf + 1 is greater than 
2N. 

b) (IMO 2008) Prove that the largest prime factor of n? +1 is greater than 
2n + v 2n for infinitely many positive integers n. 


Proof. a) By theorem 4.67 there are infinitely many odd primes p dividing at 
least one of the numbers nt + 1 with n > 1. Let p be one such prime and let 
n be the smallest positive integer such that p | nf +1. If r is the remainder 
of n when divided by p, then r < p and p | rt + 1. By minimality of n (note 
that r > 0) we have n < r, thus n < p — 1, and actually n < p — 1, since p 
does not divide (p — 1) + 1 (as p is odd). Next, p | (p— 1 — n)t +1 and again 
by minimality of n we have p — 1 — n È> n, that is p > 2n. Thus to any prime 
p as above we associated a positive integer np < 5 such that p | i + 1. Since 
ne > p-— 1, as p varies the numbers np form an unbounded sequence, and the 
largest prime factor of ne + 1 is at least p > 2ny, solving the problem. 
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b) As above, start with an odd prime p dividing one of the numbers n? + 1, 
with n > 1. Let n be the smallest such positive integer. As above, we obtain 
n < P, Now write p = 2k + 1 and s = k-n > 0. Then p | 4n? + 4 = 
(2k —2s)? +4, hence p | (2s +1)? +4. It follows that (2s +1)? +4 > p = 2k +1, 
thus 2s + 1 > /2k — 3. Now 


p= 2k+1=2n+2s+1>2n4+ V2k —3. 


Let us prove that if p is large enough, then 2k — 3 > V2n, which is enough 
to conclude. The inequality 2k — 3 > V2n is equivalent to k — 2 > n or 
s > 2. Since p | (2s + 1)? + 4, it suffices to take p > 32 + 4 = 13 for the 
argument to work. O 


Remark 4.71. We suggest the reader to try the following problem, proposed 
for the USAMO in 2006: let P(n) be the largest prime divisor of n (with 
P(+1) = 1 and P(0) = co). Find all polynomials f with integer coefficients 
such that the sequence (P(f(n?)) — 2n)n>1 is bounded above. 


Example 4.72. (Romania TST 2013) Prove that infinitely many prime numbers 
can be written as 


(a? + a, — 1)(a2 + ag — 1)... (a2 + an — 1) 
(b2 + by — 1)(b3 + b2 — 1)... (b2 + bn — 1) 


for some positive integers n, a1, @2,..., Qn, 61, b2,..., On. 


Proof. Let pi, p2,... be the prime numbers dividing at least one of the numbers 
17+1-—1,274+2-—1,37+3-1.,.... We claim that p; has the required form for 
all ¿i > 1 and we prove this by strong induction on 2. For i = 1 we have pı = 5 
(it is easy to see that 2 and 3 do not divide any n? + n — 1) and this equals 


22-1 Let S be the set of rational numbers of the form 


(a? + a, — 1) (a2 + a2 —1)... (a? + an — 1) 
(b2? + by — 1) (b2 + bo — 1)... (b2 + bn — 1) 


for some positive integers Nn,4a1ı,4a2,...,đn,b1,b2,...,bn and assume that 
P1,---)Pk-1 E S. Let us prove that pp € S. By assumption there is n > 1 
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such that p | n2? +n — 1. Let n be the smallest positive integer such that 
pe |n?+n—1. Then n < pk—1 and m = pk — (n+ 1) is a positive integer such 
that pp | m? +m — 1, thus n < mand n < a We deduce that n? +n — 1 
is of the form pks for some s < px. By definition, all prime factors of s are 
among pı, ---, Pk—-1 and thus all prime factors of s are in S. Clearly S is stable 
under product, thus s € S and then 





n? +n-—1 1 


aae ke S. LI 
Pk 12+1-1 m 


4.3.3 Euler’s and Bonse’s inequalities 


The following remarkable inequality goes back to Euler. It immediately 
implies the existence of infinitely many primes, and we will see that it yields 
a very strong estimate for the sum of the inverses of the primes not exceeding 
n. 


Theorem 4.73. (Euler) Let pı, p2, ..., Pk be all primes not exceeding n. Then 








pı p2 Pk 1 1 

E >1+5+.. +2. 

pı—1 p-i Pk— 1 2 n 

Proof. We have for all N > 1 
1 1 l-g" ıı 

Pi 
1+ +.. +- =o ee 

Pi pi ta es p;— 1 


hence 





k k 
Pi 1 1 
> 1+— +... + l. 
II ( Di >) 


ja Pi-1 i 


Expanding the product we obtain 


ko y 
4 

lia > p 

O11,..,0~E{0,1,...,.N} 61 Fk 





On the other hand, by the fundamental theorem of arithmetic, all numbers 
j € [1,n] can be written as a product of powers of primes. If j = gjt...q0" is 
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the prime factorization of j, then max(q;) < j < n, hence q1, ..., qr are among 
1,+--, Dk. Moreover, n > 7 > 2% > a; for all i. Hence if we take N = n we 
conclude that 


Shee p 
-ai Qk — - +... +t. 
a1.. ak E{0,1,... N} P1 Pk 2 n 
Combining this with the first inequality yields the desired result. o 


Theorem 4.74. (Euler) For all n > 1 we have 


1 
D — > lnlnn - 1, 
psn 


the sum being taken over all primes not exceeding n. In particular, 
1 
Tien 
p P 


i.e. the sum of the inverses of all primes diverges. 


Proof. The inequality x > ln(1 + x) holds for all x > 0. Using it, we obtain 


D22 (1+: p) =È dae +1)- — In(k)) = In(n + 1). 
k=1 k=1 k=1 


On the other hand, letting pj, ..., Pk the primes not exceeding n, we have (using 
the inequality z < e” — 1) 


h-i 


ji Pi-t i 


k 


k 
1 = yas 
< py-l — i=1 pj-1, 
z) S | | e €e 


Pi — i=l 








Combining these inequalities with the one obtained in the previous theorem 


we obtain 
k 


> — > ln(ln(n + 1)). 
i=1 Ft 
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It suffices therefore to prove that 


2 





k 
O <1 


i=] Pi j= Pi 
or equivalently 
> Al 
<1 
D pi(pi — 1) 


But since p; > i + 1 we have 


sol o6 1 _A/_1 : 
Yair Swen ~~ zaa) <4 


i=1 Di( Di a 1) i= 








as desired. E 


Remark 4.75. The inequality established in the previous theorem is remarkably 
strong. More precisely, one can prove (with quite a lot of work) that 


lim È sa nian) = 0.2614..., 
n—> 00 p 
psn 


so in terms of growth the inequality is essentially optimal! 


It will be convenient for the next examples and results to have a notation 
for the nth prime. 


Definition 4.76. If n is a positive integer, we let pn be the nth prime number, 
thus pı = 2 < p2 = 3 < p3 = 5 < p4 = 7 < ... is the increasing infinite sequence 
of primes. 


Example 4.77. Prove that for all n > 1 we have 


aoa 
2e 500" 
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Proof. For k > 4 we have pẹ > 2k — 1 hence p? > 4k(k — 1) and so 


= <3( 1 =) 
pe 4A\k-1 k/- 


We deduce that 


ee i+; a pa ACen =) < eee ee 

= p2 k 4 9 25 12 
A rk i is equal to 4 5 1 and so we are reduced to checking that 
< = = a which in turn is equivalent to 81 > 80. O 


Remark 4.78. The phenomena appearing in the last two examples are very 
similar to the behavior of the sequence of positive integers: we have 


n 
1 
Soa <2 
2 
k=1 k 
for all n > 1, but there is no real number M such that 


a i 
S -<M 
ki © 


for all n. In other words }`k>1 t = 00. 


Example 4.79. Let pn be the nth prime. Prove that 
a) Pn > 2n for n > 5. 
b) Pn > 3n for n > 12. 


Proof. a) We prove this by induction. For n = 5 we have ps = 11 > 2-5, so 
assume that pn > 2n and let us prove that pn+1 > 2(n +1). But pPn+1 is odd 
and greater than pn, which is also odd, hence pn+1 > Pn +2 > 2n +2, and the 
result follows. 

b) Again, we prove this by induction. A direct computation shows that 
pı2 = 37 > 3-12, so assume that pn > 3n and let us prove that pn+1 > 3(n+1). 
As before, Pn41 > Pn +2 > 38n+1+4+2 = 3(n+1). Since 3(n+1) is not a prime, 
the previous inequality cannot be an equality and so Ppn+1 > 3(n + 1). O 
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Remark 4.80. It is true, but not easy to prove that for any positive integer k 
there is ną such that for all n > ng we have pn > kn. We will see a proof of 
this result later on. 


The next example uses a similar argument to Euclid’s one, but it is techni- 
cally more involved. We will use it to give a very elementary proof of a famous 
inequality of Bonse, and then give some interesting arithmetic applications of 
this inequality. 


Example 4.81. Prove that if n > 4 then 


P1P2---Pn Z Ppn+n—2 + P1P2---Pn—1 + Pn- 


Proof. Write the inequality as 


P1---Pn—1(Pn = 1) — Pn = Ppn+n-1 


and consider the numbers x, = kpıp2...Pn-1 — Pn for 2 < k < pn. We need to 
prove that %p,-1 Z Ppn+n-2- 

First, note that p1ı...Pn-1 — 1 is greater than 1 and is relatively prime 
tO P1,P2,-.-;Pn—1, SO all of its prime divisors are at least pn, in particular 
P1---Pn—1 > Pn + L and so £k > 2(pn + 1) — Pn = Pn + 1 for 2 < k < pnr. 

Next, we claim that the numbers zę are pairwise relatively prime. Indeed, 
if a prime q divides xz and xj for some 2 < j < k < pn, then it divides 
£k — £j = (k — j)pı-.-Pn-1. Now q  pi,...,Pn—1 Since none of these primes 
divide x, (as they don’t divide pn), so q | k — j. But then q < Pn and so 
q E€ {pi, ..-;Pn—1}, a contradiction. 

Now, let qx be the smallest prime factor of x, then q2, ..., dp,—1 are Pn — 2 
pairwise distinct prime numbers by the previous paragraph, and they are all 
larger than pn, since clearly zz is relatively prime to p}...p,. Thus 


max(q2, ---;Qp,—1) > Pntpn—2 


and thus 
Lp,—1 = Max(qo, 69 pn—1) 2 Pntpn—2) 


as desired. O 


176 Chapter 4. The fundamental theorem of arithmetic 


Example 4.82. (Bonse’s inequality) For n > 4 we have 


P1P2---Dn > P241- 


and for n > 5 we have 
P1P2---Pn—1 > tee 


Proof. One can check the first inequality for n = 4 without any problem, so it 
suffices to prove the stronger inequality p1...Pn-1 > P2 +1 for n > 5. Assume 
first that n > 12 and let k = |3| so 2k < n < 2k +1. Then k > 6 and 


P1---Pn—-1 > P1---P2k-2 > (p1..-Dk—-1)”. 


Using the previous example, the last quantity is greater than pe 4-3 and 
so it suffices to check that pp_1 + k — 3 > n + 1, or the stronger inequality 
Pk-1 + k — 3 > 2k +2. This reduces to pp_; > k + 5 and is easily checked for 
k > 6. Hence the result is proved for n > 12. Next, Note that 


xe = 4]? < 2000 < 2-3-5-7-11= pipop3paps 
hence the result holds for 5 < n < 12 too. O 


We illustrate the usefulness of Bonse’s inequality with two examples: 


Example 4.83. a) Find the largest integer n > 3 such that any integer (strictly) 
between 1 and n and relatively prime to n is a prime number. 

b) Determine the largest odd integer n > 3 such that any odd integer 
(strictly) between 1 and n and relatively prime to n is a prime number. 


Proof. a) Let n be such an integer and let pj, po,... be the increasing sequence 
of primes. Let m be the largest positive integer such that p2, < n, son < Dae 
Assume that m > 4, then p}...Dm > p2, +1 = n by Bonse’s inequality, hence n is 
relatively prime to one of the primes p1, ..., Pm, say with p;. Then p$ < p2, <n 
is relatively prime to n and not a prime, contradiction. Thus m < 3 and so 
ns pi = 49. Assume that n > 25. Then n cannot be relatively prime to 
4,9,25, hence n must be a multiple of 2,3 and 5 and so a multiple of 30. 
Since n < 49, this yields n = 30. Conversely, the smallest composite number 


4.3. Infinitude of primes 177 


relatively prime to 30 is 49, so 30 has the desired property and so it is indeed 
the solution of the problem. 

b) The argument is similar: if n is such an integer and p2, < n < Pint 
then we cannot have m > 5: otherwise po...pm > p2, 4, by Bonse’s inequality 
and as above n is relatively prime to some p? with 2 < j < m, contradicting 
the hypothesis. Thus m < 4 and n < p? = 121. Assuming that n > 49, we 
see that n cannot be relatively prime to 9,25,49 and so n is a multiple of 
3-5.7 = 105. Since n < 121, this yields n = 105. Conversely, the smallest 
odd composite number relatively prime to 105 is 121, so 105 is the solution of 
the problem. O 


Example 4.84. (Kolmogorov Cup) Find all odd primes p such that 1+k(p—1) 
is prime for all k € {1,2,..., poh. 


Proof. One checks that p = 3 is a solution of the problem, so assume that 
p > 5. Suppose that q < po is a prime and that q does not divide p — 1. 
Then we can find k € {1,...,q} C {1,..., b=} such that q | 1+ k(p — 1), since 
the numbers p— 1, 2(p—1),...,q(p—1) give pairwise distinct remainders when 
divided by q. But then 1 + k(p — 1) is not prime, since it is divisible by q and 
greater than q. 

The previous paragraph shows that p — 1 must be a multiple of all primes 
not exceeding P=, Let pi = 2, p2 = 3,... be the sequence of primes and let m 
be the largest positive integer for which pm < a Then p1...Pm | p — 1 by 
the above discussion, hence 


p — 1 > pip2...Dm- 


If m > 4 Bonse’s inequality yields 


2 
p—1 
p- 1> phy > (27) i 


which contradicts the assumption that p > 5. Thus m < 3 and since P= < 
Pm+1 we obtain p < 15. A tedious check shows that p = 3 and p = 7 are the 
solutions of the problem. O 
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4.4 Arithmetic functions 


4.4.1 Classical arithmetic functions 


We will discuss in this section a few properties of some classical arithmetic 
functions, such as the number of divisors of a given integer, its sum of divi- 
sors, the number of prime factors of that integer, Euler’s totient function, the 
Mobius function, etc. Before saying anything more about specific arithmetic 
functions, let us make clear what we mean by that: 


Definition 4.85. An arithmetic function is a map f : N — C defined on the 
set of positive integers, with complex values. 


Readers not confortable with complex numbers can very well assume that 
all arithmetic functions take real values (as will be the case in practice). Ac- 
tually, most of the time we will deal with integer-valued arithmetic functions, 
but it is useful to include more general functions as well (for instance, since 
we will often consider the quotient of two integer-valued arithmetic functions, 
or the square root of an arithmetic function). 

From time to time it is more convenient to think of an arithmetic function 
f is being defined on [1,00), by defining f(x) = f(|x]|) for x > 1. We will 
always take this convention when writing f(x) for some x > 1 (not necessarily 
an integer) and some arithmetic function f. Note that we could have also 
included 0 in the domain or f, or allowed negative integers, etc. 

Let us give a few classical examples of arithmetic functions, which will also 
allow us to introduce notation that will be used from now on constantly when 
dealing with arithmetic functions. 


1. One of the most important arithmetic functions is Euler’s totient func- 
tion y, defined by letting y(n) be the number of integers between 1 and 
n (inclusive) that are relatively prime to n. This fundamental function 
will be studied in more detail later on in this section. For example, 
(12) = 4, since the numbers relatively prime to 12 between 1 and 12 
are 1,5, 7,11. 


2. We define the arithmetic function r by letting T(n) be the number of 
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positive divisors of n. For instance 7(12) = 6 since the divisors of 12 are 
1, 2,3, 4,6, 12. 


3. The function ø is defined by letting o(n) be the sum of the positive 
divisors of n. For example o(12) = 28. 


4. The functions w and Q are defined by: w(n) is the number of different 
prime factors of n (with the convention that w(1) = 0); Q(n) is the 
number of prime factors of n, counting multiplicities, and deciding that 
Q(1) = 0. In other words, if n = př... pës is the prime factorization of 
n, then 

wln) =s, Q(n)= ki +... + ks. 


For instance w(12) = 2 and Q(12) = 3, since the prime factors of 12 are 
2 (with multiplicity 2) and 3 (with multiplicity 1). Note the very useful 
identity 

Q(ab) = Q(a) + Q(b) 
which holds for any integers a,b > 1. On the other hand, the equality 


w(ab) = w(a) + w(b) does not hold in general, but it does hold when a 
and 6 are relatively prime. 


5. One of the most important arithmetic functions is 7, that counts primes 
not exceeding n, in other words 


n(n) = So1 


pan 
is the number of primes between 2 and n. 


6. A very important function (studied in more detail in a later section) is 
the Mobius function u. This has a rather exotic definition: u(1) = 1, 
u(n) = 0 if n is not squarefree (i.e. if there is a prime p such that p° | n) 
and p(p1p2...-pp) = (—1)* for distinct prime numbers pı, ..., py. In other 
words 


u(n) = (—-1)° if w(n) =Q(n), u(n)=0 otherwise. 
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7. For any prime p one can define an arithmetic function vp by letting vp(n) 
be the exponent of p in the prime factorization of n. These functions 
play a key role in the study of primes and congruences, and chapter 5 
will be devoted to them. 


8. For each k > 2, define a function rg by setting r,(n) to be the number 
of k-tuples of integers (21,...,2%) such that n = z? + ... + x2. These 
functions also play a very important role in arithmetic, and we will find 
later on an explicit formula for ro(n). Finding r3(n) is a much more 
difficult problem. 


9. If f is an arithmetic function, one can create two new arithmetic func- 
tions by setting 


F(n)= So f(k), Gln) = OFM. 
k=1 


d|n 


Many difficult problems and theorems in analytic number theory are 
concerned with the behavior of the functions F and G when f is one of 
the functions introduced above. 


10. More generally, if f and g are arithmetic functions, we can define a new 
arithmetic function f * g (called the convolution product of f and g) by 


fxg = fda (5), 


d|n 


the sum being taken over the positive divisors d of n. For instance 
T = 11, where 1 is the arithmetic function sending every n to 1, and 
o = 1 xid where id is the identity function, sending every n to n. We 
leave it to the reader to check that f*g = g* f and (f*g)*h = f*(gx*h) 
for any arithmetic functions f, g, h. 


Before moving on to more theoretical results, let us discuss a few problems 
that involve some of the previously introduced functions. The simple obser- 
vation that when d runs over the positive divisors of n, so does Ẹ is a source 
of many identities in number theory. We invoke this very simple but rather 
useful observation to give a few more practical examples. 
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Example 4.86. Prove that for all n > 1 we have 


Ifa = TET 


d|n 





Proof. If 1 = dı < dz < ... < dy = n are the positive divisors of n, then so are 


1 < PE Eog T. Hence dıdk = dz2dk-1 = ... = dkdı = n, and multiplying 


these equalities yields 





(didz...dp)? = nË = n™™, 
The result follows, since J [ajn d = dıd2...dp. E 


Example 4.87. Show that if n + 1 is a multiple of 24, then o(n) is a multiple 
of 24. 


Proof. First, we observe that n is not a square, since otherwise n + 1 would 
not even be a multiple of 3. Thus the positive divisors of n can be partitioned 
into pairs (a,b), with ab = n. Since a(n) is the sum of the elements of these 
pairs, it is enough to prove that a +b = 0 (mod 24) whenever ab = n. Now, 
ab = —1 (mod 24), hence a and b are odd and relatively prime to 3. But if 
x is an odd integer relatively prime to 3, we have z? = 1 (mod 24). Indeed, 


xr? = 1 (mod 3) is immediate and z? = 1 (mod 8) is classical. Thus ab = —1 
(mod 24) implies a = ab? = —b (mod 24), which is the desired result a+b = 0 
(mod 24). O 


Example 4.88. (IMO 2002) Let n > 2 be a positive integer with divisors 
1 = dı < d2 < ... < dk = n. Prove that dıd2 + d2d3 + ... + dk—-ıdķk is less 


than n?, and determine when it is a divisor of n?. 


Proof. Since di - dk4+1—;i = n, we can write 


n n n n n n 
didg + dəd3 + ... + dk-ıdk = dy dki a E Pe he 


It suffices therefore to prove that 


1 1 


1 
gee eg Bae as oe. 
dıdə dəd3 dk—-ıdk 
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However, we have d; > i, since the sequence dj,...,dz is strictly increasing. 
Hence 


eee eee a ae ree ee eT FE. 
dıd2 dəd3 E dk-—ıd ~ 1-2 2.3 E (k—1)k 
rL A 1 1 1 
=l]--+---+-4+...+——--=l1--<l 
ae aes re k S 


Now, suppose that S = didə +... + d,_1d; divides n? and observe that 


2 2 
n n n 
lsk S 


e, 
S ` dride di 





Now by definition də is the smallest prime divisor of n, which is also the 
smallest prime divisor of n?. On the other hand, the above inequality shows 
that ne is a proper divisor of n? which does not exceed dz. It follows that 
ni = d and S = dķg—ıdķk, that is k = 2. Hence n = dz is a prime. Conversely, 
if n is a prime, then S = n divides n?. Thus S divides n? if and only if n is a 
prime number. E 


The next problems are related to the function Q. 


Example 4.89. (China TST 2013) For a positive integer N > 1 with prime 
factorization N = pf p3? -+ pp", we define O(N) = a1 +ag+---+ ak. Let 
41,02, .. -an be positive integers and let f(x) = (x + a1)(x + a2): -- (£ + an). 
Prove that if Q(f(k)) is even for all positive integers k, then n is even. 


Proof. Since Q(ab) = Q(a) + Q(b) for all integers a,b > 1, it follows from the 
hypothesis of the problem that 0(f(21)...f(x,)) is even for all positive integers 
T1, £k. One easily checks that 


I-II f+) =- Ti+ T] (a +a; +2) 
i=1 1i=1 


1<i<j<n 


We deduce that Q(2”) = n is even. O 
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Example 4.90. (Romanian Masters in Mathematics 2011) Given a positive 
S 


integer n with prime factorization n = || p?*, let A(n) = (—1)™*t%*. Prove 
i=1 


that: 
a) There are infinitely many positive integers n such that 


Aln) = A(n+ 1) = 1. 
b) For infinitely many n we have A(n) = A(n + 1) = -1. 


Proof. We start by observing that A(mn) = A(m)-A(n) for all positive integers 
m,n, and that A(n?) = 1 for any positive integer n. 

a) Note that (9) = A(10) = 1, so there are certainly positive integers n 
such that A(n) = A(n+1) = 1. Assume that there are only finitely many such 
n, so there is N > 1 such that if n > N then one of the numbers A(n) and 
A(n + 1) is different from 1. If a > N +1, then \(a* — 1) cannot be 1, since 
A(a?) = 1. Thus \(a* — 1) = —1 and so \(a—1)+ A(a+-1) =0 fora > N +1. 
In particular \(a) = —A(a+ 2) = A(a + 4) fora > N + 1. If x > N +1, we 
deduce that 


1 = d(4a7) = d(4a? + 4) =... = A(4z? + 4r) = A((2e + 1)? — 1) = —1, 


a contradiction. 

b) It is again not difficult to find explicitly one such n, since (2) = A(3) = 
—1. Assume that there are only finitely many such n, thus there is N > 1 such 
that for n > N at least one of the numbers A(n) and A(n + 1) is not —1. Take 
k > N + 1 such that \(2k + 1) = —1, for instance k = pot with p > 2N+3 
a prime. Then \(2k) = 1 and so A(k) = —1. But then A\(k +1) = 1 and so 
A(2k + 2) = —1 = A(2k + 1), a contradiction. O 


Remark 4.91. The problem can be also easily solved using the Pell equation. 
The equation z? — 6y? = 1 solves part a): if (x,y) is a solution of the equation, 
then clearly 

1 = A(z?) = A(6y*) = A(z? — 1). 


For the second part, we use the equation 3z?—2y? = 1, which also has infinitely 
many solutions. 
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Example 4.92. (IMO Shortlist 2009) A positive integer N is called balanced if 
N = l orif N can be written as a product of an even number of not necessarily 
distinct primes. Let a,b be positive integers and let P(x) = (x +a)(x + b) for 
each positive integer zx. 

(a) Prove that there exist distinct positive integers a and b such that all 
numbers P(1), P(2),..., P(50) are balanced. 

(b) Prove that if P(n) is balanced for all positive integers n, then a = b. 


Proof. Let Q(n) be the number of prime divisors of n, counted with multiplic- 
ities. Then n is balanced if and only if Q(n) is even. We have already seen 
that Q(ab) = Q(a) + Q(b) for all positive integers a,b. Thus, Q(a) and Q(b) 
have the same parity if and only if ab is balanced. 

a) Our aim is to prove the existence of a, b such that Q(a +i) and Q(b +i) 
have the same parity for all 1 < 2 < 50. This is a simple application of 
the pigeonhole principle: for each positive integer a consider the sequence 
(z1(a),...,%50(a)), where z;(a) is the remainder of Q(a + i) when divided by 
2. Since there are infinitely many positive integers and only finitely many 
sequences of length 50 with entries in {0,1}, two positive integers a,b will 
have the same associated sequence. This is just another way of saying that 
Q(a +i) and Q(b + i) have the same parity for all 1 < į < 50, so we are done. 

b) Suppose that a # b and, without loss of generality, that a < b. By 
assumption Q(n+a) = Q(n+b) (mod 2) for all n > 1, thus N(k) = O(k+b—a) 
(mod 2) for all k > 1. It follows that Q(k) = Q(k + j(b — a)) (mod 2) for all 
k,7 > 1. In particular 


2(b(b—a)) = 2(b(b—a) +b(b—a)) = 2(2b(b—a)) = 14+(b(b—a)) (mod 2), 


which is certainly absurd. E 


4.4.2 Multiplicative functions 


A very important class of arithmetic functions is that of multiplicative 
(respectively totally multiplicative) functions, which we define as follows: 


Definition 4.93. An arithmetic function f is called multiplicative (respec- 
tively totally multiplicative) if f(mn) = f(m)f(n) for all relatively prime 
positive integers m,n (respectively for all positive integers m, n). 
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Let us make a few simple remarks about multiplicative functions. First, 
note that any totally multiplicative function is multiplicative, but the converse 
is false. Also, note that if f is a multiplicative function, then 


fin) = f(n-1) = f(n)fQ) 


for all positive integers n, thus either f vanishes identically or f(1) = 1. Thus 
all interesting multiplicative functions f satisfy f(1) = 1. Secondly, if f is a 
multiplicative function, then f is uniquely determined by its values on prime 
powers, since any positive integer can be written as a product of powers of 
primes, and 
fer pi) = fpi) ok) 

for all pairwise distinct primes pı, ..., Pn and all nonnegative integers kı, ..., kn. 
A very useful consequence of this observation is that if we are asked to prove 
that two multiplicative functions f,g are equal, then it suffices to check that 
they agree on prime powers (which is usually much easier to check in practice!). 

Many important arithmetic functions are multiplicative. The next simple 
theorem establishes the multiplicative character of the functions 7 and a, by 
giving explicit formulae for T(n) and o(n) in terms of the prime factorization 
of n. These formulae are very important when dealing with these functions. 


Theorem 4.94. If n = pips -pe is the prime factorization of n > 1, then 


T(n) = (a1 + 1)(@2 +1)...(@m + 1) 


and = ee T 
pi ` —1 pert —1 
a(n =|] Lo. p SS a M E 


Proof. The fundamental theorem of arithmetic allows us to describe all positive 
divisors of n = p]' ps” ...p%”. Namely, they are exactly all numbers pe 1 ppm 
for some ĝı € {0,1,...,a1},..., Bm E {0,1,...,Q@m} (and two such divisors are 
equal if and only if the corresponding m-tuples (81, ..., Bm) and (63, ..., Bhn) are 
equal). Since £; can take a; + 1 possible values, the formula for T(n) is clear. 
For a(n) we obtain 


o(n) = ` D m ` ph’... ppr 


0<f1<a1 0<fe<agq 0<Bm<am 
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= y pf! RE 5 pêr 
0<Ai<a1 0<Bm<am 


and the result follows using the identity 
n+l _ 1 
EEEE O 
xr—i 
The next problems illustrate the use of the previous explicit formulae for 
the 7 function. 


Example 4.95. Prove that T(n) is odd if and only if n is a perfect square. 
Proof. If n = p{}...pp* is the prime factorization of n, then 
T(n) = (a, + 1)(a2 + 1)... (a, + 1) 


is odd if and only if each factor a; + 1 is odd, that is if and only if each a; is 
even. This is of course equivalent to n being a square. oO 


Example 4.96. (Belarus 1999) Let a,b be positive integers such that the prod- 
uct of all positive divisors of a equals the product of all positive divisors of b. 
Prove that a = b. 


Proof. By assumption and example 4.86 we have a7(*) = 67). This immedi- 


ately implies that a and b have the same prime factors, call them pj, ...,p,. Let 


a = pi" ...p;" and b = p{’...pt* for some positive integers 21, ..., Tk, Y1,--+5 Yk- 


The equality a7(®) = 67) forces x;7(a) = yj (b) for all i. Let 


u = CE o and v = E 
gcd(r(a),7(6)) ged(r(a),7(0)) 


so that gcd(u,v) = 1 and ux; = vy;. We deduce that y; = uz; and zi = vz; 
for some positive integers z;. Thus 


C= ape) OT ep.) 
Clearly, if u > v then 


T(a) = (1 + uz1)...(1 + uz) > (1 + v21)...(1 + vz) = 7 (0) 
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and so a7(®) > 67), Similarly we cannot have u < v, thus u = v, zi = yi for 
all ¿ and finally a = b. O 


Example 4.97. Prove that for all n > 1 we have 


n(n!) 
r((n-1)) > 


Proof. If n is a prime, then n and (n — 1)! are relatively prime and so the 
proposed inequality is an equality. Assume from now on that n is composite 
and write 


n= pi) eP 
for its prime factorization (note that p; < n for all i). Write 
b s 
(n-— 1)! = p+ .-DyP TERA 
where q; are the primes not exceeding n — 1 and not belonging to {p1, ..., px}. 


Then i 
T(n!) ai +bi+1 
T((n — 1)!) -jetan bi +1 =IE (1+ "este 





We need to prove that this expression is < 2. Note that since p; | n, the 
numbers pi, 2p;, .--, (2 — 1) p;i appear in the product defining (n — 1)!, thus 


ai 





Letting z; = p;*, we have z; > 2 for alli, n = 21...4% and 7}, ..., £k are pairwise 


distinct integers. Moreover, we clearly have 
Qi— —l ay— 1 
= Pi: Pi > pi: 2 > Qipi. 


It is thus sufficient to prove that 
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This is clear if k = 1. For k > 2 it follows by an easily noting that the 


inequality 
(1+=) (1+ 4) a 
n n n 


rearranges to ++ 2 +4 < 1. Since for k > 2, we have zı > 2, xq > 3, 
and n > 6, this inequality holds for x and y any nonempty product of 2;’s. 
Iterating this gives 


k ° 
[] (1+) <14+ 7" -2 go 
Hi 4 1 


Example 4.98. (China TST 2015) For n > 1 define 


f(n) = T(n!) — T((n = 1). 


Prove that there are infinitely many composite numbers n such that for all 
1<m< n we have f(m) < f(n). 


Proof. We try some of the simplest possible composite numbers, namely n = 
2p with p > 2 a prime. We will prove that they are all solutions of the problem. 
Let us compute first f (2p) = 7((2p)!) — T((2p — 1)!). Note that (2p — 1)! is 
divisible by p exactly once, so we can write (2p — 1)! = px with x relatively 
prime to p. Then (2p)! = 2px and so 


f (2p) = T(2p°z) — T(px) = T(p*)r(2x) — T(p)r(£) > 3T(x) — 27(z) = T(z), 


the inequality being a consequence of the fact that T(2x) > r(x). It is thus 
enough to prove that for each m € {2,3,...,2p — 1} we have f(m) < T(x). By 
example 4.97 we know that 


pj a < E D _ 189) _ +a, 


thus we are done. O 
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We will give now another argument for the multiplicative character of the 
functions T and øg, since this argument applies in many other situations. Note 


that 
= ` l a(n) = Sod 


d|n d\n 
and that the constant function 1 and the identity function are obviously mul- 
tiplicative. The next theorem immediately implies that 7 and o are multi- 
plicative. Before stating this theorem, we recall that if f,g are arithmetic 
functions, the convolution product f * g of f and g is defined by 


+(e) = PSAs 9 (3). 


Theorem 4.99. The convolution product of two multiplicative functions is a 
multiplicative function. In particular, if f is multiplicative, then the function 


F defined by 
=> f(d) 


d|n 


is also multiplicative. 


Proof. Suppose that f and g are multiplicative and let m,n be relatively prime 
positive integers. Then each positive divisor d of mn can be uniquely written 
d = did, with d,,d2 positive divisors of m and n respectively. This follows 
easily from the fundamental theorem of arithmetic and from Gauss’ lemma. 
Hence we can write 


f *g(mn) = = Ko ( T r) È tawha z). 


Now, note that since gcd(m,n) = 1, we also have 


n 
gcd(d,,d2) = 1 and gcd (z, z) =i. 


Thus using the fact that f and g are multiplicative we obtain 


fxg(mn)= > (di) f(d)o (F *) 9 (=) 


di|m,dg|n 
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= > faa (2) Die (=) =F+9(m)- Fx gln), 


di|m 


proving that f * g is multiplicative. O 
Example 4.100. (Liouville’s theorem) Prove that for all positive integers n, 
2 
X o) = yaa): 
d|n d\n 


Proof. Both sides are multiplicative functions of n by the previous theorem, 
hence it suffices to prove the equality when n is a power of a prime p, say 
n = pë. Then 


E E 
a re a 


d\n j=0 j=l 
and ‘ 
+1 2 2 
3 3 (k+1) (k + 2) 
S_7(d) = 2 A a 
d|n j=l 
The result follows. O 


We end this section with some miscellaneous problems in which the concept 
of multiplicative function plays a crucial role. 


Example 4.101. (Balkan Mathematical Olympiad 1991) Prove that there is no 
bijection f : N > {0,1,2,...} such that for all m,n € N 


f(mn) = f(m) + fin) +3f(m)f (n). 


Proof. Assuming that such a bijection f exists, define g(n) = 3f (n) + 1 and 
let S be the set of positive integers congruent to 1 mod 3. Then g: N > S 
is a bijection such that g(mn) = g(m)g(n) for any m,n € N, i.e. g is totally 
multiplicative, in particular g(1) = 1. Let p,q,r € N be such that g(p) = 4, 
g(q) = 10 and g(r) = 25. Since any of the numbers 4, 10 and 25 is not a product 
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of two numbers from the set S \ {1} and since g is totally multiplicative, it 
follows that p, q and r are distinct prime numbers. On the other hand, 


g(pr) = 9(p)g(r) = 10° = 9°(q) = g(a") 
and so pr = q’, a contradiction. E 


Example 4.102. (Turkey 1995) Find all surjective functions f : N —> N such 
that for all m,n € N we have m |n if and only if f(m) | f(n). 


Proof. Note that f is injective, since f(m) = f(n) forces m | n and n | m, 
thus m = n. Next, f(1) | f(n) for all n > 1 and since there is n such that 
f(n) = 1, we deduce that f(1) = 1. 

Let m,n be relatively prime positive integers. Then f(m) and f(n) are 
relatively prime: if they had a common divisor d > 1, then d = f(k) for 
some k > 1 and then k divides both m and n, a contradiction. Next, since 
f(m) and f(n) both divide f(mn), we deduce that f(m)f(n) | f(mn). On 
the other hand, f(m)f(n) = f(c) for some c > 1, and c is a multiple of m and 
n, thus a multiple of mn. But f(c) | f(mn), thus c | mn and finally c = mn. 
In other words, f(mn) = f(m)f(n) when m,n are relatively prime and so if 
we pi! ..p*" is the prime factorization of n, then 


f(n) = Fpi). f OP). 


It remains thus to understand f(pf) when p is a prime and k > 1. Note 
that f(p) > 1 = f(1), since f is injective, and f(p) has no proper divisor: 
if d was such a divisor, then d = f(c) and c would be a proper divisor of p, 
impossible. Thus f(p) is also a prime. Conversely, if f(n) is a prime for some 
n, then n is a prime (same argument as above). Thus the restriction of f to 
the set of prime numbers is a permutation of this set. 

Finally, we will prove that f(p") = f(p)* for any prime p and any k > 1, 
by induction on k. Assume that f(pf) = f(p)Í for 1 < j < k — 1. Then f(p*) 
is divisible by f(p)*~! and its divisors are precisely f(c) with c | p*, that 
is the numbers 1, f(p),..., f(p)*~!, f (p). We deduce from this that f(p*) = 
f(p)*—! - f(p) = f(p)* and the inductive step is finished. 
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The previous discussion shows that there is a permutation (ap)p of the set 
of prime numbers such that 


fin) = TT apr. 
pin 


Conversely, it is clear that any such function is a solution of the problem. O 


Example 4.103. (IMO Shortlist 1996) Find a bijection f: {0,1,2,...} 7 
{0,1,2,...} that satisfies 


f(3mn + m+n) =4f(m)f(n) + f(m) + fín) 
for all m,n > 0. 


Proof. Note that the condition can be written 
f (= + 1)(3n + 1) — =) _ (4f(m) + 1)(4f(n) +1) -1 
3 7 4 


Letting A = {3k+1|k > 0}, the previous relation suggests defining a function 
h: A > {1,2,...} by 





3 


The problem is then equivalent to constructing a bijection h between A and 
the set B = {4k + 1| k > 0} such that h(mn) = h(m)h(n) for all m,n € A. 

We set h(1) = 1 and consider the set U of all primes of form 3k — 1, the 
set V of all primes of form 3k + 1, the set X of all primes of form 4k — 1 and 
finally the set Y of all primes of form 4k + 1. By Dirichlet’s theorem each 
of the sets U,V, X,Y is infinite. (An elementary proof of this for U and X 
was given in example 4.56. For V and Y an elementary proof will be given in 
example 5.31.) Thus we can construct a bijection hı between U and X and 
a bijection hz between V and Y (to do so, enumerate in increasing order the 
elements uj < ug <... and zı < T2 < ... of U, respectively X, and map u to 
£1, U2 tO T2,...). If n € A and 


k 
i=1 


Nays (==) oe 


b 
Vj’ 
ay 


4 
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is the prime factorization of n, define 
k l 
h(n) = I] hy(u;)™ - I] ho(v)”. 
i=1 i=1 


Note that h(n) € B, since )~*_, a; is even (because n = 1 (mod 3) and u; = —1 
(mod 3), while v; = 1 (mod 3)) and hi(u;) = —1 (mod 4), while ha(v;) = 1 
(mod 4) for all i. One can construct an inverse h~! of h using the inverses 
of hı and hg on X and Y, using exactly the same recipe and arguments as 
above. O 


Example 4.104. (IMO 1998) Consider all functions f : N — N such that 


f(n*f(m)) = mfn)? 
for all m,n € N. Find the least possible value of f (1998). 


Proof. Let f be such a function and define a = f(1). Since f(f(m)) = am 
and f(an?) = f(n)? for all m,n (set n = 1 and m = 1 in the given relation), 
we obtain 


f(m)*f(n)? = f(m)* flan”) = f(m f(f(an*))) = f(m*a°n*) = flamn)’, 


i.e. f(m)f(n) = f(amn). In particular, f(am) = af(m) and therefore 


af(mn) = f(m) f(n). 


An immediate induction then shows that f(n)* = a*—!f(n*) for all k, thus 
a®-1 | f(n)! for all k. If p is a prime factor of a and if a, 8 are the exponents 
of p in the prime factorization of a, respectively f(n), we obtain (k—1)a < kB 
for all k > 1, thus a < £. It follows that a divides f(n) for all n € N, hence 
the function 


g:N-N, g(n) = 2) 


is well-defined and satisfies 


g(mn) = g(m)g(n) and g(g(m)) =m 
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for all m,n € N. In particular, g is bijective, and moreover g maps prime 
numbers to prime numbers. Indeed, if p is a prime and g(p) = ab for some 
integers a,b > 1, then p = g(g(p)) = g(a)g(b), thus g(a) = 1 = g(1) or 
g(b) = 1 = g(1), contradicting the injectivity of g. Letting P be the set of 
prime numbers, we obtain that g : P — P is an involution, i.e. g(g(p)) = p. 
Conversely, given an involution g of P and a € N, one obtains a map f as in 
the statement of the problem by defining f(n) = ag(n), where g(1) = 1 and 


k 
g(r) = [ [ oni) 


i=l 


if n = [$] p% is the prime factorization of n > 1. 
Finally, observe that since g(2), g(3) and g(37) are different prime numbers, 
we have 
g(2)g(3)*g(37) = 3 - 2° - 5 = 120, 


hence 
f(1998) = f(2- 3° - 37) = f(1)g(2)g(3)°9(37) > 120. 


In order to see that this lower bound is attained, set 


a = f(1) = 1, g(2) = 3, g(3) = 2, g(5) = 37, g(37) =5 


and g(p) = p for all prime numbers p # 2,3,5,37. Then g(g(p)) = p for 
all p € P and as we said above these data determine uniquely a function 
f : N — N with the desired properties. Thus the answer of the problem is 
120. O 


4.4.3 Euler’s phi function 


In this section we study in more detail the fundamental totient function 
yp: N > N. Recall that y(n) is the number of integers between 1 and n 
(inclusive) that are relatively prime to n. The map ọ is called Euler’s totient 
function or Euler’s phi function, while an integer a € {1,2,...,n} which is 
relatively prime to n is called a totative of n. 

Clearly y(1) = 1 and y(p) = p—1 for any prime p, since the totatives of p 
are 1,2,...,p—1. More generally, if n > 1 and p is a prime, then the totatives 
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of p” are the numbers in {1, 2, ..., p” } which are not divisible by p. Since there 
n—1 


are p”—~ multiples of p in {1,2,...,p”}, it follows that 


A _ 1 
pp”) = p” — p™ * = pt (p — 1) = p” G: 


We will now explain how to find a closed formula for y(n), using a combinato- 


rial argument based on the following very useful result (we denote by |A| the 
number of elements of a finite set A). 


Proposition 4.105. (inclusion-exclusion principle) For any family of finite 
subsets Aı,..., Ak of a set X we have 


k 


JA 


i=1 


k 
=S|Al-— X |A;UAj|+-..+ (-1)F A120... Arl. 


1<i<j<k 








Proof. If B C X is a subset and x € X, let lzcp be equal to 1 if x € B 
and 0 otherwise. Then clearly |B| = zex lzeB if B C X is finite and 
lzeBin...nBa = lzeBı  -- * lzeB, for all subsets B, B1, ..., Ba of X. Let R be 
the right-hand side of the equality we want to establish. Then using the above 
observations we obtain 


R = ` È lre4; — X lzed; ` lees, ++ (—1)fT red ey 


LEX i<j 


Using the identity 


o -X 22; bat 1 21...24 = 1 -— (1 — 21)...(1 — zx) 


i=1 i<j 
we obtain 


R=}, (1-10 - tes )). 


LEX i=1 
On the other hand, it is clear that for all x € X we have 


k 
1— [a — lzea,) = Lee AWU...UA,? 
i=1 
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thus 


R= >: lee Aqu...UA, = |A1 U...U Apl, 
rEX 


as needed. g 


We are now ready to prove the following crucial theorem. 


Theorem 4.106. For all n œ> 1 we have 


1 
e(n) =n- TT (1-=), 
pin 
the product being taken over all prime divisors p of n, without multiplicities. 
Thus, if n = pî" ...pp" is the prime factorization of n, then 
— = 
p(n) = pi" .-pk" (pi — 1)...(pp — 1). 
Proof. Let n > 1 and let n = pf” ...p;" be the prime factorization of n. Then 
an integer a € {1,2,...,n} is a totative of n if and only if a is not divisible by 
any of the numbers pı, ..., Pk. Equivalently, if A; is the set of multiples of p; 
among 1,2,...,n, then the set of totatives of n is precisely the complement of 


UŽ Aj. It follows that 
k 


y(n) =n—- 








1i=1 


We use the inclusion-exclusion principle to evaluate ka Ail. For this, we 
need to evaluate the number of elements of A; N... N Ai, for alll <r<k 
and all 1 < i1 < ... < irp < k. Fortunately, this is fairly easy, since A;, N 
... N A; consists of those a € {1,2,...,n} which are multiples of p;,,..., Pi, or 
equivalently multiples of pi, p;....p;,. Thus 

n 


Didi. 





|A; Peseti A;,| = 


We conclude that 


on =n-n: Y +n: >. : +.=n-]](1-=), 


1<icj<k PiPs a 





which finishes the proof of theorem 4.106. O | 
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For instance, since 1000 = 235, we obtain 
y(1000) = 27(2 — 1)57(5 — 1) = 400 
and similarly 2016 = 2° - 32 . 7, hence 
(2016) = 2t - 3 - (2 — 1)(3 —1)(7 — 1) = 576. 


Example 4.107. (Komal A 240) Prove that for all m,n > 1 


N p(m 55 1 
1<k<n k= ne k=] k 
gcd(k,m)=1 


Proof. Let p1,...,ps be the prime factors of m, without counting multiplicities. 
The inequality is equivalent to 


1 1 L | 
Hae. Dy. N 
i=l = Pi 1<k<n k k=1 k 
ged(k,m)=1 


or 


: 1 1 ee 
|e ene en eee (a T2 73 
H(i j >. oe 


gcd(k,m)=1 


Expanding brutally the expression in the left-hand side, we obtain an infinite 
sum, among whose terms we have all 


1 
pi! tas - pes r 
with k; > 0 and 1 < r < n, gcd(r,m) = 1. Since any number k between 1 
and n can be written k = př! Pee pis -r with k; and r as above, the result 
follows. O 


Here is another example of a nice use of the inclusion-exclusion principle. 
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Example 4.108. (Putnam 2015) Let q be an odd positive integer, and let N, 
be the number of integers a such that 0 < a < q/4 and gcd(a,q) = 1. Prove 
that Ng is odd if and only if q is of the form p? with k a positive integer and 
p a prime congruent to 5 or 7 modulo 8. 


Proof. Let pj1,...,Pn be the prime divisors of q (without counting multiplici- 
ties). If A; is the set of multiples of p; between 0 and 4, then 


n 
Ny H —|U2, A;| = H —5_|A\| +... + (—1)”| A1 A... O Anl 
i=1 


n 
= H + > |A;J)+...+]A1M...N Ap] (mod 2). 
i=1 
Note that for all 71, ...,2, we have 
Aa, A. Ai, | = + | | 
AD;, ---Di, 


Thus 





q 
+ l mod 2). 
“=|; | 3 ee ti l ) 
We observe next that if a,b are odd integers, then 
a b ab 
$ r H = bd (mod 2). 


Indeed, writing a = 4q +r and b = 4q’ + r’ with r,r’ € {1,3}, we have 


b 
bd = 4qq' + qr + qr + | = q¢ + Ea (mod 2) 


and it is immediate to check that ka is even, yielding the claim. 
We conclude that 


q = _ mo 
“=l q: I a | = | (mod 2). 
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If n > 1 then oot is the square of an odd integer and we deduce 
immediately that Ng is even. Assume now that n = 1, so that q = p? for 
some k > 1. Then N; is odd if and only if Fa = i is odd. A simple 
inspection shows that this happens precisely when p = 5,7 (mod 8). O 

The fundamental theorem of arithmetic combined with the formula for 
p(n) established in the previous theorem immediately yield the following re- 
sult. 


Corollary 4.109. y is a multiplicative function, that is p(mn) = y(m)y(n) 
for all relatively prime positive integers m,n. 


Also note another immediate consequence of the previous theorem. 
Corollary 4.110. If a,b are positive integers and a | b, then (a) | y(b). 


We end this theoretical part with an important theorem of Gauss. The 
proof uses the following simple but important observation. 


Proposition 4.111. For each positive divisor d of n there are precisely y(%) 
integers k € {1,2,...,n} for which gcd(k, n) = d. 


Proof. We have gcd(n,k) = d if and only if k = du, with u € {1,2,..., 4} 
relatively prime to 7. The result follows. O 


Theorem 4.112. (Gauss) For all positive integers n we have 


>X ld) =n. 


d|n 


Proof. For each k € {1,2,...,n}, gcd(k, n) is a positive divisor of n and by the 
previous proposition each divisor d of n is equal to gced(k, n) for precisely y(4) 
integers k € {1,2,...,n}. We deduce that 


r= F(a): 


d|n 
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When d runs over all positive divisors of n, so does 7. Thus 


and the result follows. O 


Example 4.113. Prove that 
: n n(n+1 
S` yd) | = —, 
d=1 
Proof. Since |%| is the number of multiples of d in {1,2,...,n} we obtain 


Ya |5|=Le@ Y 1=h DY vl. 
d=1 d=1 ta k=11<d<n 


d\k 


By Gauss’ theorem 


X` v(d) =k 
l<d<n 
d\k 


for all 1 < k < n and the result follows from 


1 
1$24..¢n= Met) 


Example 4.114. (AMM E 3106) For n > 1 let S(n) be the set of positive 
integers k for which the fractional part of 7 is at least L. Prove that 


` ylk) = n°. 


keES(n) 


O 


Proof. The key observation is that for any k > 1 we have 3 | —2 |7] € {0,1} 


and |3| -2 |7] = 1 if and only if k € S(n). This follows directly from the 
identity 


[2x] — 2 [x] = [2{£}] , 
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where {x} = x — |x] is the fractional part of x. We deduce that 


x ve 5e (|| aije Soo E 25° otk A 


n 


Since |} | = 0 for k € {n + 1,...,2n} and since (by the previous example) 
N(N +1) 


3 p(k Wl |= ss 
we deduce that 


= 2n(2n + 1) 1 n(n +1 
kES(n) 


Example 4.115. (China TST 2014) If n > 1, let f(n) be the number of ways of 
factoring n into a product of integers greater than 1 (the order of factors does 
not count). For instance f(12) = 4 since the corresponding factorizations are 
12,2-6,3-4,2-2-3. Prove that for any n > 1 and any prime divisor p of n 
we have f(n) < 5. 


Proof. We prove this by strong induction, the base case being clear. Assume 
now that if holds for all numbers less than n and let us prove it for n. Let p 
be the largest prime divisor of n. Clearly it suffices to prove that f(n) < 
If n = 2£122...2y is a factorization of n into a product of integers greater 
than 1, then some 2; is divisible by p, say x; = pd for some d. Then d | ; 
and sa = £1...4j4-12j441..-L, is a factorization of od into a product of integers 


greater than 1. Since there are at most f Gs) such factorizations, we obtain 
ae 


By the inductive hypothesis for each k < n we have f(k) < PE where P(k) 


is the largest prime factor of k. We have PO) < y(k), since 
P(k) 


Pn 6-De -=z 


p\k i=2 
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Thus 


p 


f(n) <T (za) sZ (ga) =<, 


where the last equality follows from Gauss’ theorem. 
This finishes the proof. O 


The previous results are of fundamental importance, and it is crucial to 
get familiar with them in order to understand some of the deeper theorems 
to come. We will therefore illustrate these theoretical results with quite a few 
examples. 


Erample 4.116. Find all positive integers n for which y(2”" — 1) = y(2"). 


Proof. Let Fg = 22" 1.1 be the kth Fermat number. Since the Fermat numbers 
are pairwise relatively prime and 


OF es EET I E Pei 


we can write the equation as 


n—l1 
[I (4) = 2-7, 
i=0 


thanks to the multiplicative character of Euler’s function. If n > 6, we deduce 
that y(F5) is a power of 2. Since 641 | Fs (see example 2.12), 640 divides y( Fs) 
and y(Fs) is not a power of 2. Thus any solution satisfies n < 5. Conversely, 
ifn < 5, then F; is a prime for i < n — 1, hence 


n—1 n—1 a a 
II o(F;) = I] (F; = 1) os ol+2+...+2 = 92 S 
i=0 i=0 
Thus the answer is n = 1, 2,3,4,5. oO 


Example 4.117. Prove that for all integers n > 1 one can find integers x for 
which y(x) = nl. 
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Proof. We will choose x having the same set of prime divisors as n!. In this 
case the equation becomes 


1 
x: I] (1 — =) < 
pin! p 
and is equivalent to 
n! n! 


pin! 


T 


It is apparent that this x really has the same set of prime factors as n!, hence 
it is a solution of the problem. O 


Example 4.118. (USA TST 2015) Let y(n) denote the number of positive 
integers less than n that are relatively prime to n. Prove that there exists a 
positive integer m for which the equation y(n) = m has at least 2015 solutions 
in n. 


Proof. Let p1,p2,... be the increasing sequence of primes and fix a positive 
integer k. Define 


1 
N = pıp2...pk and “=N(1-—), 1<i<k. 
i 
We claim that y(z;) = (N) for 1 < i < k (thus taking k = 2015 solves 
the problem). Indeed, since all prime factors of p; — 1 are among p1, ..., pj-1, 
it follows that the prime factors of x; are exactly p1, ..., Pi—1, Pi+1, -Pk (each 
appearing with a certain multiplicity). Thus 


tiG) AG) 


j=l PIS gæti Pj 


Ah 1) 2 201 _ øN) 
-Th o S e ee 


Thus y(z;) = (N), as needed. O 
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Remark 4.119. A theorem of Pillai shows that lim,_,., Hn) = 0, where f(n) 
is the number of z € {1,2,...,n} that are also in the image of Euler’s totient 
function. This immediately implies the result of the previous example, but the 
proof of Pillai’s theorem requires some delicate estimates for primes, which are 
totally avoided by the beautiful argument (due to Schinzel) explained in the 


previous proof. 
Example 4.120. Prove that for all n > 1 we have: 
a) o(n) < n(1 + logn); 
b) n? > a(n) - y(n) > $: 
c) p(n) > Togn’ 
Proof. Part c) follows directly by combining parts a) and b). 
a) When d runs over the positive divisors of n, so does 4, hence 


o(n) = d= yo =n DE 


d|n d|n d\n 


Using the inequality 
n 
1 
X., — < 1 +logn 


d=1 d 
we obtain 
1 ha | 
: d|n d=1 


b) If n = p{’...p,* is the prime factorization of n, with pı < p2 < ... < Pk 
then 








k k 
oln) 1 1 1 n 
—-=][(1+—+..4+4]< TEL 
ay ( Pi A a= - y(n) 


i=l 4 


thus o(n)y(n) < n?. Next, 
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hence it suffices to prove that 
k 
1 1 
T](1-z] >=. 
2 
i=1 ( Pi 2 
This follows from Bernoulli’s inequality’ and the inequality 
5 Lo! 
Z < 5 
mihi? 
that has already been seen (see example 4.77). O 


Remark 4.121. With a lot more work, one can prove the existence of a constant 
c > 0 (which can be made explicit) such that for all n > 2 we have 


y(n) >c- =, 
log logn 


Example 4.122. (Romania TST 2014) Let n be a positive integer and let An 
(respectively Bn) be the set of integers k € {1,2,...,n} such that gced(k, n) 
has an even (respectively odd) number of prime factors (without counting 
multiplicities). Prove that |An| = |B,| for n even and |A,| > |B,| for n odd. 
Note: 1 has 0 prime factors. 


Proof. Let w(k) be the number of distinct prime factors of k. Then clearly 
w(xy) = w(x) + w(y) when z,y are relatively prime, thus z 4 (—1)”) is 
multiplicative. Next, by definition 


n 
|An| — [Bul = X (1) edln), 
k=1 


For each divisor d | n there are precisely y (4) integers k € {1,2,...,n} such 
that gcd(k,n) = d. Thus 


[An] — [Bal = D (5). 


3This says that (1 — 21)(1 — 22)...(1 — £n) > 1 — (z1 + ... + £n) for all x1,...,2n € [0,1]. 
The proof is a simple induction on n, left to the reader. 
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In other words, the map n +> |A,| — |B,| is the convolution product of two 
multiplicative functions n œ (—1)"™ and n y(n). Thus by theorem 4.99 
the function n +> |A,| —|B,| is itself multiplicative, and so it suffices to know 
its values on prime powers. If n = p! with k > 1 and pa prime, it is clear that 


k 


At Bl= ee MS ie Se A 


j=1 plj gcd(j,p)=1 
= —p*"! + p? — p% = p% (p — 2). 
We conclude that for all n we have 
2 
An| —|Bal=n]] (1 e 3 
pin p 


and the result follows. O 


4.4.4 The Möbius function and its applications 


In this section we discuss in more detail some basic properties of the Möbius 
function u. Recall that it is defined by u(1) = 1, u(n) = 0 whenever n is not 
squarefree (i.e. n is not a multiple of p? for any prime p) and p(n) = (—1)? 
when n is squarefree. Its key property is the following relation (the reader 
should be careful, the relation below only holds for n > 1, not for n = 1). 


Proposition 4.123. We have Xan u(d) =0 forn >1. 


Proof. Let n = py*-...- po be the prime factorization of n. In the sum 
Žan (d), the only d’s giving nonzero contributions are 1, the prime factors 
of n, the products of two distinct prime factors of n,..., up to p1...pm. Since 
there are (5) products of j distinct prime divisors of n, and each such product 


has contribution (—1)/, we obtain 
V` uld) =1- b i (3) EE 1)" 6, 
dln 1 2 


using the binomial theorem. The result follows. O 
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An important consequence of the previous proposition is the famous 
Mobius inversion formula 


Theorem 4.124. (Möbius inversion formula) If f(n) 
then 


)=En(Z)s0 
for all n. 


Proof. We compute 


p(z) go-go ai) 


eln eld|n 


J did|n g(d) for alln, 


On the other hand, writing d = ez, we have z | 
proposition 4.123 we have 


n — =, thus by 
n 
pa 
eld|n z|% 
unless e = n, in which case the sum is equal to 1. The result follows 


À O 
Remark 4.125. 1) There is also a multiplicative version of the Möbius inversion 
formula (proved in exactly the same way): if 


= | [ g(a) 


d|n 
for all n, then 


= J[ sor). 
d|n 


2) The same argument shows that if f,g are arithmetic functions related 
by 


a(n) = Du (5) rO 


d\n 
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for all n, then 


f(n) => g(d) 


d|n 
for all n. In other words, the converse of the previous theorem holds. Indeed, 
we have 
> 9(4) DDE ) f= Fe) > »(5) 
d|n d\n eld ejn eld|n 
and 
> (£ ) =) He) 
eld|n z| > 


equals 1 if e = n and 0 otherwise. 
3) Sometimes it can be useful to consider functions f,g which are only 
defined on the set of positive divisors of a fixed number N > 1. If they satisfy 


=) /9(d) 
d|n 


for any n | N, then we can still deduce (using the same arguments as above) 


that 
a(n) = sda (5) 


d|n 
for any n | N. We leave the details as an exercise to the reader. 


Let us apply now the previous results to Euler’s function y. Consider 
Gauss’ identity (see theorem 4.112) 


n=) p(d) 


d|n 
and apply the Mobius inversion formula to it. We obtain 


n)= a(S) d= Du@e =n 


d|n d|n d|n 


vos: Den -J= (1-2) 


pln P p<q|n Pq p|n P 
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In other words, we recover the formula 
1 
y(n) = n|] (1 — 3 
pln p 


that we obtained in the previous section. Conversely, using the previous for- 
mula and the Möbius inversion formula we recover Gauss’ theorem. Thus 
Gauss’ theorem and the explicit formula for y(n) are actually equivalent! 

The following beautiful result is a nice illustration of the Möbius inversion 
formula. 


Example 4.126. Let (an)n>1 be a sequence of positive integers such that 


gcd(am, An) = Agcd(m,n) 


for all positive integers m,n. Prove that there exists a sequence of positive 
integers (bp )n>1 such that for all n > 1 


= I] bq. 
d\n 
Proof. By the multiplicative version of the Möbius inversion formula we have 
bp, = II an” 
d\n 


and we need to prove that this is an integer for all n. Letting pı, ..., Pa be the 
(pairwise distinct) prime factors of n, we obtain 


ee itri 
Ti- 02 li<j<k a 
KA 


On the other hand, using the hypothesis of the problem repeatedly yields 


bn 


a A AA 
PiPjPk 








a_n =ged(az,az), a 


n č =gcdlazn, arn. arn ),... 
sf } g (an, 2, 2), 


PiPjiPk 


Letting z; = an for 1 < į < d, we deduce that 


An Lie; gcd (xi, zj) 


bn = =y — ` "i 
É 1 Ti Ti<cjck ZCd(Ti, Tj, £k) 
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The lemma, 4.127 below yields therefore 


an 
bn 


lem(az, on an) 
an expression which makes it clear that 6, is an integer. E 
Lemma 4.127. For any positive integers zı, ..., £q we have 


Mizi Myx ged (ai, 25, £k) 


= T L .  = Iem (21, ..., £a). 
hic; gcd(x4, x5) li<j<k<i ged(Ti, Tj, Tk, T1) ) 


Proof. The result is clear for d = 2 and assuming that it holds for d, we obtain 


£da+1 ` lem(z1, ..., £a) 


] sa = l l g eooo b) eS | aE Cee raa 
cm(2}, ’ Td+1) cm( cm(zı Ta) Td+1) ged(zTd+1, lem(21, ...3 Ta)) 


Inserting the value of lcm(z1, ..., £q) given by the inductive hypothesis in the 
previous expression yields the desired result (after some tedious but simple 
algebraic manipulations left to the reader). O 


4.4.5 Application to squarefree numbers 


We want now to use the Möbius function in order to study the distribution 
of squarefree numbers. We warn the reader that the remainder of this section 
is rather technical, so he can freely skip what follows for a first lecture. 

Let Q(n) be the number of squarefree numbers between 1 and n and let P 
be the set of primes p < yn. Define for each p € P the set 


Ap = {x € {1,2,...,n}| p? | £}. 


Then the set of squarefree numbers between 1 and n is precisely the set 
{1, 2, ..., n} \ Upep Ap, thus using the inclusion-exclusion principle we obtain 


Q(n) =n—- 2 |Ap| + > |Ap N Ag| +- 


pEP p<qEP 
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On the other hand, since there are [7] multiples of k between 1 and n, we 
deduce that 


n 
| Ap, Ap, 1... Ap | = | = 
P1 p2 Pk p2... p? 


for pı < ... < pk E P. We conclude that 
n n n 
Ra =n- ESH E ale E li 
pEP p<qEP pg k<yn 
in other words we have just proved the 
Proposition 4.128. The number of squarefree numbers between 1 and n is 


given by B 
an) = E ale Fae 


Noting that u(k) takes only the values —1,0,1 and the distance between 
E and js is at most 1, we obtain 


ow-n E P < va 


k<yn 





This shows that in order to estimate Q(n) we need to estimate ) p< jm ue) 


The key ingredient is the following remarkable identity, which looks very sim- 
ilar to Euler’s famous identity 


EErEE 
ma tart =|: 
Actually the proof will show that the next theorem is equivalent to this iden- 
tity. 


Theorem 4.129. We have 
p(k 


; k’ 


Ms 
Il 
al 


a 
Il 
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Proof. Using Euler’s identity, it suffices to prove that 
3 Baers Be) 
j>1 j’ k>1 
Expanding, the left-hand side equals 
a 
y ary O-r drm 
j,k>1 n>1i jk=n aol” kin 
the last identity being a consequence of the fact that `a (d) equals 0 for 
k >1 and 1 for k = 1. E 
We are now in good shape for proving the following beautiful result: 


Theorem 4.130. The number Q(n) of squarefree numbers between 1 and 
n > 1 satisfies 


6 
— — n| < 3vyn. 
Q) - fyn < yin 
Proof. Using the previously established inequality 


AA) ) 
Q(n)-n > 
k<Jn 
as well as the result of the previous theorem we reduce the proof to the in- 
equality 





<yn 








Die HR) < 


k>J/n 
Clearly, it suffices to prove that 


pe 
Ta 








ee 
5 Š$ =. 
om" yn 
Letting N = | vn], we obtain 
1 1 1 1 1 
D > aa e ¥ 


k>vn k>N+1 k>N+1 k>N+1 


Since + W Š Ja we are done. O 
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Example 4.131. Prove that any n > 1000 can be written as the sum of two 
squarefree numbers. 


Proof. We claim that 
Q(n — 1) > —— 


Using the previous theorem it suffices to prove that 


— 1] 
: (n-1) > = +3vn=1, 


n2 


n— i1 
ae 


which easily follows from n > 1000 and s > 0.6. Consider now the set A of 
all squarefree numbers between 1 and n — 1 and the set B of all numbers of 
the form n — x, with x € A. Then A and B are subsets of {1,2,...,n — 1}, 
each with more than n=l elements. Thus their intersection is nonempty and 
so we can find xz € A such that n — x € A. But then n = z + (n — x) is the 
sum of two squarefree numbers. oO 


Remark 4.132. Explicit computations show that any n > 1 is a sum of two 
squarefree numbers. 


Example 4.133. Prove that for infinitely many integers n > 1 all numbers 
n,n + 1,n + 2 are squarefree. 


Proof. Suppose that there is N such that for all n > N at least one of the 
numbers n,n + 1,n +2 is not squarefree. Then for each k > N at least two of 
the numbers 4k, 4k +1, 4k+2,4k+3 are not squarefree. Dividing the numbers 
4N,4N +1,...,4n — 1 into groups of 4 consecutive numbers, we deduce that 


Q(4n) — Q(4N) < 2n 
for all n > N. This is impossible, since by the previous theorem 


n=>œ 2n T2 


Example 4.134. Let aj1,...,aq and b1, ...,bq be positive integers. Prove that if 
there is an integer n such that aın +b, ..., aqn + bq are all squarefree numbers, 
then there are infinitely many such n > 0. 
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Proof. Fix an integer no such that aino + b; are all squarefree numbers, and 
let C be a large number (we will make a final choice later on), such that any 
prime factor of es ailaino + bi) is smaller than C. Let P be the product of 
all primes not exceeding C. We will prove that 


zilk) := a;(no + kP?) + bi = aino + bi + kP?ai 


are all squarefree numbers for infinitely many positive integers k, which is 
enough to conclude. 

Fix a large integer N > C and consider those x;(k) with 1 < i < d and 
1< k< N. Note that z;(k) is not a multiple of p? for any prime p < C (as 
otherwise ajno + b; would be a multiple of p?). Assume that for some i < d 
the number z;(k) is not squarefree, thus there is a prime p > C such that 
p? | x;(k). Then (if C is large enough) 

p° < zilk) < 2kP°a; < 2N P?°a;, 
thus p < /2Na;P < V2MNP, where M = max(a1, ..., aa). Moreover, since 
p does not divide Pa;, the solutions of the congruence x;(k) = 0 (mod p°) 
considered as a linear congruence in k are all congruent modulo p?, so there 
are at most 1 + a such solutions. Since there are less than V2N MP primes 


below V2NMP, we deduce that x;(k) is not squarefree for at most 
1 1 N 
V2NMP+N Š 5; <V2NMP+N Š, ——~ < V2NMP+ — 
pe? esc K(k- 1) e 


values of k € [1, N]. Therefore all numbers x1 (k), z2(k), ..., zalk) are squarefree 
for at least 


N (1- $) -aP V2M -VN 


C 
values of k € [1, N]. Since the last quantity tends to co as N — oo (fixing 
once and for all C > d large enough), the result follows. o 


Example 4.135. (IMC 2013) Is there an infinite set of positive integers A such 
that for all distinct elements a,b € A the number a + b is squarefree? 
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Proof. We will construct inductively an infinite increasing sequence a; < ag < 
... such that aj = 1,a2 = 2 and a; + a; is square free whenever i Æ j. Assume 
that aj,...,a, have already been constructed, we will try to construct az41 so 
that ak+ı +4đ; are square free for 1 < i < k. Consider two auxiliary big numbers 
r, N and let us look for agı of the form 1 + r!n for some n € {1,2,..., N}. 
We will choose r > k + maxı<i<k(1 + a;)? to ensure that 1 + r!n + a; is of the 
form (1 + a;)(1 +y(1 + a;)) for some y > 1. Thus if pĉ | 1 + 7r!n + a; for some 
1 <i < k and some prime p, then necessarily p > r (if p < r then p | 1+ ai 
and then necessarily p? | 1 + a;, contradicting the fact that a; +a, = a; + 1 
is square free, by the inductive hypothesis if 2 > 1 and by the choice of a, for 
i = 1). Moreover, p? <1+rin+a; <r!(N +1). There are at most 2y +1 
values of n € {1,2, ..., N} for which p? | 1 +r!n + a;, thus in total there are at 


most 
S=k- ` (5 + 1) 
r<p<r/r!(N+1) p 


numbers n € {1,2,...,N} for which 1 + r!n + ai is not squarefree for some 
1<i< k. Note that 


s< (ViN a) < kN +1) +N (— - 5) 
< ka/rl(N +1) + 


and the last expression is less than N — 1 for N big enough since k < r. Thus 
for N big enough (and with any fixed choice of r > k + maxı<i<k(1 + a;)?) 
we can choose ax41 = 1+ 1r!n for some n € {1,2,...,N} to make az41 + a; 
squarefree for 1 < i < k, finishing the inductive step. O 


N 


31 


Example 4.136. (Brazil 2015) If n = pf'p5?...p;* is the prime factorization 


of n > 1, let 


z =l = 
f(n) = api a2p3 -Akp 


Prove that f(n) = f(n — 1) +1 for infinitely many n. 
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Proof. Note that f(n) = 1 whenever n is squarefree and that f is clearly 
multiplicative. Let 


a=27, b6=169, xcr=482, y=77. 


Then x,y are squarefree, ax = by + 1, gcd(a,x) = gcd(b,y) = 1 and 
f(a) = f(b)+1. By example 4.134 the numbers ab?n + x and a*bn + y 
are simultaneously squarefree for infinitely many n > 1, thus for such n we 
have 


f(a*b’n + ax) = f(a(ab’n + x)) = f(a) =1+ f(b) 
= 1+ f(b(a2bn + y)) = 1 + f(a*b?n 4+ az — 1). 


Thus f(m) = f(m — 1) + 1 for m = a?b?n + az and n as above. The result 
follows. L 


4.5 Problems for practice 
Composite numbers 


1. Prove that if a is an integer greater than 1 and if n > 1 is not a power 
of 2, then a” + 1 is composite. 


2. (St. Petersburg 2004) Prove that for any integer a there exist infinitely 
many positive integers n such that a?” + 2” is composite. 


3. Find all positive integers n for which at least one of the numbers n” +1 
and (2n)?” + 1 is composite. 


4. For which positive integers n the numbers 2” + 3 and 2” + 5 are both 
primes? 


5. (St. Petersburg 1996) Integers a,b,c have the property that the roots 
of the polynomial X? + aX? + bX + c are pairwise relatively prime and 
distinct positive integers. Prove that if the polynomial aX?+bX +c has 
a positive integer root, then |a| is composite. 
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. (Vojtech Jarnik Competition 2009) Prove that if k > 2 then 92*-1_o9k_4 
(Voj p 


is composite. 


. A positive integer which is congruent 1 modulo 4 has two different repre- 


sentations as a sum of two squares. Prove that this number is composite. 


. (Moscow Olympiad) Is there an 1997-digit composite number such that 


if any three of its consecutive digits are replaced by any other triplet of 
digits then the resulting number is composite? 





. (AMM 10947) Prove that Srl is composite for all n > 1. 


The fundamental theorem of arithmetic 


Let n > 1 be an integer. Prove that the equation 
(FIr 2t n) =y" 
has no solution in positive integers. 


Let n be a positive integer. Prove that if n divides (%) for alll < k < 
n — 1, then n is prime. 


(USAMTS 2009) Find a positive integer n such that all prime factors of 


(n+ 1)(n + 2)... (n + 500) 
500! 
are greater than 500. 


(Russia 1999) Prove that any positive integer is the difference of two pos- 
itive integers with the same number of prime factors (without counting 
multiplicities). 


(Saint Petersburg) An infinite sequence (an)n>ı of composite numbers 
satisfies 


an 
An+1 = An — Pn + — 
n 


for all n, where ppn is the smallest prime factor of an. If all terms of the 
sequence are multiples of 37, what are the possible values of a1? 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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Prove that there are infinitely many pairs (a,b) of distinct positive inte- 
gers a,b such that a and b have the same prime divisors, and a+ 1 and 
b+ 1 also have the same prime divisors. 


Let a,b,c,d,e, f be positive integers such that abc = def. Prove that 
a(b? + c?) + d(e? + f?) is composite. 


(Kvant M 1762) Is there a positive integer n with 2013 prime divisors 
such that n divides 2” + 1? 


(Poland 2000) Let pı and p2 be prime numbers and for n > 3 let pn be 
the greatest prime factor of pn—1 + pPn—2 +2000. Prove that the sequence 
(Pn)n>1 is bounded. 


(Italy 2011) Find all primes p for which p? — p — 1 is the cube of an 
integer. 


(Kvant M 2145) Let x > 2,y > 1 be integers such that x” + 1 is a perfect 
square. Prove that x has at least 3 different prime divisors. 


(Russia 2010) Prove that for any n > 1 there are n consecutive positive 
integers whose product is divisible by all primes not exceeding 2n + 1, 
and not divisible by any other prime. 


(Iran 2015) Prove that infinitely many positive integers n cannot be 
written as the sum of two positive integers all of whose prime factors are 
less than 1394. 


(China 2007) Let n > 1 be an integer. Prove that 2n — 1 is a prime 
number if and only if for any n pairwise distinct positive integers 
@1,02,...,@n, there exist i, j € {1,2,...,n} such that 


gcd(a;,a;) ~ 


(Tournament of the Towns 2009) Initially the number 6 is written on a 
blackboard. At the nth step, one replaces the number d written on the 
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26. 
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28. 


29. 
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blackboard with d + gcd(d,n). Prove that at each step the number on 
the blackboard increases either by 1 or by a prime number. 


Infinitude of primes 


(Komal) Is it possible to find 2000 positive integers such that none of 
them is divisible by any of the other numbers but the square of each is 
divisible by all the others? 


A positive integer n is called powerful if p? | n for any prime factor p 
of n. Prove that there are infinitely many pairs of consecutive powerful 
numbers. 


Let pn be the largest prime not exceeding n and let qn be the smallest 
prime larger than n. Prove that for all n > 1 we have 


n 
1 
aa 


ee 


(Russia 2010) Are there infinitely many positive integers which cannot 


be expressed as yea = , with x,y integers greater than 1? 


(Baltic Way 2004) Is there an infinite sequence of prime numbers p1, p2, ... 
such that |pn41 — 2p,| = 1 for each n > 1? 


Let a1, a2,...,@,% be positive real numbers such that for all but finitely 
many positive integers n we have 


gcd(n, |ain| + lagn| +...+ Lagn|) > 1. 
Prove that a1, ...,a,% are integers. 


(IMO Shortlist 2006) We define a sequence a1, a2, a3, ... by setting 


-i(i E 
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33. 


34. 


30. 


36. 


37. 
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for every positive integer n. 
a) Prove that an41 > an for infinitely many n. 
b) Prove that an41 < an for infinitely many n. 


(APMO 1994) Find all integers n of the form a? + b? with a, b relatively 
prime positive integers, such that any prime p < yn divides ab. 


(Iran TST 2009) Find all polynomials f with integer coefficients having 
the following property: for all primes p and for all integers a,b, if p | 
ab — 1, then p | f(a) f(b) —1. 


Prove that there is a positive integer n such that the interval [n?, (n+1)?] 
contains at least 2016 primes. 


(IMO 1977) Let n > 2 be an integer and let V,, be the set of integers of 
the form 1+kn with k > 1. A number m € Vn is called indecomposable 
if it cannot be written as the product of two elements of Vn. Prove that 
there is r € Vn that can be expressed as the product of indecomposable 
elements of Vn in more than one way (expressions which differ only in 
order of the elements of V,, will be considered the same). 


(German TST 2009) The sequence (an)„en is defined by aj = 1 and 
4 


an+1 =a, — a5 +202 +1 


for all n > 1. Prove that there are infinitely many primes which do not 
divide any of the numbers a}, a2, .... 


Arithmetic functions 


Prove that for all n > 1 we have 


Lod =n, n- D E ard). 


d\n d|n d\n d|n 
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38. 


39. 


40. 


Al. 


a) Let f be a multiplicative function with f(1) = 1 (this is equivalent to 
f being nonzero). Prove that for all n > 1 we have 


> f(@u@) = []G- fo), 


d|n p|n 
the product being taken over the prime divisors of n. 


b) Deduce closed formulae for 


> u(d)r(d), X u(d)o(d) and $ u(d)p(d) 


d|n d|n d|n 
for n > 1. 


Let f be an arithmetic function such that the function g defined by 


g(n) = > f(d) 


d|n 
is multiplicative. Prove that f is multiplicative. 
a) Let f be an arithmetic function and let g be the arithmetic function 


defined by 
g(n) = >> f(d). 
d|n 


For all n > 1 we have 


b) Prove that the following relations hold for all n > 1 

n n n n n n 
Srk) = z] , Yolk)= Sk H | 
k=1 k=1 k=1 k=1 


Let f(n) be the difference between the number of positive divisors of n 
of the form 3k+1 and the number of positive divisors of the form 3k — 1. 
Prove that f is multiplicative. 
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(AMM 2001) Find all totally multiplicative functions f : N —> C such 
that the function 


n 
F(n)=X_ f(k) 
k=1 
is also totally multiplicative. 


Find all nonzero totally multiplicative functions f : N — R such that 
f(n+1) > f(n) for all n. 


(Erdés) Let f : N — R be a nonzero multiplicative function such that 
f(n+1) > f(n) for all n. Then there is a nonnegative real number k 
such that f(n) = n* for all n. 


Are there infinitely many n > 1 such that n | 27“ — 1? 


An integer n > 1 is called perfect if a(n) = 2n. Prove that an even 
number n > 1 is perfect if and only if n = 2?-1(2? — 1), with 2? — 1 
prime. 


Let n be an even positive integer. Prove that o(a(n)) = 2n if and only 


if there is a prime p such that 2? — 1 is a prime and n = 27t, 


(Romania TST 2010) Prove that for each positive integer a we have 
olan) < o(an +1) for infinitely many positive integers n. 


(IMO Shortlist 2004) Prove that for infinitely many positive integers a 
the equation 7(an) = n has no solutions in positive integers. 


(IMO) Let 7(n) be the number of divisors of a positive integer n. Find 
T(n?) 
T(n) 


A positive integer a is called highly divisible if it has more divisors than 
any number less than a. If p is a prime number and a > 1 is an integer, 
we write vp(a) for the exponent of p in the prime factorization of a. 
Prove that 


for some n. 





all positive integers k such that k = 


a) There are infinitely many highly divisible numbers. 
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52. 


Od. 


54. 


Oo. 


06. 


Of. 


b) If a is highly divisible and p < q are primes, then vp(a) > vp(a). 


c) Let p,q be primes such that p! < q for some positive integer k. Prove 
that if a is highly divisible and a multiple of q, then a is a multiple of 
p“. 

d) Let p,q be primes and let k be a positive integer such that pë > q. 
Prove that if p? divides some highly divisible number a, then q divides 


a. 


e) (China TST 2012) Let n be a positive integer. Prove that all suffi- 
ciently large highly divisible numbers are multiples of n. 


Let n > 1 be an integer. Compute 


X (-1)ž%(d). 


d|n 


(IMO 1991) Let 1 = a; < a2 < ... < Gyn) be the totatives of n > 1. 
Prove that aj, @2,...,@,(n) form an arithmetic progression if and only if 
n is either 6, a prime number or a power of 2. 


Let n > 2. Prove that n is a prime if and only if y(n) | n— 1 and 
n+1 | o(n) (recall that o(n) is the sum of the positive divisors of n). 


Let k be a positive integer. Prove that there is a positive integer n such 
that y(n) = y(n + k). 


Prove that for all n > 1 we have 


y(1) 


y(2) y(n) 
a 2, 


pier etm] 





+ 








a) Prove that there are infinitely many integers n > 1 such that 


y(n) > v(k) + y(n -— k) for all 1 <k<n-l1. 


b) Are there infinitely many n > 1 such that y(n) < y(k) + y(n — k) for 
al 1 <k<n-1? 
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58. (AMM 11544) Prove that for any integer m > 1 we have 


m—1 
m+k = 2 
D a | =m’. 





59. a) Prove that for all n > 1 we have 
n 


E" 
2S o= A C) H 


k=1 


b) Prove that for all n > 1 we have 





3 
W0) + (2) +... + y(n) — an < 2n+nlogn. 
60. Let a1, ..., @y(n) be the totatives of n > 1. 


a) Prove that for all m > 1 we have 


m 
ay +az +... + agn) = X u(d)d™ x +27 4.4 (5) ) 
d|n 


b) Compute aj + a5 +...+4%/,). 
61. (Serbia 2011) Prove that if n > 1 is odd and y(n), y(n + 1) are powers 
of 2, then n + 1 is a power of 2 orn = 5. 


62. (Komal A 492) Let A be a finite set of positive integers. Prove that 


> (-2)!°I* ged(S) > 0, 


SCA 


the sum running over all nonempty subsets S of A and gcd(S) denoting 
the greatest common divisor of all elements of S. 


Chapter 5 


Congruences involving prime 
numbers 


This long chapter deals with a series of key theorems concerning congru- 
ences modulo prime numbers, such as Fermat’s little theorem, Wilson’s theo- 
rem and Langrange’s theorem. These are fundamental results in basic number 
theory, and it is crucial to become very familiar with them before dealing with 
more advanced results. ‘Therefore we give many concrete examples illustrating 
each of these results, as well as lots of applications. The second part of the 
chapter deals with more advanced topics, such as quadratic residues or con- 
gruences modulo powers of primes. Once the first part of the chapter is fully 
understood, the proofs of these more advanced results (with the exception of 
the quadratic reciprocity law) become relatively simple and natural. 


5.1 Fermat’s little theorem 


5.1.1 Fermat’s little theorem and (pseudo-)primality 


We now reach the first fundamental congruence in which prime numbers 
play a key role: Fermat’s little theorem. While both the statement and the 
proof of this theorem are fairly simple, the result itself is incredibly useful, as 
it will be clear in the sequel. 
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Theorem 5.1. (Fermat’s little theorem) For all primes p and all integers a 
we have 
a? =a (mod p). 


Equivalently, for all primes p and all integers a relatively prime to p we have 
a?! =1 (mod p). 


Proof. It is clear that the two statements are equivalent, so it suffices to 
prove the second one. So let a be an integer relatively prime to p. Then 
0, a, 2a, 3a, ..., (p— 1)a is a complete residue system modulo p by theorem 3.32, 
hence 

a-2a-...-(p—l)a=1-2-...-(p—1) (mod p). 


This can also be written as 
(p —1)'(a?-'—1)=0 (mod p). 


Since p is a prime, we have gcd(p, (p — 1)!) = 1 and so a?-! = 1 (mod p), 
finishing the proof. E 


We would like to explain a second proof of Fermat’s little theorem, which 
is based on a very useful property of binomial coefficients. The reader will find 
a whole section devoted to congruences between binomial coefficients later on, 
thus for now we will stick to the simplest one. 

Let us recall the classical identity, valid for all n > k > 1 


n n—l 
which follows from 


r.(™) — p. n! B n! _  _ (n-!)! _ (n-i1 
k| Ein—k)! (k-n) (k—-Din—-k! \k-1) 


We are now ready to state and prove the most fundamental congruence for 
binomial coefficients: 


Theorem 5.2. If p is a prime and1 < k < p-— 1, then p divides (2). 
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Proof. The equality k) = p(P-1) shows that p divides k - (2) and since 
gcd(k, p) = 1, we conclude that p | ({), as desired. oO 


We can now explain the second proof of Fermat’s little theorem. By theo- 
rem 5.2 and the binomial formula we have 


p—-1 
(x+y)? — a? —yP= 5 (er =0 (mod p), 
k=1 


that is 
(x+y) =x” +y” (mod p) (1) 


In particular, for any integer a we have 
(a+1)?=a?+1 (mod p). 


It is now immediate to prove by induction on a > 0 that a? =a (mod p) for 
all primes p. Similarly (or using that (—a)? = —a? (mod p)) we obtain the 
result when a < 0. 

Note that Fermat’s little theorem and the validity of congruence (1) for 
all integers x,y are equivalent. Indeed, it is clear that Fermat’s little theo- 
rem yields congruence (1), since both sides are congruent to x + y modulo p. 
Conversely, if congruence (1) holds for all integers x, y then a simple inductive 
argument shows that 


(£1 +... + En)? = xf +... +12 (mod p) 
for all integers z1, ..., £n. In particular, if a is a positive integer then 


a? = (1+... +1} =1+...41=a (mod p) 
—_—_—_ _—_—_—_—_— 


a a 


and Fermat’s little theorem follows (the case a < 0 follows from the case a > 0 
using that (—a)? = —a? (mod p)). 

A very important observation concerning Fermat’s little theorem is that 
its converse does not hold, in other words there are composite numbers n such 
that a” = a mod n for all integers a. Such numbers are called Carmichael 
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numbers, and the first few are given by n = 561, 1105, 1729, 2465. It is known 
(this is a deep theorem of Alford, Granville and Pomerance) that there are 
infinitely many Carmichael numbers. The next example explains why the 
previous numbers are Carmichael numbers. 


Example 5.3. Let n be a composite squarefree integer such that p—1|n-1 
for any prime p dividing n. Prove that n is a Carmichael number. 


Proof. We need to prove that a” = a (mod n) for any integer a. Since n is 
squarefree, it suffices to prove that a” = a (mod p) for any prime p dividing n. 


If p | a, we are done, otherwise by Fermat’s little theorem a?—! = 1 (mod p) 
and since p— 1 | n— 1 we obtain a®—! =1 (mod p) and then a” =a (mod p), 
as desired. O 


For instance, 561 = 3-11-17 satisfies the conditions imposed in the previous 
example, since 560 is a multiple of 2,10 and 16. Thus 561 is a Carmichael 
number. The argument is similar for 1105 = 5-13-17, 1729 = 7-13-19, 
2465 = 5-17-29. We will see later on that the converse holds in the previous 
example, i.e. any Carmichael number n is squarefree (this is fairly easy to see, 
since by assumption n | p” — p for any prime p | n, hence p? cannot divide n) 
and for any prime p | n we have p—1 | n—1 (this is difficult to establish using 
only the tools we have so far). 


Example 5.4. Prove that there are infinitely many composite integers n for 
which n | a”! — a for any integer a. 


Proof. We claim that n = 2p with p an odd prime is a solution of the problem. 


Since a”—1 — a is clearly even, it suffices to prove that p | a??—! — a for alla 
and all odd primes p. This follows from 

a*P-! _ a = a(a ~? — 1) = (a? — a)(aP™} +1) 
and Fermat’s little theorem. O 


Numbers n for which 2” = 2 (mod n) are also historically very important. One 
can show that the first composite number n with this property is 341 = 11-31. 
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Definition 5.5. A composite integer n such that 2” = 2 (mod n) is called a 
pseudo-prime. More generally, if a > 1 is an integer, a composite integer n 
such that a” = a (mod n) is called a pseudo-prime in base a. 


Thus Carmichael numbers are precisely those numbers which are pseudo- 
primes in any base. The first pseudo-primes are 341, 561, 645, 1105, 1387, 
1729, 1905, 2047,.... Combined with the fact that 561 (or 341) is a pseudo- 
prime, the next example proves the existence of infinitely many pseudo-primes. 


Example 5.6. Prove that if n is odd and pseudo-prime, then so is 2” — 1. 


Proof. Since n is composite, so is 2” — 1 (for if d is a proper divisor of n, then 
24 — 1 is a proper divisor of 2” — 1). We need to prove that 2” — 1 | 2?"—-? — 1, 
or equivalently n | 2” — 2. But this is clear, since n is a pseudo-prime. E 


The next example gives different proofs of the existence of infinitely many 
pseudo-primes using explicit constructions. 


Example 5.7. a) (Erdös, 1950) Prove that if p > 3 is a prime then n = = is 
a pseudo-prime. 

b) (Rotkiewicz, 1964) Prove that if p > 5 is a prime then n = FH is a 
pseudo-prime. 


Proof. a) Note that n = Zl - (2P + 1) is composite. Next, since n | 4? — 1, 
in order to prove that n | 2” — 2 it suffices to prove that 4? — 1 | 2”-1 — 1, 
or equivalently 2p | n — 1. This is further equivalent to 6p | 4? — 4. Clearly 2 
and 3 divide 4? — 4 and by Fermat’s little theorem p | 4? — 4. Since 2, 3, p are 
pairwise relatively prime, the result follows. 

b) Write p = 2k + 1, then 


ee ais es a eae ag ea 
a HE 


and 22k+1 —2k+1 11 > 5 when p > 5, hence n is composite. Next, it suffices to 
prove that 4? +1 | 2"-1—1 and since 4? + 1 | 24? — 1 we are further reduced to 
4p | n— 1 and then 20p | 4? — 4. This follows from Fermat’s little theorem and 
the fact that 4,5, p are pairwise relatively prime and each divides 4? — 4. O 
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The reader has already noted that all pseudo-primes presented in the above 
discussion are odd. What about even ones? These are much harder to find: 
only in 1950 did D.H. Lehmer find the smallest even pseudo-prime, the number 
n = 161038 = 2-73-1103. To see that n is a pseudo-prime, one uses again 
Fermat’s little theorem and the fact that n—1 = 32-29-617 with 29-1 = 7-73 
and 22° — 1 = 233-1103 - 2089. Beeger proved in 1951 that there are infinitely 
many even pseudo-primes. 


5.1.2 Some concrete examples 


We continue with many illustrations of Fermat’s little theorem, destined 
to better grasp the power of this result. We start with a series of interesting 
congruences that can be derived rather easily using Fermat’s little theorem. 
The trick of considering the smallest prime factor of n when dealing with 
divisibilities of the form n | a” — b” is a standard tool which turns out to be 
very effective in practice. The next two examples illustrate this plainly. 


Example 5.8. a) Prove that if n > 1, then n does not divide 2” — 1. 
b) Find all odd positive integers n for which n | 3” + 1. 


Proof. a) Suppose that n | 2” — 1 and let p be the smallest prime divisor of 
n. Then p | n | 2” — 1 and by Fermat’s little theorem p | 2?-1— 1. Hence 
p | gcd(2” — 1, 2-1 — 1) = 28¢d(",P-1) _ 1, Since p is the smallest prime divisor 
of n, we have gcd(p — 1,n) = 1, hence p | 1, a contradiction. 

b) The answer is n = 1. Suppose that n > 1 is a solution and let p be 
the smallest prime divisor of n. Then p | 3% +1 | 32” — 1 and p | 3?-1+ — 1. 
Thus p | ged(32” — 1,3?-! — 1) = 38°4@np-1) _ 1. Since n is odd, so is p, and 
since p is the smallest prime divisor of n we have gcd(2n,p — 1) = 2. Thus 
p | 32 — 1 = 8, a contradiction. O 


Example 5.9. (China TST 2006) Find all positive integers n and all integers 
a such that n | (a + 1)” — a”. 


Proof. Clearly (n,a) = (1,a) is a solution for any integer a. Assume now that 
n > 1 and consider the smallest prime divisor p of n. Then p | (a + 1)” — a”. 
Note that p cannot divide a or a + 1, as otherwise p would divide both a and 
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a+1. Thus by Fermat’s little theorem p | (a+ 1)?~! — aP-!. We deduce that 
p | (a + 1)8°d(P-1) — gsed(.P-1) and since gcd(n,p — 1) = 1 it follows that 
p | 1, a contradiction. Thus we have already found all solutions. O 


For the next example, we recall that vp(n) denotes the exponent of p in 
the prime factorization of n. 


Example 5.10. a) Let n be a positive integer and let p be a prime factor of 
2” +1. Prove that v2(p — 1) > ve(n). 
b) Find all prime numbers p,q such that pq | 2? + 22. 


Proof. a) We have p | 2?” —1 and p | 271 —1, thus p | ged(22” —1, 2-1-1) = 
gscd(2n.p—1) 1, Suppose that vo(p—1) < ve(n), then gcd(2n, p—1) | n and we 
conclude that p | 2” — 1. Since p | 2” +1, it follows that p | 2, a contradiction. 
Hence v2(p — 1) > va(n). 

b) If p = 2 then 2q | 4+ 27. Since 4+ 27 = 6 (mod q) by Fermat’s little 
theorem, we deduce that q | 6 and so q = 2 or q = 3, both of which are 
solutions of the problem. By symmetry if q = 2 then p = 2 or p= 3. Assume 
now that p,q > 2 and without loss of generality assume that p > q. Then by 
assumption pq | 2?-2 +1. It follows from part a) that ve(p — 1) > ve(p — q) 
and v2(q — 1) > ve(p — q). This is impossible, since 


v2(p — q) = va((p — 1) — (q — 1)) = min(v2(p — 1), v2(q — 1)). 
Thus the only solutions of the problem are (2, 2), (2, 3), (3, 2). O 


Example 5.11. Let (fn)n>1 be the Fibonacci sequence, with fı = fe = 1 and 
fn+1 = fn + fn—1 for n > 2. Prove that for any prime p > 2 we have 


fo = 57 (mod p). 


Proof. We use the classical formula 


in = (GE (8). 
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which can be established by a straightforward induction. Expanding the ex- 
pression on the right-hand side using the binomial formula yields 


_ = way (e) 0- ror ERAL 


Since p divides (akaa) for 0 < k < pz? we deduce that 





opi p= 57 
and since 2?-! = 1 (mod p) by Fermat’s little theorem, the result follows. O 


Example 5.12. Prove that for all odd primes p we have 


p—l 

1 
` ee — pip +D (mod p°). 
k=1 


Proof. By Fermat's little theorem we have k(k?-! — 1)? = 0 (mod p°). 
Expanding this and summing we find 


Sart 2 Si (mod p°) 
k=1 


On the other hand, 


p—i 
Se= = S k? + (p-k)P)=0 (mod p°) 
k=1 
since k? + (p — k)? = 0 (mod pĉ) for 1 < k < p — 1 (as follows directly from 
the binomial formula). We conclude that 


p—1 p—1 

— 1 
Stet She POY a na 52). 7 
k=1 k=1 2 2 


Fermat’s little theorem can be very efficient in establishing that certain 
numbers are composite or in proving that certain sequences contain infinitely 
many composite numbers, as shown in the following examples. 
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Example 5.13. Let aj, ..., Qn, 61, ..., Ok be integers such that a1, ..., an > 1. Prove 
that there are infinitely many positive integers d such that a¢+a%+...+a%+0; 
is composite for all 1 < i < k. 


Proof. Since a1, ..., an > 1, there is a positive integer d such that 
Si := af + ... +a% + bi >1 


for 1 < i < k. Let p; be a prime divisor of S; and let d; = d+j(pi—1)...(p,—1). 
By Fermat’s little theorem 


at +... Hat +b; =at.. Halb =0 (mod p;) 


for any j > 1 and since clearly ati +... + an +b; > Si > pi for j > 1 and 
1 < i< k, it follows that afi Puka t b; is composite for 1 < i < k and 
TL O 


Example 5.14. (China TST 2002) Are there distinct positive integers 
kı, ..., k2002 such that for all integers n > 2001 at least one of the numbers 
kı -2"+1,..., k2002 - 2” + 1 is prime? 


Proof. The answer is negative: choose a prime divisor p; of 2k; +1 for 1 < i < 
2002, and let n = N (pı — 1)...(p2002 — 1) + 1 for some large N > 2001. Then 
n > 2001 and by Fermat’s little theorem k; - 2” +1 = 2k; + 1 = 0 (mod pi) 
for 1 < i < 2002. Moreover, it is clear that k; 2” +1 > p;, hence k; 2” + 1 is 
composite for 1 < i < 2002. O 


Example 5.15. Let k > 1 be integer and define an = 2?” +k. Prove that there 
are infinitely many composite numbers in the sequence a}, a2, .... 


Proof. The solution is short, but fairly tricky. We may assume that k is 
odd, since otherwise all terms of the sequence are even. Let r = vo(k — 1) 
(where v2(x) is the exponent of 2 in the prime factorization of x) and assume 
that an is prime for all large enough n, say n > N. In particular there is 
n > max(r,N) such that a, is a prime number, say a, = p. Since n > r 
we have vo(p — 1) = vo(2”" +k—1) =r. Write p—1 = 2" . s for some odd 
number s and choose a positive integer j such that 2f = 1 (mod s) (to see 
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that this is possible, follow the proof of corollary 4.15 or use Euler’s theorem 
in chapter 6). Then 2/+" = 2” (mod p-— 1) and so by Fermat’s little theorem 
22+" | k = an = 0 (mod p). Thus aj+n is divisible by p and since clearly 
Ajin > An = p we deduce that aj+n is composite, a contradiction. E 


The next examples are concerned with various divisibility properties that 
can be deduced from Fermat’s little theorem, with a special emphasis on poly- 
nomials. 


Example 5.16. (Poland) Find all polynomials f with integer coefficients such 
that f(n)|2” — 1 for all positive integers n. 


Proof. Clearly the constant polynomials 1 and —1 are solutions of the problem. 
Conversely, let f be a solution of the problem and suppose that f(n) is not +1 
for some n. Then f(n) must have a prime factor p. Then p divides f(n + p) | 
2"'P _ 1 and p divides f(n)|2" —1. We conclude that p | 2? — 1, contradicting 
Fermat’s little theorem. Thus f(n) = +1 for all n, which immediately implies 
that f is a constant polynomial, equal to 1 or —1. O 


Example 5.17. (ELMO 2016) Let f be a polynomial with integer coefficients 
such that n | f(2”) for all n > 1. Prove that f = 0. 


Proof. If p,q are distinct odd primes, then by assumption pq | f(2?%), thus 
f (2°47) = 0 (mod p). On the other hand, Fermat’s little theorem yields 2°? = 
27 (mod p), thus f(2?7) = f(21) (mod p). We conclude that p | f(2%) for 
any distinct odd primes p,q. Fixing q > 2 and letting p vary, it follows that 
f (2%) = 0. We conclude that f has infinitely many zeros and so f = 0. 0O 


Example 5.18. Let p > 5 be a prime and let a,b be integers such that p divides 
a? + ab + b?. Prove that 


(a+b)? =a? +b? (mod p°). 


Proof. If p | a, then p | b and the result is clear. So assume that p does not 
divide ab. Let x be an integer such that br = a (mod p?), then p | z7+2+4+1 
and so p | x? — 1. Using the binomial formula 


r? — 1 = (x? —14 1)? —1 = (z? — 1)? +... + p(z? — 1) 
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we deduce that p? | 2°? — 1 and so pĉ | (x? — 1)(x7? + x? +1). On the other 
hand, p does not divide x? — 1, since otherwise, by Fermat’s little theorem, p 
would divide z — 1. Since it also divides z? + x +1, we would have p | 3, a 
contradiction. Thus p° | 27? + 2? +1. On the other hand, since x + 1 = —2? 
(mod p), we have (x + 1)? = —x?? (mod p°). Combining these results yields 


(c+1)?=2?+1 (mod p°). 


The result follows by multiplying this congruence by b and using that bx = a 
(mod p°). oO 


Remark 5.19. A stronger result holds: the congruence holds modulo p3, but 
the proof is different. One proves that p(X? + X + 1)? divides the polynomial 
(X +1)? — X? —1 in Z[X]. 


The last series of examples concerns exponential sequences and congru- 
ences. 


Example 5.20. a) Prove that for any prime p > 2 there are infinitely many 
positive integers n such that n-2”+1=0 (mod p). 

b) (IMO 2005) Which positive integers are relatively prime to all numbers 
of the form 2” + 3” + 6” — 1, with n > 1? 


Proof. a) We choose n = k(p—1)+r with k > 1 and r > 0. Then 
n-2°+1=(r—k)2"+1 (mod p) 


by Fermat’s little theorem. It is thus enough to ensure that p | (r — k)?" + 1. 
Simply choose r = 0 and k = 1 (mod p). 

b) We will prove that 1 is the unique solution of the problem, by showing 
that for any prime p there is n > 1 such that p | an. Note that 2 and 3 divide 
a2 = 48, hence we may assume that p > 3. Then using Fermat’s little theorem 
we obtain 


6ap—2 = 3- 2P71 + 2. 3P! +67! -6 =3+2+1—-6=0 modp. 


Since gcd (6, p) = 1 it follows that ap-2 = 0 mod p, thus p | ap—2 and the 
problem is solved. oO 
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Example 5.21. (IMO Shortlist 2005) Let a,b be positive integers such that 
a” +n divides b” + n for all positive integers n. Prove that a = b. 


Proof. Pick a large prime p > max(a,b) and let us look for n such that p | 
a” +n. Choosing n = (p — 1)k +r for suitable k,r, we have by Fermat’s little 
theorem a” +n =a"—k+r (mod p), so it suffices to take any positive integer 
rand k =a" +r. With this choice we have p | a” +n | b” +n and again by 
Fermat’s little theorem 


b +n=b'+r—k=b'—a’ (mod p). 


We deduce that p | b” — a” for any prime p > b and any positive integer r. 
Choosing r = 1 we obtain a = b. O 


Example 5.22. (Komal) Let pı = 2 and pn+ı be the smallest prime divisor of 
the number npi'pe ...pr +1. Prove that every prime number appears in the 
sequence p1, P2, .... 


Proof. To simplify notations, write £n = npt'...p™. Since pn41 | tn +1 and 
P1---Pn | Ln, it is clear that pn+1 is different from any of pj,...,p, and so the 
terms of the sequence are pairwise distinct. It remains to prove that any prime 
appears in the sequence. Suppose that this is not the case and let p be the 
smallest prime number which does not appear in the sequence. ‘Take n > p 
large enough so that all primes less than p are among 7,..., Pn. Then for any 
k > 1 we have 
Tn+k = (n+ kpt! pty” (mod p) 

since p— 1 | j! for j > p—1 and by Fermat’s little theorem vy = 1 (mod p) for 
such j (note that by assumption p Æ p; so gcd(p, p;) = 1). Since p is relatively 
prime to pt py”, we can choose k such that (n + kpt. pey +1=0 
(mod p), thus p | 2n44 +1. Any prime less than p already divides £n+k + 1, 
so p is the smallest prime factor of 7,4, + 1. It follows that p = Pn+k+1, a 
contradiction. 0O 


Example 5.23. (Romanian Masters in Mathematics 2012) Prove that there are 
infinitely many positive integers n such that n divides 22” +1 + 1 but it does 
not divide 2” + 1. 
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Proof. For each k > 1 let ay = 23" +1. Observe that 
ak+ı = (ax — 1)’ + 1 = a; (a2 — 3a, + 3), 
which immediately yields by induction that 3*++ | a, and so the number 


2 
ay, — 3a, +3 Ak 
> = ak: => -ak +l 
3 a a 
is an integer greater than 1 (since az > 3) and relatively prime to ay. Let pk 
be a prime divisor of by. Note that pk | ak+1 but py does not divide ax. 


Define ng = 3° - py. Then by Fermat’s little theorem 


bk = 


gr 41 = (23")Pe 41= 23" 4+1=a, (mod pp), 


thus pz, does not divide 2”* + 1, in particular ną does not divide 2”* + 1. 
Next, we claim that nz | 2?°*+!+1. Since ng | ak+1, it suffices to prove that 
Apy1 | 2?°*+++1, or equivalently that 3*+! | 2. +1. But 2"* +1 is a multiple 
of 23° + 1 = ag, which in turn is a multiple of 3*+1, so we are done. oO 


Remark 5.24. We leave it as an easy exercise for the reader to prove that if n 
has the given property then so does 2” + 1. This gives an alternative solution 
as soon as we are able to exhibit at least one such n. It is not difficult to check 
that n = 57 is such a number. 


Example 5.25. (Russia 2013) Find all positive integers k for which there exist 
positive integers a and n > 1 such that a” + 1 is the product of the first k odd 
primes. 


Proof. We will prove that no such k exists. Assume by contradiction that 
a” + 1 = pipo...py, where pı = 3,p2 = 5,... is the increasing sequence of odd 
primes. Clearly k > 1. Note that since 3 divides a” + 1, n must be odd. Next, 
we will prove that a < pk. Suppose that a > pz, then since a” +1 < pË, we 
must have n < k and in particular n < pg. Let p be a prime factor of n, then 
p € {pi,..-, Dk}. Moreover, p divides a” + 1, hence if we let b = a"/P we have 
p | bP +1. Fermat’s little theorem yields p | b+1. But then p? | b?+1=a"+1 
since b?—1 — bP-2 + ... +1 = 0 (mod p). This contradicts the fact that a” + 1 
is square free and finishes the proof of the claim that a < px. 
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Next, assume that a > 2 and let p be a prime factor of a — 1. Then 
a” +1 = 2 (mod p), hence p É {p1,..., pk} and so a > px, a contradiction. 
Thus a = 2. Since 5 | 2” + 1, n must be even, contradiction again! O 


Example 5.26. (China TST oo Let n be an integer greater than 1 such that 
n divides 2° 4+ 30 4....4 n°. If Pry ., Dk are al the e divisors of n 
(without multiplicities), prove that E pe ek oe ~ + a is an integer. 
Proof. Fixi € {1,2,...,k}. By assumption p; divides 220 +3°™ +... +n), 
If a € {2,3,...,n}, then either a is a multiple of p;, and then p; | a?™ , or not, 
and then a?) = 1 (mod p;) (by Fermat’s little theorem and the fact that 
pi — 1 divides y(n)). Hence 220) + 39) +... +n?™) is congruent modulo p; 
to the number of a € {2,3,..,n} which are not multiples of p;. This nemer 
is n — 1 — = and since p; f n, it follows that p; | T +1. In particular p? 
does not divide n, and so n = pıp2...Ppk. Moreover, p; divides Ilji pj +1 for 
all 7. It follows that p2...Pk + p1p3..-Dk +... + p1---Pk—-1 + 1 is a multiple of 
D1, +--+, Pk, thus ae a ee of pip2...py. But this is precisely saying that 
z ale + Teta E E a z; 18 an integer. 0O 


5.1.3 Application to primes of the form 4k + 3 and 3k +4 2 


After this series of examples, we come back for a while to more theoretical 
issues. The first result shows that nth powers modulo p are solutions to the 
congruence oon =1 (mod p) whenever n | p — 1. We will see later on that 
all solutions of this congruence are nth powers modulo p. 


Proposition 5.27. Let p be a prime and let n be a positive integer dividing 
p—1. Ifa is an integer such that the congruence x” =a (mod p) has solutions 


(in other words a is an nth power modulo p), then p | a or Imal (mod p). 


Proof. This is an immediate application of Fermat’s little theorem: if p does 
not divide a, then 


an = (x°) w =2?'=1 (mod p) 


and we are done. O 
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The previous proposition easily yields the following result, which is very 
useful in practice. We will see later on that it characterizes primes of the form 
4k + 3. 


Corollary 5.28. Let p be a prime of the form 4k +3. If p |a? +b? for some 
integers a,b then p | a and p |b. 


Proof. If p | a then clearly p | b? and so p | b. Assume now that p does 
not divide a and let c be an integer such that ac = 1 (mod p). Since p | 
(ac)? + (bc)?, we obtain (bc)? = —1 (mod p) and by the previous proposition 
Cas: = 1 (mod p). Since p = 3 (mod 4), the last congruence reads —1 = 1 
(mod p), plainly absurd. O 


The following theorem is also very useful in practice. 


Theorem 5.29. Let p be a prime and let n be a positive integer relatively 
prime to p— 1. Then the remainders of 1”,2”,..., (p — 1)” when divided by p 
are a permutation of 1,2,...,p —1. 


Proof. Clearly none of these numbers is a multiple of p. It suffices therefore 
to prove that the numbers are pairwise incongruent modulo p. Suppose that 
p | a” — b” for some a,b € {1,2,...,p — 1} and note that we may assume that 
gcd(a,b) = 1 (since p does not divide gcd(a, b)). Then using Fermat’s little 
theorem we also have p | a?~1 — b?-! and so (using proposition 3.35) 


p | gcd(a” = b”, qa? 1 = ppt) = g8cd(n,p—-1) = pecd(n.p—1) =a—b, 


the last equality being a consequence of our hypothesis. Since p | a — b and 
a,b € {1,2,...,p — 1}, we must have a = b and we are done. oO 


Corollary 5.30. Let p be a prime of the form 3k +2. Then 

a) The remainders of the numbers 18,23, ..., (p— 1) when divided by p are 
a permutation of 1,2,...,p— 1. 

b) If p | a? + ab +b? for some integers a,b, then p | a and p | b. 

c) If p #2 then there is no integer x such that x* = —3 (mod p). 
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Proof. a) This follows directly from theorem 5.29 for n = 3. 
b) If p | a then p | b, so assume that p does not divide ab. Then p | 
(a — b)(a? + ab + b?) = a° — b? and by part a) we deduce that p | a — b. But 
since p | a? +ab+b?, it follows that p | 3a?, a contradiction. The result follows. 
c) Suppose that x is such an integer. Since p # 2, there is an integer y such 
that 2y+1= 2 (mod p), then 4y? + 4y +4 = 0 (mod p) and so y*+y+1=0 
(mod p). But this contradicts part b). oO 


Example 5.31. Prove that there are infinitely many primes of the form 4k + 1 
and infinitely many primes of the form 6k + 1. 


Proof. By Schur’s theorem 4.67 there are infinitely many primes p dividing a 
number of the form n? + 1 with n > 1. Corollary 5.28 shows that any such 
p is either equal to 2 or of the form 4k + 1. We deduce the first part of the 
problem. For the second part consider similarly prime divisors of numbers of 
the form n?+n+1 with n > 1. Corollary 5.30 shows that such primes are of 
the form 3k + 1 (thus of the form 6l + 1) or equal to 3. The result follows. O 


Example 5.32. Find all integers a and b such that a? — 1 | b? +1. 


Proof. Clearly (a,b) = (0,n) works or all integers n, and we will prove that 
these are all solutions. So, suppose that (a,b) is a solution with a Æ 0. Then 
clearly a Æ +1, hence a? — 1 > 1. If a is odd, then 8 divides a? — 1, hence 
8 | b2 +1, which is impossible. Hence a is even, thus a? — 1 = 3 (mod 4). 
Since a? — 1 > 1, it follows that a? — 1 has a prime factor p of the form 4k +3. 
But p cannot divide b? + 1, a contradiction. This finishes the proof. oO 


Example 5.33. Prove that if a is an integer, then 2a? — 1 has no divisors of the 
form b? + 2 with b € Z. 


Proof. Suppose that b? + 2 | 2a? — 1 for some integers a,b. Then clearly b is 
odd, thus b? + 2 = 3 (mod 4). It follows that b? + 2 has a prime factor p of 
the form 4k + 3. Then p | b? + 2 and p | 2a? — 1, thus 


p | b? +2 + 2(2a? — 1) = b? + (2a)?. 


It follows that p | b and p | 2a, which is clearly impossible. O 
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Example 5.34. (Iran 2004) Find all primes p,q,r such that p? = p? + q? + r°. 


Proof. If p,q,r are not multiples of 3 then p? +g? +r? =1+1+4+12=0 
(mod 3) and so 3 | pł, a contradiction. Hence one of p,q,r is 3. If p = 3 then 
q? + r? = 18, which easily yields q = r = 3. Assume that p > 3 and without 
loss of generality that r = 3, hence p? = p? + q? +9, that is p?(p—1) = q? + 9. 
If p = 1 (mod 4), we deduce that 4 | g7+9, thus 4 | g?+1, which is impossible. 
Thus p = 3 (mod 4). But since p | q? + 3%, we obtain p | q and p | 3, thus 
p =q = 3 and then r = 3. O 


Example 5.35. (Brazil 1996) Let P(x) = z3 +14z? — 2x +1 and let P” be the 
composition of P with itself n times (so Pl®l(z) = P(P(P(zx)))). Prove that 
there is a positive integer n such that Pl"](x) = x (mod 101) for all integers 
$: 


Proof. Let p = 101. Define the function f : {0,1,...,p—1} — {0,1,...,p—1} by 
setting f(z) the remainder of P(i) when divided by p. We need to prove that 
there is n > 1 such that f!”! is the identity map. This is equivalent to saying 
that f is bijective: indeed, it is clear that the existence of n forces f being 
bijective, so suppose that f is bijective. Since there are finitely many maps 
g : {0,1,... p — 1} — {0,1,...,p — 1}, the sequence of iterates f, fll, fh]... 
cannot consist of pairwise different functions. So there are 0 < i < 7 such that 
fll = fl] and we can choose n = j — i. 

Now, in order to prove that f is bijective, it suffices to prove its injectivity 
(since the source and target of f have the same number of elements). But if 


f (i) = f (j) then 
p | Pi) — Pj) = (i — j (i? + ij +j? +144 + j) — 2). 


Assume that i Æ j then p | i? + ij + j? + 14(i + j) — 2. Choose @ such that 
3a = 14 (mod p) and note that 


li+a)+(i+a)(j+a)+(j +a =? +ij +j? +14li +j) +307 = 30? +2. 
But 9a? = 14? = 196 = —6 (mod p) and so p | 3a”. It follows that 


(i +a)? +(i+a)(j+a)+(j+a) =0 (mod p) 
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and since p = 2 (mod 3) we deduce that p | i +a and p | j +a. Thus p|i-j 
and then i = j, a contradiction. a 


Remark 5.36. One can replace p = 101 with any prime congruent to 2 modulo 
3 and P with any polynomial of the form P(x) = z3 +az?+bz+c with a? = 3b 
(mod p). 


Example 5.37. (IMO Shortlist 2012) Find all triples (x, y, z) of positive integers 
such that 
z’ (y? + 2°) = 2012(xyz + 2). 


Proof. Note that 2012 = 4p, where p = 503 is a prime of the form 3k + 2. If 
p | x, then p? divides the left-hand side, while the right-hand side is congruent 
to 8p modulo p*, a contradiction. Thus p does not divide x and so p | y3 +2% = 
y’ — (—z)%. Since p = 2 (mod 3), it follows that p | y — (—z) = y + z. Next, 
x? | 4p(xyz + 2), thus x | 8p and since gcd(p, x) = 1 we obtain z | 8. If 4 | z, 
then the left-hand side is a multiple of 16, while the right-hand side is not. 
Thus z € {1,2}. 

Suppose first that x = 1, so y? + 2? = 4p(yz + 2). Clearly 2 | y + z, so 
2p | y + z. Write the equation as 


T 
imal (y? — yz + 27) = 2(yz + 2). 
2p 
If ue = 1 then y? — 3yz + z? = 4 and so (y + z)? — 5yz = 4, yielding p? = 1 
(mod 5), a contradiction. Thus Ea > 2 and then yz + 2 > y? — yz + 2?, that 
is (y — z)? < 2. Since moreover y = z (mod 2), we deduce that y = z and 
then y3 = 2p(y? + 2). Since p | y, taking the last equation modulo p? yields a 
contradiction. Hence the case x = 1 is impossible. 

Assume now that x = 2, then the equation becomes 
FA 
= (y? — yz +2?) =yz +1. 
Since p | y+ z, we obtain yz +1 > y2 —yz +z? and so (y — 2z)? < 1. If y = z we 
obtain y -y* = y2 + 1 and so y? | 1, giving no solution. Thus, by symmetry, 
we may assume that y — z = 1 and then the equation becomes y + z = p, that 
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is z= ps = 251 and y = 252. Hence the only solutions are (2, 251, 252) and 
(2, 252, 251). o 


Example 5.38. (Turkey TST 2013) Find all pairs of positive integers (m,n) 
such that 
m=n™141n -1. 


Proof. If n = 1 then m = 1, which gives a solution of the problem. One easily 
checks that n = 2 does not yield any solution, so assume that n > 2 and that 
we can find m > 0 such that mê = n™*!+n—-1. Let k = n +1 > 2 and write 
the equation as 

mê = (k—1)¥ +k—-2. 


If k is even, then mê > (k — 1)* yields m’ > (k — 1)3 + 1 and then 
k—2>2(k—1)2 +1>2(k—1)4+1, 


a contradiction. A similar argument (using that mê is a third power) shows 
that 3 does not divide k. 

Suppose that k = 1 (mod 3), then mê = —1 (mod 3), a contradiction. 
Hence k = 2 (mod 3) and since k is odd it follows that there is a prime p > 2 
of the form 3j + 2 dividing k. Taking the equation mod p yields mê = — 
(mod p). However this contradicts corollary 5.30(c), and so the equation has 
no solution except (m,n) = (1,1). E 


Example 5.39. (Kolmogorov Cup) Let a,b,c be positive integers such that 


ae is an integer. Prove that this integer is not a multiple of 3. 





Proof. Suppose that a? + b? + c? = 3n(ab + bc + ca) for some positive integer 
n, then 
(a +b + c)? = (3n+2)(ab+ be + ca). 


Dividing a,b,c by their greatest common divisor, we may assume that 
gcd(a, b,c) = 1. Let 3n + 2 = p{"...p;* be the prime factorization of 3n + 2 
and note that there is i such that p; = 2 (mod 3) and a; is odd, otherwise 
p; = 1 (mod 3) for all i and 3n + 2 = 1 (mod 3), absurd. Fix such i, then 
pi | a+b+c and since the exponent of p; in the prime factorization of (a+b+c)? 
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is even and that in the prime factorization of 3n + 2 is odd, it follows that 
pi | ab + bc + ca. But then 


0 = ab + bc + ca = ab + c(a + b) = ab — (a + b)? = — (a? + ab + b?) (mod pi) 


and since p; = 2 (mod 3), we deduce that p; | a and p; | b, then p; | c. This 
contradicts the relation gcd(a, b,c) = 1 and finishes the proof. O 


5.2 Wilson’s theorem 


5.2.1 Wilson’s theorem as criterion of primality 


While Fermat’s theorem gives a result that is true for all primes, it does 
not provide a conclusive test of primality. Wilson’s theorem gives an exact 
criterion for the primality of an integer. The reader is strongly advised to 
carefully study the proof of the following theorem, since variations on this 
idea will be encountered several times later on. 


Theorem 5.40. (Wilson’s theorem) a) For all primes p we have 
(p—1)!+1=0 (mod p). 


b) Conversely, if an integer n > 1 satisfies (n —1)!+1=0 (mod n), then 
n is a prime. 


Proof. a) For each i € {1,2, ...,p—1} let i7} be the inverse of i modulo p (recall 
that this is the unique number x between 1 and p — 1 which satisfies iz = 1 
(mod p)). We can make a partition of {1,2, ...,p— 1} into pairs and singletons 
as follows: pair each i with i—!, if i 4771, otherwise put i in a singleton. The 
product of elements in each pair is 1 modulo p, hence (p—1)! = 1-2-...-(p—1) 
is congruent to the product of the numbers in the singletons. However, saying 
that i lives in a singleton is the same as saying that i? = 1 (mod p), which is 
the same as (i — 1)(i + 1) = 0 (mod p). Since p is a prime, this is equivalent 
to i = +1 (mod p). Hence there are only two singletons, and the product of 
their elements is —1. The result follows. 

b) Suppose that n is composite and write n = ab with a,b > 1. Then 
ab —1 >a, hence a | (n — 1)!. By hypothesis a | n | (n—1)!+1, hence a | 1, a 
contradiction. Hence n is a prime. 0 
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We illustrate the previous theorem with a few examples. 


Example 5.41. (Baltic Way 2014) Is 712! + 1 a prime number? 


Proof. One easily checks that 719 is a prime number, thus Wilson’s theorem 
yields 718! + 1 = 0 (mod 719). Since 718! = 712! - 6! (mod 719) and 6! = 
720 = 1 (mod 719), we obtain 719|712! + 1, which shows that 712! + 1 is 
composite. a 


Example 5.42. (USAMO 2012) Find all functions f : N — N such that for all 
positive integers m,n we have m—n| f(m) — f(n) and f(n!) = f(n)!. 


Proof. The only solutions in positive integers of the equation n = n! are 
n = 1,2, so the only constant functions which are solutions of the problem are 
1,2. Let f be a nonconstant solution. Since f(1) = f(1)! and f(2) = f(2)!, we 
deduce that f(1), f(2) € {1,2}. If p is an odd prime, then Wilson’s theorem 
combined with the hypothesis yield 


p|(p—2)!—1| f((p— 2)!) — f0) = fæ- 2)! — f0). 


Since f(1) € {1,2} we deduce that p does not divide f(p—2)! and so f(p—2) < 
p— 1 for all odd primes p. Suppose that f(p—2) = p—1 for some p > 2, then 
p | (p — 1)! — f(1) and by Wilson’s theorem again p | f(1) + 1 thus p | 6. We 
deduce that if p > 3, then f(p — 2) < p—2. Since moreover (p — 2)!-—1< 
f(p—2)!—f (1), it follows that f(1) = 1 and f(p—2) = p—2 for all primes p > 3. 
Now, if n is any positive integer then n—(p—2) | f(n)—f(p—2) = f(n)—(p—2) 
and n — (p — 2) | n — (p — 2), thus n — (p — 2) | f(n) — n for all primes p > 3. 
Thus f(n) — n has infinitely many divisors and so f(n) = n. It follows that 
the solutions of the problem are the constant functions 1,2 and the identity 
function. go 


Example 5.43. Let n > 1 be an odd integer and let © be the set of integers 
xz E€ {1,2,...,n}, such that both z and x + 1 are relatively prime to n. Prove 
that 


[[ z= 1 (mod n). 


rES 
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Proof. Let x € S, then since gcd(z,n) = 1 there is a unique y € {1, 2,...,n—1} 
such that zy = 1 (mod n). We claim that y € S. Indeed, since n | ry — 1 it 
is clear that gcd(n,y) = 1. On the other hand, n | z(y +1) — (x +1), thus 
gcd(n, y + 1) | gcd(n,x +1) = 1 and so gcd(n,y + 1) = 1, proving the claim. 
Next, we argue as in the proof of Wilson’s theorem: we create a partition of 
S into singletons and pairs, by putting x and y in a pair if x Æ y (x,y as 
above) and putting z in a singleton if x = y. Then |],,<5 x is congruent to the 
product of the elements of S living in singletons. These elements are those 
elements of S satisfying x? = 1 (mod n), that is n | (x +1)(x — 1). Since 
gcd(xz + 1,n) = 1, we deduce that n | x — 1 and so 1 is the only element of S 
living in a singleton. The result follows. oO 


The next example is fairly challenging. 


Example 5.44. (Lerch’s congruence) Prove that for all odd primes p we have 
1271 4+ 271 4 4 (p—1)? 1 =p+(p—1)! (mod p°). 

Proof. By Fermat’s little theorem we can find integers z1, ..., £p—1 such that 

j-i =1+ px; for 1 < j < p. Taking the product, expanding and reducing 

modulo p?, we obtain 


(p—1)!?—* = (1t+-pr1)(1+pr2)...(1+ptp_1) = 1+p(z1 +... +£p-1) (mod p’). 


Next, Wilson’s theorem allows us to write (p — 1)! = kp — 1 for some integer 
k. Then 


(p—1)!?-* = (—1+kp)?* = (-1)?* + (-1)?-7(p—1)pk =1+pk (mod p°). 
We conclude that 
Po oP ts + (p— 1)? = p — 1 + plait... + £p-1) 


=p—1l+kp=p+(p-—1)! (mod p°), 
which is the desired result. O 


We can refine a little bit the second part of Wilson’s theorem: 
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Proposition 5.45. For any integer n > 1 the following statements are equiv- 


alent: 
a) n #4 and n is composite. 
b) n|(n-1)!. 


Proof. Wilson’s theorem easily yields that b) implies a). Assume now that a) 
holds and let us prove b). Write n = ab with a > b > 1. If a Æ b then both 
factors a and b appear in the product (ab—1)! =1-2.-...-b-...-a-...-(ab—1), 
since ab — 1 > a. Thus in this case n = ab | (ab — 1)! = (n — 1)!. Suppose 
that a = b, then since n Æ 4 we have a > 2. But then ab — 1 = a? — 1 > 2a 
and so the factors a and 2a appear in the product (n — 1)! = (a? — 1)!, thus 
n | 2a? | (n — 1)! and we are done again. O 


We continue with some illustrations of the previous proposition: 


Example 5.46. (Komal B 4616) For which n > 1 do the numbers 1!,...,n! give 
different remainders mod n? 


Proof. One easily checks that n = 2,3 are solutions of the problem, so assume 
that n > 3 is a solution. Then precisely one of the numbers 1!, 2!,...,n! is a 
multiple of n and since n | n!, it follows that (n — 1)! is not a multiple of n. 
Thus by proposition 5.45 either n = 4 or n is a prime. One easily checks that 
n = 4 is not a solution, since 2! = 3! (mod 4). So nis a prime and n > 5. But 
Wilson’s theorem yields (n — 2)! = 1 = 1! (mod n), a contradiction. Hence 
the only solutions of the problem are 2 and 3. oO 


Example 5.47. Find all positive integers n, k such that (n — 1)! + 1 = nf. 


Proof. Note that n > 1 and that n | (n — 1)! + 1, thus n must be prime 
by Wilson’s theorem. One easily checks that (n,k) = (2,1), (3,1), (5,2) are 
solutions of the problem. We will prove that these are all solutions. Suppose 
that n > 5, then n — 1 > 4 and n — 1 is not a prime (since n is a prime), thus 
by proposition 5.45 we have n — 1 | (n — 2)!. Taking the relation (n — 2)! = 
nk-1 + nk-2 +... +n +1 modulo n — 1 gives n — 1 | k and so k > n- 1. 
But then (n — 1)! + 1 > n”! and since (n — 1)! < (n — 1)”-t1 we deduce that 
n”Tl < (n — 1)”71, a contradiction. Hence the solutions of the problem are 
(n, k) = (2, 1), (3, 1), (5, 2). O 
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Example 5.48. Find all integers n > 1 for which there is a permutation 
@1,Q2,..-,4n Of 1,2,...,n such that {aj,a,a2,...,a1a2...an} is a complete 
residue system modulo n. 


Proof. If a; = n for some i < n, then both ajag...a; and aja9...a;41 are multi- 
ples of n, a contradiction. Hence an = n. Then aja2...an_1 = (n—1)! is not a 
multiple of n and by proposition 5.45 n is either 4 or a prime number. Con- 
versely, if n = 4 we can take the permutation a; = 1,a2 = 3,a3 = 2,a4 = 4, 
while if n is a prime number, we can consider the permutation defined by 
ai = 1, an =n and a; =1+(i—1)7! for 2 < i < n — 1, where (i—1)~! is the 
inverse modulo n of i — 1, in {1,...n — 1}. For 2 <i < n we have 


i 
Q1Q2...a; = [iG = = =i (mod n), 
j=2 


and clearly aj, a2, ..., an E {1,2,...n} are pairwise distinct, hence they form a 
permutation of 1,2,...,n. Therefore the answer of the problem is n = 4 and 
n = p for some prime p. O 


Yet another slight but useful refinement of Wilson’s theorem is the follow- 
ing. 


Theorem 5.49. For all primes p and all O < k < p— 1 we have 
k\(p —k —1)!+(-1)* =O (mod p). 
Proof. Note that (p — 1)! = k!(k + 1)(k + 2)...(p — 1) and 
p-1l1=-1 (mod p),....k+1=-(p—k-1) (mod p). 
Multiplying these congruences and using Wilson’s theorem yields 
—1=(p—1)!=k!(-1)? }*(p—k-—1)! (mod p). 
Taking into account that (—1)?-' = 1 (mod p), the result follows. o 


We continue with several illustrations of the usefulness of theorem 5.49: 
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Example 5.50. Prove that for all odd primes p we have 


112!...(p— 1)! = (1) 7 (271)! (mod p). 


Proof. One can easily check the result for p = 3, so assume that p > 3. 
By theorem 5.49 we have 


k\(p —1—k)!=(-1)*1 (mod p) 


for 0 < k < p — 1. Taking the product for 1 < k < ps yields 


o 
J[ k! I[@-1- k)! s(t" (mod p). 
k=1 k=1 


Rearranging the factors in the left-hand side and using the identity 


-5 p-—l 
041+. + Opa 





yields 
2_ 2 
II k! = (—1) 57 -P+2 = (21) (mod p). 
1<kA42>* <p-2 


Multiplying this last congruence by (25+) !-(p—1)! and using Wilson’s theorem 
finally yields the desired result. E 


Example 5.51. (China TST 2010) Prove the existence of an unbounded se- 
quence a; < a2 < ... of positive integers having the following property: for all 
sufficiently large integers n such that n + 1 is composite, all prime divisors of 
n!+1 are greater than n + an. 


Proof. Suppose that p | n! +1 and n > 2, then clearly p > n since otherwise 
p|n!. On the other hand, by theorem 5.49 we have (p — n — 1)!n! = (-1)""1 
(mod p) and since n! = —1 (mod p) we deduce that (p — n — 1)! = (-1)” 
(mod p). By assumption n+ 1 is composite so p—n—1> 0. We cannot have 
p— n — 1 = 1 since otherwise we would have n = p — 2 and 1 = (-1)" = 
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(—1)?-? = —1 (mod p), a contradiction with p > 2. Hence p — n — 1 > 2 and 
since (p — n — 1)! = (—1)” (mod p), we deduce that (p -n—1)! > p-—1> 
n. Thus, if a, is the smallest positive integer m for which m! > n, then 
p—n—1> an for all n > 2 and all prime factors p of n! + 1. It is clear that 
an is a nondecreasing unbounded sequence of positive integers. O 


Example 5.52. (JBMO TST 2013 Turkey) Find all positive integers n such 
that 2n +7|n!-1. 


Proof. Since n = 1 is a solution, we assume in the sequel that n > 1. Note 
that if p is a prime divisor of 2n +7 then p | n! — 1 and so p > n+ 1. If 2n+7 
is composite, we deduce that 2n +7 > (n+1)? and then n? < 6, forcing n = 2, 
which is not a solution of the problem. 

Thus 2n + 7 = p is a prime and the hypothesis becomes (252)! = | 
(mod p). Now theorem 5.49 with k = pot combined with the previous con- 


gruence yield (242)! = Eia (mod p). Thus 


N diel DE p-j 
(-1) 7 = (>=) I] i S I] > (mod p). 
je{—5,—3,—1,1,3,5} je{—5,-3,—1,1,3,5} 
Noting that p — j = —j (mod p) and simplifying the above expression, we 
obtain p 
64(—1) F =15? =225 (mod p). 
If p= 1 (mod 4) then p | 225 +64 = 289 thus p = 17, which gives the solution 
n = 5, while if p = 3 (mod 4) then p | 225 — 64 = 161 which then implies 
p = 23 and n = 8, another solution of the problem. So 1,5,8 are the solutions 
of the problem. 0O 


Example 5.53. (Saint Petersburg 1996) Prove that for any prime p the numbers 
1!,2!, .., (p — 1)! give at least |,/p| different remainders when divided by p. 


Proof. The key idea is again the congruence 


k\(p —1—k)!=(-1)*! (mod p) 
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established in theorem 5.49. Multiplying it by p—k yields k!(p—k)! = (—1)*k 
(mod p), for 1 < k < p—1. Now let a1, ..., as be the distinct remainders modulo 
p given by the numbers 1!, 2!,..., (p— 1)!. Then the previous congruence shows 
that each of the numbers p — 1, 2, p — 3, 4, ... is congruent to a product of two 


elements among a1, ...,@s. There are pt different remainders mod p among 
s(s+1) 
2 





p—1,2,p—3,4,... and there are at most (5) + s = possible remainders 


given by products of two numbers among a1, ...,@s. Thus s(st)) > a and we 
easily deduce from this that s > |,/p]. oO 


We end this section with a beautiful but challenging problem. 


Example 5.54. (IMO Shortlist 2005) Let f be a nonconstant polynomial with 
integer coefficients and positive leading coefficient. Prove that f(n!) is com- 
posite for infinitely many integers n > 1. 


Proof. Write f(X) = aqXt + aq-1X%! + ... + a9 for some integers ao, ..., ad 
with aq > 0. If ag = 0, the result is clear, so assume that ag Æ 0. Given a 
prime p, the congruence f((p — k)!) = 0 (mod p) is equivalent (by theorem 
5.49) to zk = 0 (mod p), where 


tp = ao(k — 1)!? + ay(k — 1)!2-1(-1)* +... + ag(—-1)*. 


If k is large enough, say k > ko, then aĉ | (k — 1)! and |z| > 2a2. Choose, 
for such k, a prime factor pk of F Since = (—1)*@ (mod ag), we have 
(=) 
ci = 0 (mod px) gives pr, | (—1)*4, a contradiction. Thus py, > k for k > ko. 


Suppose now that the conclusion of the problem fails, so there is N > ko 
such that f(n!) is not composite for n > N. By increasing N, we may assume 
that the function x + f(x!) — x is increasing and positive on [N,oo). By the 
previous two paragraphs we know that pp > k for k > N and px | f((p, —k)!). 
Choose now k = ka = a(N+1)!+2 for a > 1, so that k,k + 1,... k +N-1 
are composite and so pk — k > N. We conclude that f((p, — k)!) = pk for 
these k. Letting rg = Pk, — ka, we obtain f(£a!) = £a +a(N +1)! 4+ 2 for 
all sufficiently large a. Since the numbers (£a) are pairwise distinct (by the 
previous equality), for infinitely many a we have %g11 > Za + 1 and so 


f (£a!) — Ta + (N +1)! = f(£a41!) — Tatı 2 f((£a + 1)!) — (za + 1). 





gcd(Pk, aq) = 1. If pg < k -— 1, then pk divides , which combined with 
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This implies that 


f((ta + 1)za!) — f (£a!) < 1+ (N +1)! 


Fllæat1)za!) 
f(za!) 


which is impossible since — oo for a —> oo. The result follows. O 


5.2.2 Application to sums of two squares 


We have already seen (an easy consequence of Fermat’s little theorem) that 
if p is a prime dividing a number of the form z? + 1 with x € Z, then p = 2 or 
p =1 (mod 4). The next important result establishes the converse. 


2 


Theorem 5.55. Let p be a prime. Then the congruence x° = —1 (mod p) 


has a solution if and only if p = 2 or p is of the form 4k + 1. 


Proof. We have already seen one implication, so assume that p = 2 or p= 1 
(mod 4). We need to prove the existence of an integer x such that p | z2 +1. 
If p = 2 pick x = 1, so assume that p > 2. Taking k = p1 in theorem 5.49 
and observing that k is even, we obtain 


(27 )P= -01t =-1 (mod p), 


thus z = (27 5 L)! is a solution of the congruence z? = —1 (mod p). O 


Remark 5.56. The proof shows that 
-1 
(27) ? =1 (mod p) 


when p = 3 (mod 4), so (25+)! = +1 (mod p). Deciding for which primes p 
we have (25+)! = 1 (mod p) is a rather delicate problem. 


The following example is a refinement of the previous theorem. 


Example 5.57. (Iran TST 2004) Let p = 1 (mod 4) be a prime number. Prove 
that the equation z? — py? = —1 has solutions in positive integers. 
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Proof. Let (x,y) be the smallest positive solution of the Pell equation x? — 


py? = 1. Then r? = y? +1 (mod 4), which forces x being odd and y being 
even. Next, we have p | z? — 1 = (x + 1)(x — 1), thus p| x+1orp|2—1. 


If p | x — 1, then = and tt are relatively prime numbers whose product is 


the square (2), thus = = a” and ott = b? for some positive integers a,b 
such that ab = 4. Then b° — pa? = 1 and by minimality of the solution (x,y) 
we must have a > y and so z = 1 + 2pa? > 1 + 2py?, obviously impossible. 
Thus p | z + 1 and a similar argument gives the existence of positive integers 
a,b such that zt = a? and 25+ = b°. Then b? — pa? = —1 and the result 
follows. oO 


We can now prove the following beautiful theorem. 


Theorem 5.58. (Fermat) Any prime p = 1 (mod 4) can be written as the 
sum of two squares. 


Proof. This follows immediately from the previous theorem and theorem 3.70. 
As the proof of theorem 3.70 is rather delicate, we provide now an alternative 
simple (but rather tricky) argument based on infinite descent. Choose an 
integer a such that p | a? + 1, which is possible by the previous theorem. 
Replacing a by its remainder when divided by p, we may assume that 0 < a < 
p. Then a? + 1 = kp for some positive integer k, with k < p. 

Let r be the smallest positive integer for which rp is the sum of two squares, 
say rp = x? +y?, with x, y nonnegative integers. The previous paragraph shows 
that r < k < p. If r = 1, we are done, so suppose that r > 1. Let x1, y1 be 
integers such that |xzı| < 5, |yı| < § and z = 2 (mod r), y = yı (mod r). 
Since r | z? + y*, we can write zi + y? = ru for some nonnegative integer u. 
If u = 0, then r | gcd(z, y), hence r? | x? + y* = rp, which is impossible, since 
1<r<p. Thus u > 0. Moreover, ru < 2- (r/2)* = r?/2, hence u < r. 
Finally, we have 


up = (a? + y?)(a2 +4?) = (221 + yui)? + (er — yar)”, 


and rz, + yy, = z? +y? = 0 (mod r), zy, —yzı = zy—yz = 0 (mod r). Thus 
the previous equality exhibits up as the sum of two squares. Since u < r, this 
contradicts the minimality of r and finishes the proof. E 
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We will give two more proofs of the previous theorem in the sequel. The 
first one uses the following very simple yet very powerful result, known as 
Thue’s lemma. 


Theorem 5.59. (Thue’s lemma) If a and n are relatively prime integers with 
n > 1, then there are integers x,y, not both 0, satisfying O < x,y < |/n| and 
x = tay (mod n) (for a suitable choice of the sign +). 


Proof. Let k = |./n]|, so that k? < n < (k +1)?. Consider all pairs (z, y) 
of integers with 0 < z,y < k. There are (k + 1)? > n such pairs, thus by 
the pigeonhole principle there are two different pairs (x1, y1) and (x2, ye) for 
which zı — ay, and x2 — ayz give the same remainder when divided by n. 
If xı = z2, then ayı = aye (mod n) and so yı = ye since gcd(a,n) = 1, a 
contradiction. Thus zı Æ x2 and, by symmetry, we may assume that x1 < 22. 
Setting x = z2 — xı and y = |y2 — yı| yields the desired result. oO 


Fermat’s theorem 5.58 is a simple consequence of theorems 5.55 and 5.59, 
as follows. Let p be a prime congruent to 1 modulo 4 and pick an integer a 
such that p | a? +1. Choose integers x,y as in Thue’s lemma (theorem 5.59 
above) with n = p. Then z = +ay (mod p), thus x? = a?y? = —y? (mod p). 
It follows that x? + y? is a positive integer which is divisible by p and smaller 
than p + p = 2p (since 0 < x,y < |,/p| < vp). Thus necessarily p = z? + y? 
and the result follows. 

Finally, we give yet another beautiful proof of Fermat’s theorem, due to 


Zagier. Consider a prime p = 1 (mod 4) and the set 
S = {(z,y, 2) € N| 2? + 4yz = p}. 


We will see below that we can define a map f : S — S such that f(f(s)) = s for 
all s € S and the equation f(x) = x has exactly one solution xo in S. It follows 
that |S| (the number of elements of S) is odd, since we can partition S into 
pairs of the form (s, f(s)) (for s # xo) and the singleton {zo}. Consider now 
the map g : S + S sending (x,y,z) to (a, z,y). Then clearly g(g(s)) = s for all 
s E€ S. If the equation g(x) = x had no solution in S, then the same argument 
as above would imply that |S| is even, a contradiction. Thus we can find 
(x,y,z) E S such that g(z, y,z) = (x,y,z) and then p = z? + 4y? = z? + (2y)? 
is a sum of two squares. 
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We still need to construct the map f : S > S above. For (x,y,z) E S 
define f(x,y,z) as follows. First, note that z Æ y — z (otherwise p = (y + 2)? 
is a perfect square, a contradiction) and x Æ 2y (otherwise p is even). Next, if 
x < y—zset f(x,y,z) = (x£+2z,z,y—x—z),ify—z <z < 2yset f(x,y,z) = 
(2y—x,y,x—y+z) and finally, if x > 2y set f(x,y,z) = (x—2y,xz—y+z,y). A 
simple, yet tedious computation shows that f(x,y,z) E S and that f(f(s)) =s 
for all s € S. Moreover, the equation f(x,y,z) = (x,y, z) is easily seen to have 
exactly one solution: for such (x,y,z) we must have y—z < x < 2y and £ = y, 
thus z? + 4zz = p and then z = 1 = y and z = ae The theorem is therefore 
proved. 

Using Fermat’s theorem, we can finally answer the question: which positive 
integers are sums of two squares? Recall that if p is a prime, then v,(n) is the 
exponent of the prime p in the factorization of n, i.e. the largest nonnegative 
integer k for which p* | n. 


Theorem 5.60. An integer n > 1 is the sum of two squares if and only if 
Up(n) is even for all primes p = 3 (mod 4) dividing n. 


Proof. Suppose that vp(n) is even for all primes p = 3 (mod 4) dividing n. 
Thus we can write n = 2% . m? - p1...pg, where pı, ..., Dk are primes congruent to 
1 mod 4 (not necessarily distinct) and m is a positive integer. Since 2, m? and 
each of pı, ..., pk are sums of two squares (by Fermat’s theorem), and since 
the set of sums of two squares is stable under multiplication by Lagrange’s 
identity 

(a* + b?)(c* + d°) = (ac + bd)? + (ad — bc)’, 


it follows that n is a sum of two squares. 

To prove the converse, suppose that n = a? + b? for some integers a,b. 
If p = 3 (mod 4) and k = v,(n) > 1, then pë | a? + b°. By corollary 5.28, 
we obtain p | gcd(a,b). Write a = pay,b = pb. Then v,(a? + b?) = k — 2. 
If k — 2 = 0, we are done, otherwise we repeat the argument and we have 
a, = paz, b = pbz and Up(as + b2) = k — 4. Continuing in this way we decrease 
k at every step by 2. At some moment we must reach 0, hence k is even. O 


Example 5.61. (USA TST 2008) Solve in integers the equation x? = y’ + 7. 
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Proof. Since there are no solutions for y < —1, we may assume that y+2 > 0. 
It is not difficult to see that y = 1 (mod 4). We rewrite the equation as 
r? +112 = y’ + 2” or equivalently 


z? +117 = (y + 2)(y® — 2y° + 4y* — 84° + 16y? — 32y + 64). 


Since y = 1 (mod 4), we have y + 2 = 3 (mod 4), thus there exists a prime q 
such that vg(y +2) is odd. Note that q does not divide y — 2y” + 4y* — 8y? + 
16y? —32y+64, as otherwise q would divide 7-64 and z?+11°, a contradiction. 
Thus v,(y’ +2") is odd, which is impossible, as it equals v,(x*+117) and q = 3 
(mod 4). The result follows. O 


Example 5.62. Find the least nonnegative integer n for which there is a non- 
constant function f : Z — [0, o0) such that for all integers x, y 

a) f(xy) = f(x)f (y); 

b) 2f(22 +y?) — f(a) — fly) € {0,1,2,...,n}. 

For this n find all functions with the above properties. 


Proof. Note first that for n = 1 there are functions satisfying a) and b). 
Indeed, for any prime p with p = 3 (mod 4) define fp : Z — [0, 00) by f(x) = 
0 if p|z and fp(x) = 1, otherwise. Then a) follows from the fact that if p|xy 
then p|z or ply. On the other hand p|z?+-y iff plx and ply (by corollary 5.28), 
and this implies b). 

Suppose now that f is a nonconstant function that satisfies a) and b) with 
n =0. Then 2f(x? + y*) = f(z) + f(y) and hence 


2f(x)” = 2f(x*) = 2f(x* +0) = f(x) + f(0). 


In particular, f(0)* = f(0). If f(0) = 1 then a) implies that f is the constant 
function 1, so f(0) = 0. Consequently 2f(x)? = f(x) for every x € Z. This 
together with a) imply that f(x)? = f(x?) = 2f (x2)? = 2f (x)*. In particular, 
2f(x)* #1 for all x and therefore f is the zero function, a contradiction. So 
n = 1 is the least integer with required properties. 

We will prove now that if n = 1, then each nonconstant function f satisfy- 
ing a) and b) is of the form fp, or the function equal to 1 at nonzero integers 
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and 0 at 0. We already know that f(0) = 0. Since f(1)? = f(1) and f(1) =0 
would make f identically zero and therefore constant, we have f(1) = 1. Also, 


2f (x)? — f(x) = 2f (a? + 0) — f(x) — f(0) € {0,1} 


for all x € Z, thus f(x) € {0,1} for all x. (The third possibility f(x) = å 
is excluded since it would make f(x?) = 4, an excluded value.) We have 
f(-1)? = f(1) = 1, so f(-1) = 1. Then f(—zx) = f(—1)f(z) = f(z) and it 
follows from a) that it suffices to find f(p) for any prime p. Suppose there is 
x >0 with f(z) =0. Since x 1 it follows that for some prime divisor p of x 
we have f(p) = 0. Suppose that there is another prime q for which f(q) = 0. 
Then 2f(p? +q?) € {0,1} shows that f(p? + q7) = 0. Hence for all integers a 
and b we have 


0 = 2f (a? + b°) f(p? +°) = 2f ((ap + bq)? + (aq — bp)”). 


On the other hand 0 < f(x) + f(y) < 2f(x? + y?) and the above identities 
show that f(ap + bq) = f(aq — bp) = 0. But p and q are relatively prime and 
by Bézout’s lemma there are integers a and b such that aq — bp = 1. Then 
1 = f(1) = f(aq — bp) = 0, a contradiction. So, there is only one prime p 
for which f(p) = 0. Suppose that p = 2. Then f(x) = 0 for x even and 
2f (x? +y?) = 0 for x,y odd. Hence f(x) = f(y) = 0 for all odd z and y, 
a contradiction since f is not constant. Suppose that p = 1 (mod 4) and 
write p = a? + b? for some positive integers a,b (which is possible by Fermat’s 
theorem). Then f(a) = f(b) = 0, but max(a,b) > 1 and there is a prime q 
that divides it. Therefore f(q) = 0, a contradiction since q < p. Hence p= 3 
(mod 4) and we have that f(x) = 0 if x is divisible by p and f(x) = 1 if not. 
Hence f = fp. O 


A= 


Example 5.63. Find all functions f : N — Z with the properties: 
i) f(a) > f(b) whenever a divides b; 
ii) f (ab) + f(a? + b°) = f(a) + f(b) for all a,b E N. 


Proof. By considering the function f(x)— f (1), we may assume that f(1) = 0, 
so f(n) < 0 for all n by the first condition. The second condition with b = 1, 
then reads f(a? +1) = f(1) = 0 and in particular f(2) = 0. 
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We prove next that f(p) = 0 for all primes p = 1 (mod 4). Indeed, take 
such a prime p and consider a positive integer a such that pla? + 1 (it exists 
by theorem 5.55). Then f(p) > f(a? +1) = f(1) = 0. Since f(p) < 0, we 
deduce that f(p) = 0. 

Next, we observe that if f(a) = f(b) = 0, then f(ab) + f(a? + b?) = 0 and 
f (ab), f(a? + b?) < 0, hence f(ab) = 0. It follows immediately from this and 
the previous paragraph that f(n) = 0 whenever n is a product of primes (not 
necessarily distinct) congruent to 1 mod 4. 

Suppose now that gcd(a,b) = 1. Then a? + b? is a product of primes 
congruent to 1 mod 4, except for a possible power of 2. 

Since we saw that f(2) = 0, the same argument as in the previous para- 
graph shows that f(a? +b?) = 0 and so f(ab) = f(a) + f(b). 

We compute next f(p*) for a prime p. We saw that if f(a) = f(b) = 0 
then f(ab) = 0, so f(p*) = 0 if p = 2 or if p = 1 (mod 4), so we may assume 
that p = 3 (mod 4). By taking b = a* in the second relation and using 
that f(a*) > f(a*t!) and f(a) > f(a? +a), we deduce that both of these 
inequalities are equalities and so f(a*) = f (aft?) for all a and k. We conclude 
that f(p*) = f(p). 

Putting everything together we deduce that if n = př... pEr for some dis- 
tinct primes pı, ..., pr and kj,...,k, positive integers, then f(n) = f (p1) +... + 
f(pr) and each f(p;) is O if p; = 2 or pj = 1 (mod 4). This determines f 
uniquely if we fix the values of f(p) for all primes p = 3 (mod 4). This gives 
us a family of solutions and we will check now that we can allow arbitrary 
values at these primes. 

So, choose any function g defined on the set of primes p = 3 (mod 4) and 
define f(1) = f(2) = 0 and f(p) = g(p) if p = 3 (mod 4), f(p) = 0 for the 
other primes p and extend f to all positive integers by 


foi. pk) = f(pi) +... + f(pr). 


We have to check that f is a solution. But the first relation is clear and 
the second one follows by considering the prime factorization of a,b, gcd(a, b) 
and using the fact that for gcd(a,b) = 1 the prime factors of a? + b? are all 
congruent 2 or 1 (mod 4), on which f vanishes. o 
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5.3 Lagrange’s theorem and applications 


5.3.1 The number of solutions of polynomial congruences 


Fermat’s little theorem has the striking consequence that for any prime p 
the polynomial X? — X has p different zeros modulo p, namely 0,1,...,p — 1. 
There is another polynomial having such zeros, namely X (X —1)...(X —p+1). 
Of course, XP — X and X(X —1)...(X —p+1) are not equal as polynomials. In 
this section we will define a congruence relation for polynomials with integer 
coefficients and we will prove that X? — X and X(X — 1)...(X — p + 1) are 
congruent modulo p. Using this, we will study the map x ++ z? (mod p) when 
d is a positive integer and p is a prime. This study will play a key role in the 
last chapter. 

Let us start by introducing a congruence relation between polynomials. We 
denote by Z[X] the set of polynomials with integer coefficients. The following 
definition should not be a great surprise for the reader. 


Definition 5.64. Let n be an integer and let f,g € Z[X]. We say that f and 
g are congruent modulo n and write f = g (mod n) if all coefficients of the 
polynomial f — g are multiples of n, in other words, if there is h € Z[X] such 
that f —g=nh. 


We note straight away one common mistake: if f = g (mod n) then clearly 
f(x) = g(x) (mod n) for all integers x. However, the converse does not hold: 
take f = X? + X and g = 2, then f(x) = g(x) =0 (mod 2) for all integers z, 
however f is not congruent to g modulo 2, since the coefficients of X? + X — 2 
are not all even. 

As an example, the polynomials X (X —1)(X —2) and X*—X are congruent 
modulo 3 since the coefficients of their difference 


(X? — X)-X(X H1)(K= 2) = 3X(X = 1) 


are multiples of 3. On the other hand, X’ — X and X(X — 1)(X — 2) are not 
congruent modulo n for any n > 1 different from 3. 

Just as for integers, one can immediately prove the following formal prop- 
erties of congruences for polynomials. We leave the simple proofs to the reader. 
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Proposition 5.65. For all polynomials f,g,h,k € Z|X] and all n we have 
a) f = f (mod n). 
b) If f =g (mod n), then g = f (mod n). 
c) If f =g (mod n) and g = h (mod n), then f =h (mod n). 
d) If f =g (mod n) andh=k (mod n), then f+h=g+k (mod n) and 
fh = gk (mod n). 


Example 5.66. Prove that for all f,g € Z[X] and all primes p we have 
(f+g? =f? +g? (modp) and f(X} = f(X”) (mod p). 
Proof. The first congruence follows directly from the binomial formula 
p—1 p 
(F+ =fP +g? +>, 4 ee a 
k=1 
and the fact that p | (2) for 1 < k < p—1. For the second congruence, write 
f(X) = ap ta ,X +... +a,X”. Applying repeatedly the first congruence yields 
f(X)? = (ao +a X +... + an X") = ah + (a1 X)? +... + (anX”)? (mod p). 


Using Fermat’s little theorem we obtain a; = a; (mod p), and the result fol- 
lows. O 


The next very useful result extends the usual property of primes (if p 
divides ab then p divides a or b) to polynomials. 


Theorem 5.67. (Gauss’ lemma for polynomials) Let p be a prime and let 
f, g be polynomials with integer coefficients such that f -g =0 (mod p). Then 
f =0 (mod p) or g = 0 (mod p). 


Proof. Assume that this is not the case and write 
f(X) =ao+a1X +... +agX%, g= bo+bX +... +beX" 


for some integers do, ..., @q, b0, ..., be. Let i be the smallest nonnegative integer 
for which p does not divide a; (i exists since by assumption f is not congruent 
to 0 modulo p). Similarly, let j be the smallest nonnegative integer for which 
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p does not divide bj. The coefficient of Xt) in f(X)g(X) is Vysyaisj Qube 
and by assumption it is divisible by p. On the other hand, if ut+v=21+ ) and 
(u,v) Æ (i,j), then u <i or v < j, thus a,b, is divisible by p. It follows that 


0= ` Ayby = a;b; (mod p), 
u+v=i+j 


which contradicts the fact that a; and 6; are not divisible by p. The result 
follows. O 


The fundamental link between congruences of polynomials and solutions 
of polynomial congruences is the following 


Theorem 5.68. Let a be an integer and let f € Z[X]. Then f(a) = 0 
(mod n) if and only if there is g € Z|X] such that f(X) = (X — a)g(X) 
(mod n). Moreover, if this is the case then we can choose g of degree less than 
or equal to deg(f) — 1. 


Proof. Suppose first that such g exists. By definition there is a polynomial h 
with integer coefficients such that f(X) = (X —a)g(X)+nh(X). Plugging in 
X =a yields f(a) = nh(a) = 0 (mod n). Suppose conversely that f(a) = 0 
(mod n). Write f(X) =co+cX +... +cgX?% for some integers co, ...,cq and 
note that 


f(X) — f(a) = a (X — a) + co(X* — a°) + ... + eg(X4 — aĉ) = (X — a)g( X), 
with 

g(X) =e, + c2(X +a) + ... + ca XT! +...407), 
a polynomial with integer coefficients of degree less than or equal to d — 1. 


Since f(X) — (X — a)g(X) = f(a) and f(a) = 0 (mod n), we have f(X) = 
(X —a)g(X) (mod n) and we are done. O 


We can establish now the following very important result, which is the mod 
p analogue of the fact that any nonzero polynomial f with complex coefficients 
has at most deg f distinct roots. 
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Theorem 5.69. (Lagrange) Let p be a prime and let f be a polynomial with 
integer coefficients. If at least one of the coefficients of f is not a multiple 
of p (in other words if f is not congruent to 0 mod p), then the congruence 
f(x) =0 (mod p) has at most deg f solutions. 


Proof. We prove this by induction on the degree d of f. The case d = 0 being 
clear, assume that the result holds for d and let us prove it for d+ 1. Let 
f € Z[X] be a polynomial of degree d+ 1 which is not congruent to 0 mod p. 
If the congruence f(x) =0 (mod p) has no solutions, we are done, so assume 
that this is not the case and pick a solution a. The previous theorem shows the 
existence of a polynomial g € Z[X] such that f(X) = (X — a)g(X) (mod p) 
and deg(g) < d. Note that g is not 0 mod p, since f is not 0 mod p. Thus 
by the inductive hypothesis the congruence g(x) = 0 (mod p) has at most d 
solutions. Since each solution of the congruence f(x) = 0 (mod p) is either a 
or a solution of the congruence g(x) = 0 (mod p) (this crucially uses the fact 
that p is a prime, contrary to all previous arguments), the result follows. O 


Remark 5.70. The result is completely false for congruences f(x) = 0 (mod n), 
where n is composite. For instance the congruence x* = x (mod 6) has 6 
solutions, yet the polynomial X? — X is certainly not congruent to 0 mod 6. 


The following very useful result is an immediate consequence of Fermat’s 
little theorem and Lagrange’s theorem. 


Theorem 5.71. For all primes p we have 
XP-1_ 4 = (X —1)(X — 2)..(X —p4+1) (mod p). 


Proof. Let f be the difference between the left-hand side and the right-hand 
side. Then deg f < p — 2, since XP-t — 1 and (X —1)...(X — p + 1) are monic 
of degree p — 1. On the other hand Fermat’s little theorem yields f(i) = 0 
(mod p) for 1 < i < p—1, hence by Lagrange’s theorem f = 0 (mod p), as 
desired. O 


The previous theorem encodes a large family of congruences, among which 
is Wilson’s theorem (p — 1)! + 1 = 0 (mod p). Indeed, this follows by looking 
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at the constant terms of the polynomials appearing in the previous theorem. 
By looking at the coefficient of X?-!~* with 1 < i < p — 1, we obtain 


ky ko...k; = 0 (mod p). 
1<kı<k2<...<ki; <p 
The following rather interesting examples illustrate the power of the pre- 
vious theorems. 


Example 5.72. (Romania TST 2001) Find all pairs (m,n) of positive integers, 
with m,n > 2, such that a” — 1 is divisible by m for each a € {1,2,3,...,n}. 


Proof. Let p be a prime factor of m, so that p | a” —1 forl<a<n. Ifp<n, 
we obtain p | p” — 1, a contradiction. Thus p > n+ 1. It follows that 1, 2,...,n 
are pairwise distinct solutions of the polynomial congruence x” = 1 (mod p). 
Thus the polynomial congruence 


x” —1-—(xz-—1)...(x—-n)=0 (mod p) 


has degree at most n— 1 and at least n different solutions. Lagrange’s theorem 
implies that 


X”—1=(X-1)(X-2)..(X-—n) (mod p). 


Considering the coefficients of X"~!, we deduce that p | ninth) Since p > n, 


the only possibility is p = n+ 1. In particular, n + 1 is a prime p > 2 and 
m has a unique prime factor, namely p. We will show that p? cannot divide 
aP-! — 1 for all 1 < a < p — 1, establishing therefore that m = p. Indeed, note 
that 


Dale =VS El a(=1?@=)p=1==pp=1) ‘God 7) 
and so p* does not divide (p — 1)?-! — 1. a 


Example 5.73. (Iran TST 2011) Let p be a prime, k a positive integer and let 
f € Z[X] such that p* divides f(x) for all x € Z. If k < p, prove that there 
are polynomials go, g1,.--,9k E Z|X] such that 


k 
F(X) = X p(X? — XY - gi(X). 
i=0 
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Proof. We will prove this result by induction on k. Suppose first that k = 1 
and write f(X) = (XP — X)q(X) + r(X) for some polynomials q,r € Z|X] 
such that degr < p (this is possible since X? — X is monic). The hypothesis 
combined with Fermat’s little theorem show that p | r(x) for all integers z. 
Since degr < p, Lagrange’s theorem yields r = 0 (mod p) and the result 
follows. 

Let us prove the inductive step. Assume that the result holds for k, that 
k +1 < pand that p**! divides f(x) for all z. By the inductive hypothesis 
there are polynomials g; E€ Z[X] such that 


k 
F(X) =J P(X — X)* - gi(X). 
i=0 


zP—xz 


If x and z are any integers and if y = (an integer by Fermat’s little 


theorem), the binomial formula gives 
(z + pz)? — (a + pz) = p(y- z) (mod p°), 


therefore 
f(z + pz) = =Y — z)fgi(z£ + pz) = p* So —z)'gi(x) (mod p***). 


We conclude that p divides “¥_)(y — z)*g;(x) for any x and z, and replacing 
z with y — z, it follows that X`% 2*g;(x) = 0 (mod p) for all integers z and z. 
Since k < p, Lagrange’s theorem yields g;(x) = 0 (mod p) for all į and all z. 
Applying the base case, we can find h;,r; E€ Z[X] such that 

gi(X) = (Xx? — X )hi(X) + pr;(X). 
Replacing these expressions in f(X) = S~#_) p*-*(X? — XY - gi(X) finishes the 
inductive step. O 


Example 5.74. (USA TST 2009) Let p > 5 be a prime and let a, b, c be integers 
such that p does not divide (a — b)(b — c)(c — a). Let i,j,k > 0 be integers 
such that p — 1 |i +j + and such that for all integers x 

p | (z — a)(x — b) (x — c)[(x — a} (x — b)i (z — c)* — 1]. 


Prove that the numbers 2, j, k are divisible by p — 1. 
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Proof. Using Fermat’s little theorem, we may replace 1, j, k with their remain- 
ders mod p — 1, without affecting the hypothesis or the conclusion. Thus we 
may assume that 0 < i,j,k < p—1 and need to prove that i = j = k = 0. 
Assume that this is not the case. Since p—1|i+j+k, we deduce that 
i+j+k = p-—lor 2(p-— 1). Ift+7+k = 2p —1), we replace each 
xz € {i,j,k} with p — 1 — zx, which does not change the hypothesis or the con- 
clusion. Thus we may assume that t + j + k = p — 1. Finally, we may assume 
that i = max(i, j, k). 
Multiplying the congruence 


(x — a)(x — b)(x — c)|(z — a} (z — b} (x - c)" -1]=0 (mod p) 
by (x — a)J** and using Fermat’s little theorem, we obtain 
f(x) := (x£ — a)(x — b)(x — ¢)[(x — b) (a — c)" — (x - a} +] [0 (mod p). 
for all x. Since p > 5, we have 


2(p—1 
deg(f)<3+j+k—-1<2+ eae 





and so Lagrange’s theorem yields f(X) = 0 (mod p). Combining this with 
theorem 5.67, we obtain 


(X -b (X —c)* =(X—-a)** (mod p). 


Since i < p—landi+j+k = p—1, we have j+k £ 0, thus (X —b) (X —c)* 
vanishes at b or c. We deduce that p divides (b — a)Jt* or (c — a)It+*, which 
contradicts the hypothesis. Thus 1 = 7 = k = 0 and the result follows. E 


Example 5.75. (China TST 2009) Prove the existence of a number c > 0 such 
that for any prime p there are at most cp?/3 positive integers n for which p 
divides n! + 1. 


Proof. Let p > 2 be a prime and let 1 < nı < Nna < ... < Nm < p be all 
solutions of the congruence n! = —1 (mod p) (note that if p | n! + 1 then 
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n <p). We may assume that m > 1, otherwise we are done. Combining the 
congruences n;! = —1 (mod p) and nj41! = —1 (mod p) yields 


(ni + 1)(ni +2)... (ni + riz. — ni) =1 (mod p). 
Lagrange’s theorem shows that for each 1 < k < p the congruence 
(c+1)(2+2)...(2+k)=1 (mod p) 


has at most k solutions. We deduce that for each 1 < k < p there are at most 
k indices į such that ni+ı —n; = k. This is the key point of the proof, the 
remaining part of the argument being purely combinatorial. 

Choose a positive integer 7 such that 


CEDO a 
2 > 2 


Since for any k € {1,2,...,p — 1} the equation ni+ı — ni = k has at most k 
solutions 2 and since m > iat?) = Ta j, we deduce that when the differences 
Ni+1 — N; are written in ascending order, the first is at least 1, the next two 
are at least 2, and so on, each time the next i differences are at least i. It 
follows that 


—1 pa 
Minka S12 te = J + LI +1) 
i=1 6 
and so ee 
Dp > Nm — NI > ea 
In particular, p > 2 and j < (3p)!/3. Since m < (j +1)? < E EE 
follows. a 


5.3.2 The congruence zf = 1 (mod p) 


After this series of examples, we come back to more theoretical issues. 
An immediate consequence of Lagrange’s theorem is the following innocent- 
looking but nontrivial result. 
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Corollary 5.76. Let p be a prime and let k be a positive integer such that 
rë =1 (mod p) for all integers x which are not multiples of p. Then p—1 | k. 


Proof. Let d = gcd(k, p—1), then d | p—1 and moreover for all x not divisible 
by p we have x? = 1 (mod p) (since zë = 1 (mod p) by assumption and 
rP! = 1 (mod p) by Fermat’s little theorem). Thus the congruence x? = 1 
(mod p) has at least p — 1 solutions. Lagrange’s theorem yields d > p — 1. 


Since d = gcd(k, p — 1), the result follows. O 


We obtain now immediately the following very important and useful con- 
gruence (which is not very easy to prove directly). 


Corollary 5.77. a) If j is a positive integer, not divisible by p — 1, then 
1f +2 +...+(p—1)} =0 (mod p). 
b) If f is a polynomial with integer coefficients and deg( f) < p—1, then 
fO) +f) +..+f(p—-1)=0 (mod p). 
Proof. a) By the previous corollary we can choose an integer x which is not 
divisible by p and such that p does not divide x7 — 1. Let S = 17 + 22 +... + 


(p —1)4. Since the remainders of z, 22, ..., (p — 1)z when divided by p are a 
permutation of 1,2,...,9 — 1, we obtain 


aS =a) + (21) +... + ((p— 1) = 1 +2 +...+(p—-1} =S (mod p), 
thus p divides S(x? — 1).Since p does not divide x — 1, the result follows. 

b) Write f(X) = ao + aX 4+... + agX® for some integers aọ,...,aq and 
d < p-— 1. Then 
f(0)+F(1)+...+f(p—1) = pao+a1(1+2+...+(p—1))+...+aa(1f+...+(p—1)ĉ). 


By part a) each of the sums 1+2+...+(p—1),..., 12+... + (p—1)? is divisible 
by p. The result follows. E 
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Before illustrating the previous results with some concrete examples, we 
would like to discuss in more detail the congruence zf = 1 (mod p) where d 
is a positive integer and p is a prime. This will play a crucial role in chapter 
6. For this note that we can always reduce the study to the case d | p — 1, 
since the congruence zf = 1 (mod p) has exactly the same solutions as the 
congruence x8°4(47-1) = 1 (mod p) (by Fermat’s little theorem and the fact 
that ged(x? — 1,2?-1 — 1) = 84(4P-1) _ 1). Again, Fermat’s little theorem 
combined with Lagrange’s theorem easily yield the following result. 


Theorem 5.78. Let p be a prime and let d be a positive divisor of p—1. Then 
the congruence xt = 1 (mod p) has exactly d solutions. 


Proof. Since d | p — 1, we can find a polynomial with integer coefficients 
f(X) such that X?-! — 1 = (X4—1)f(X) (explicitly, f(X)=1+X44+..4 
X (PZ —1)dy By Fermat’s little theorem the congruence z?~! = 1 (mod p) has 
p — 1 solutions. Each solution of this congruence is a solution of one of the 
congruences x? = 1 (mod p) and f(x) =0 (mod p). By Lagrange’s theorem, 
these two congruences have at most d, respectively p — 1 — d solutions. Since 
in total they have p — 1 = d+ p — 1 — d solutions, we deduce that the first one 
has d solutions and the second one p — 1 — d solutions. The result follows. O 


Let us illustrate the previous results with some concrete examples. 


Example 5.79. A Carmichael number is a positive integer n such that nla” — a 
for any integer a. 

a) Prove that n is a Carmichael number if and only if n is squarefree and 
p — 1 divides n — 1 for any prime p dividing n. 

b) Find all Carmichael numbers of the form 3pq with p,q primes. 


Proof. a) Suppose that n is a Carmichael number, then n divides p” — p for 
any prime p. Thus if p | n, p? cannot divide n (otherwise we would obtain 
p? | p* — p and then p? | p). Thus n is squarefree. Next, if p | n is a prime 
then p | a”~!—1 for any a relatively prime to p and so p—1|n — 1 by corollary 
5.76. The converse follows from example 5.3. 

b) By part a) we obtain that 3, p,q are distinct and that p — 1|3pq — 1 and 
q—1|3pq—1. The first congruence implies that p — 1|3q — 1, while the second 
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yields q — 1|3p — 1. We may assume that p > q, so that 3q — 1 < 3(p — 1). 
Thus either p — 1 = 3q — 1 (impossible, as p Æ 3) or 2(p — 1) = 3q — 1. So 
2p = 3q + 1 and since q — 1|3p + 1, we immediately obtain that q — 1|9q + 1. 
This forces q — 1|10 and we easily infer that q = 11 and p= 17. Thus n = 561 
is the only Carmichael number of the form 3pq. O 


Example 5.80. (Romania TST 2008) Let n be an integer greater than 1. Com- 
pute the greatest common divisor of the numbers 2” — 2,3” — 3, ... n” — n for 
given n. 


Proof. For n = 2 the answer is 2, so assume that n > 2. Let 
d = gcd(2” — 2,...,n” — n) 


and let p be a prime factor of d. If p > n, then the congruence of degree n x” = 
x (mod p) has pairwise distinct solutions 0, 1,..., modulo p, a contradiction 
with Lagrange’s theorem. Thus p < n. In particular d | p” —p and so p? cannot 
divide d. Next, p | a”! — 1 for all a relatively prime to p, since p | a” — a for 
1<a<nandn> p. Corollary 5.76 gives p— 1 | n — 1. Conversely, if p is a 
prime such that p—1|n-—1 then p | a” — a for all integers a and so p | d. In 
other words, we have just proved that 


d= || p E 


p—1|n—1 


Example 5.81. (IMO 1997 Shortlist) Let p be a prime and let f be a polynomial 
with integer coefficients such that f(0) = 0, f(1) = 1 and f(z) is congruent 
to 0 or 1 modulo p for all integers x. Prove that deg(f) > p—1. 


Proof. Assuming the contrary, corollary 5.77 yields 
f(O)+f)+...4+f(@-1)=0 (mod p). 


But the left-hand side is congruent to a sum of zeros and ones by assumption, 
and there is at least one zero and at least one 1 in this sum. It is thus 
impossible to get a multiple of p. oO 
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Example 5.82. (Mathematical Reflections O 21) Find the least degree of a 
nonconstant polynomial f with integer coefficients having the property that 
f(0), f(1),..., f(p — 1) are all perfect (p — 1)th powers. 


Proof. Let f be such a polynomial and write f(i) = 27? -1 for some integers 
£0, +++)Lp—1. By Fermat’s little theorem we deduce that f(z) is congruent to 0 
or 1 mod p for all O <i < p—1. Assume that deg f < p — 1, then corollary 
5.77 gives 

f0)+fQ)+..+f(p-—1)=0 (mod p) 


and since each of the numbers f(0),..., f(p — 1) is congruent to 0 or 1 mod p 
we deduce that f(0),..., f(p— 1) are all congruent to 0 mod p or all congruent 
to 1 mod p. Thus there is € € {0,1} such that the congruence f(x) = € 
(mod p) has at least p solutions, which contradicts Lagrange’s theorem. Thus 
deg f > p—1. Since f(X) = X?—! obviously satisfies the required properties, 
we conclude that the answer is p — 1. O 


Example 5.83. (Giuga) Let n be an integer greater than 1. Prove that 
n| 1+1 +2 +- (n 1)! 
if and only if for every prime divisor p of n, 
p|——1 and psili- =i 
p p 


Proof. Let p be a prime divisor of n. Let us see when p divides 1 + S, where 
S = 17t +2071 4...4 (n—1)”-1. Write n = kp for a positive integer k. Then 
each nonzero remainder modulo p appears exactly k times among 1, 2,...,n—1, 
hence 

1+SS1+k(1"*4+2%1'4..4 oM). 


By corollary 5.77 the number 1"~! + 2”71 + ... + (p — 1)"" is congruent to 
0 modulo p if p — 1 does not divide n — 1, and it is congruent to —1 modulo 
p otherwise. We conclude that p | 1+ S if and only if p — 1 divides n — 1 
(equivalent to p — 1 | 51) and p|k-1=%-—1. 

This already proves one implication: if n divides 1+ S, then p—1|n—-1 


and p | 3 — 1 for all p | n. Conversely, suppose that these conditions are 
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satisfied. Since p | Z — 1 for all p | n, it follows that n is squarefree. Hence n 
divides 1+ S if and only if p | 1+ S for any p | n. By the first paragraph, this 
is true, which concludes the proof. O 


Remark 5.84. Giuga’s conjecture is that the only numbers satisfying the previ- 
ous divisibility are the prime numbers. Note that the condition p—1 | Z — 1 is 
equivalent to p— 1 | n—1, in other words any number satisfying the divisibility 
is a Carmichael number. Let us call n > 1 a Giuga number if n is composite 
and p | > — 1 for all prime divisors p of n (which implies that n is squarefree). 
We can rephrase Giuga’s conjecture as saying that no Giuga number is also a 
Carmichael number. The first Giuga numbers are 


30,858 = 2-3-11- 13,1722 =2-3-7-41.,... 
and there are also monster Giuga numbers such as 
2-3-11-23-31- 47059 - 2259696349 - 110725121051. 


It is not known if there are infinitely many Giuga numbers. An excellent 
exercise for the reader is to check the equivalence of the following statements: 

a) n is a Giuga number; 

b) 19) + 200) +... + (n — 1)? = —1 (mod n); 

C) > pin : =n 5 is a positive integer. 

A beautiful exposition of these results (and many others) can be found in 
the article "Giuga’s conjecture on primality", by D. Borwein, J. M. Borwein, 
P. B. Borwein and R. Girgensohn, published in the American Mathematical 
Monthly, vol. 103, No 1, 1996. 


We give now a more conceptual proof of example 5.44, based on corollary 
5.77. 


Example 5.85. (Lerch’s congruence) Prove that for all odd primes p we have 
1271 4+ apt 4 4 (p—1)? 1 =p4+(p—1)! (mod p°). 


Proof. Let us write 


p—1 
f(X) = [] Xx —4) = xP + ap-2 XP? +... + a1 X + ag 
1=1 
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for some integers ao, ...,@p—2. Since by theorem 5.71 
ates —i)=xX?"!_1 (mod p), 


we have p | d1,...,@p_2 and ag = (p — 1)!. Next observe that 


p-1 p-2 
TO= a 14 Paj( +24. .+(p—1)). 
i=1 j=0 


Since 1 +23+...+(p—1)J = 0 (mod p) for 1 < j < p — 2 (by corollary 5.77), 
all terms a;(1f + 27 + ... + (p — 1) ) with 1 < j < p — 2 are multiples of p°. It 
follows that 


Pty 271 4... + (p-— 1)}7™t = —(p—1)(p— 1)! (mod p°). 
It suffices therefore to prove that 
-(p- 1)(p- 1)!=p+(p- 1)! (mod p°), 


which reduces to (p — 1)! = —1 (mod p), i.e. Wilson’s theorem. O 


5.3.3 The Chevalley-Warning theorem 


We will prove now a stunningly beautiful result about the number of so- 
lutions of some systems of polynomial congruences, known as the Chevalley- 
Warning theorem. This will require the next result, which is a simple but 
rather powerful multi-variable version of corollary 5.77. 


Corollary 5.86. Let F € Z[X),..., Xn] be a polynomial with integer coef- 
ficients in the variables Xj,..., Xn and let p be a prime such that deg F < 
n(p— 1). Then 


` F(z1,..., £n) =O (mod p). 
(£1,---£n)E{0,1,... p—1}” 
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Proof. The polynomial F is a linear combination with integer coefficients of 
monomials of the form KOs with i1 +... + in < n(p — 1), since deg F < 
n(p — 1) by assumption. Thus it suffices to prove the result for each such 
monomial, i.e. that 


` 't...2™ =0 (mod p) 
(£1, £n )E{0,1,....p—1}” 


whenever i1, ..., İn are nonnegative integers with i1 +... +in < n(p-— 1). Since 


p—1 
` mae (Da) (Ea), 
E xı =0 n 


it is enough to prove that p | ar. zi for some j € {1,2,...,n}. But since 
t+... tin r n(p — 1), there is some j for which i; < p — 1 and for this j we 
have p | D Zo TŽ by corollary 5.77. oO 


We are now ready to prove the following result, which was conjectured by 
Artin. 


Theorem 5.87. (Chevalley- Warning) Let p be a prime and let k and n be 
positive integers. Let fi,..., fk be polynomials with integer coefficients in the 
variables Xı,.... Xn, such that 


k 
n > X deg fi: 
i=1 
Then the number of n-tuples (£1, ..., £n) € {0,1,...,p —1}" such that 
filt, En) = fol£1, En) =... = fe(21,...,2n) =O (mod p) 
is a multiple of p. 


Proof. The following proof is rather magical. Consider the polynomial 


ae e e 
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and note that by assumption deg F < (p—1)n. The key observation is that 
for any x = (£1, ..., £n) E {0,1,...,p — 1}” the simultaneous congruences 


filz) = fo(x) =... = f(z) =0 (mod p) 


are equivalent to the single congruence F(x) = 1 (mod p). Indeed, by Fer- 
mat’s little theorem f(x)?! = 1 (mod p) unless f;(x) = 0 (mod p), thus 
F(x) = 0 (mod p) unless f;(x) =0 (mod p) for all 1 <i<k. 

Now, let N be the number of n-tuples (z1, ..., £n) E {0,1,...,9 — 1}” such 
that F(z1,..., £n) = 1 (mod p). Then clearly 


> F(21,...,2n)=N (mod p), 
(£1,...,.2n)€{0,1,...,p—1}” 


thus it suffices to prove that the left-hand side is a multiple of p. But this is 
the content of corollary 5.86. O 


A very useful (yet straightforward) consequence of the Chevalley-Warning 
theorem is the following result, which guarantees the existence of nontrivial 
solutions to systems of polynomial congruences, as long as these systems have 
enough unknowns and a trivial solution. 


Corollary 5.88. Under the assumptions of the Chevalley- Warning theorem, 
if fi(0,...,0) =0 for alli then the system 


fi(@1,..-)2n) = f2(£1, En) =... = fk(£1, £n) = 0 (mod p) 
has a solution (£1, ..., £n) with at least one x; not divisible by p. 


Proof. The Chevalley-Warning theorem says that the number of solutions of 
the system is divisible by p. The assumption that f;(0,...,0) = 0 ensures 
that (0,0,...,0) is a solution of the system. It follows that the system has a 
solution different from this one, which finishes the proof. O 


Example 5.89. Let p be a prime and let a,b,c be integers. Prove that there 
are integers x,y,z, not all divisible by p, such that p | az? + by? + cz?. 


Proof. This is an immediate consequence of corollary 5.88. O 
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We have already proved the result below in example 4.39, but the proof 
given there was not very natural. We give now a very conceptual proof based 
on the Chevalley-Warning theorem (more precisely on corollary 5.88). 


Example 5.90. (Erdés-Ginzburg-Ziv) Let p be a prime. Prove that among any 
2p — 1 integers there are p whose sum is a multiple of p. 


Proof. Applying corollary 5.88 to 


2p—1 2p—1 
fi(X) = So aX,  fo(X) = DO XP™ 
i=1 i=1 


yields the existence of (x1,...,Z2p-1) € {0,1,...,p — 1}7?~+ such that not all 
z's are multiples of p and 


fila1,.--,Zap-1) = fo(v1,...,Lap-1) =O (mod p). 


Choosing I = {i| x; #0 (mod p)}, Fermat’s little theorem yields 


Sa; =0 (mod p), 5 (1=0 (mod p). 


icl iEIl 


The second congruence and the inequalities 1 < |I| < 2p — 1 yield |I| = p. 
Thus (a;);e7 satisfy all requirements. O 


Remark 5.91. The result still holds without the assumption that p is a prime, 
but the case of primes is the most difficult. See the reduction to the case of a 
prime given in the proof of example 4.39. 


Example 5.92. (Zimmerman) a) Let p be a prime and let aj, ..., dap_1 be inte- 
gers. If I is a subset of {1,...,2p—1} with p elements, let Sy = J jez ai. Prove 
that 


yor =0 (mod p), 
T 


the sum being taken over all subsets J with p elements of {1, 2, ..., 2p — 1}. 
b) Deduce a new proof of the Erdös-Ginzburg-Ziv theorem. 
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Proof. a) Let S be the left-hand side. Brutally expanding each oe we see 
that we can write 

kı k 
o= > Cki ,...k2op-101 gn 1 


kı ye k2p—1 20 
kı+...+k2p—-1=p—1 


for some integers Ch,,...,k,_,- Let us fix a monomial aj". sa ; and analyze 
which subsets J contribute to this monomial. Note that at most p — 1 of the 
k,’s are positive, say precisely j of them are positive. Now I contributes to 
this monomial if and only if it contains all the positive k;, and all such J have 
the same contribution. There are (7?~'~J) sets I with p elements, containing 
the positive k;’s. Note that this last binomial coefficient is a ene of p (for 
instance by Lucas’ theorem). It follows that the coefficient of each a*?. rode i 
is a multiple of p, and the result follows. 

b) Let aj, ...,a2p—1 be integers and use the notations of the previous exer- 
cise. We need to prove that some S7 is a multiple of p. Assuming that this is 
not the case, it follows from Fermat’s little theorem and the previous exercise 


that 
2p— 1 
“ )=o (mod p). 


This is absurd, since cS) | (p + 1)(p + 2)...(p + p — 1) and so it is not a 
multiple of p. O 


We end this section with a more challenging application of the Chevalley- 
Warning theorem. 


Example 5.93. (IMO Shortlist 2003) Let p be a prime number and let A be a 
set of positive integers such that: 

a) the set of prime divisors of the elements of A consists of p — 1 elements 
and 

b) for any nonempty subset of A, the product of its elements is not a 
perfect p-th power. 

What is the largest possible number of elements of A? 
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Proof. It is not difficult to see that A can have (p—1)? elements: pick pairwise 
distinct primes qj, ...,@p—1 and let the elements of A be 


TEPPER 1+p 1+p(p—2) 


1+p 
G159y yp ee W , +++ Ip—1) Ip_1 +++) Ip. 


Clearly A has (p— 1)? elements and satisfies a). To see that A satisfies b), pick 
a nonempty subset B of A and choose a prime factor q; of Į Jpeg x. Suppose 
that q; TPRI hiis d; tPZk are all elements of B that are divisible by q;, then the 


exponent of q; in the prime factorization of ] [;ep 2 is 
vy ( [| 2) =k + p(ai +... +z) 
reEB 


and this is clearly not divisible by p since 1 < k < p — 1. Thus ] [ep 2 is not 
a perfect pth power. 

We move now to the difficult part of the problem, namely proving that any 
such set A has at most (p — 1)? elements. Suppose that a set A satisfying a) 
and b) has more than (p — 1)? elements, and choose k = (p — 1)? + 1 pairwise 
distinct elements x1, ..., £ of A. Let qi, ...,@p-1 be the different prime divisors 
of [Ilsea x. Write for 1 < j < k 


gigei ger- 
Tj = q1 q2” ++I 
for some integers e;,; and consider the polynomials 


fi(X1,.., Xp) = XP ten + XP tei +... + XP eig 


for 1 < i < p — 1. Then 


p—1 
X_ deg fi = (p — 1)? < k, 
i=1 


thus by corollary 5.88 the system 


filzı, eee) E re PACs des) = 0 (mod p) 


has a nontrivial solution (z1, ..., 2%) € {0,1,...,p —1}*. Letting 


I = {i € {1, ..., k}|zi # 0}, 
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Fermat’s little theorem yields 


5 eij =0 (mod p) 
gel 


for all 1 <i < p— 1. It follows that |];<;2j is a perfect pth power, con- 
tradicting the fact that A satisfies b). Thus the answer of the problem is 
(pal). O 


5.4 Quadratic residues and quadratic reciprocity 


We now turn to the study of the congruence z? = a (mod p), where p 
is a prime and a is an integer. The case p = 2 being clear (in this case 
r? = x (mod p) for all x, thus the congruence has exactly one solution, x = a 
(mod p)), we will assume in this whole section that p > 2. We therefore 


fix an odd prime p in the sequel. 


5.4.1 Quadratic residues and Legendre’s symbol 
Let us introduce the following useful terminology. 


Definition 5.94. If a is an integer, we say that a is a quadratic residue mod 
p if the congruence z? = a (mod p) has solutions. Otherwise, we say that a is 
a quadratic non-residue mod p. We say that a residue class @ is a quadratic 
residue class if a is a quadratic residue mod p (or equivalently if any integer 


in the residue class is a quadratic residue mod p). 


Since z? = y? (mod p) if and only if x = +y (mod p), it is clear that the 
quadratic residues in {0,1,...,p — 1} are precisely those of 0, 1?,..., (2S), 
and these are pairwise distinct, so there are pti quadratic residue classes mod 
p, and et nonzero quadratic residue classes mod p. Since this is extremely 


useful in practice, let us glorify this result: 
Proposition 5.95. For each odd prime p there are exactly pti quadratic 


residues mod p (and thus P= nonzero quadratic residues mod p), and these 
2 


xi 
are the residues of 07,17, ..., (FY 
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Example 5.96. Prove that if a, b,c are integers such that p does not divide abc, 
then the congruence az? + by? = c (mod p) has at least one solution. 


Proof. Let A be the set of remainders mod p of the numbers ax? when 0 < x < 
p= and similarly let B be the set of remainders mod p of the numbers c — by? 
when 0 < y < p, Then A and B consist each of PHL distinct remainders 
mod p (since p does not divide ab and the numbers x? with 0 < z < po are 
pairwise distinct modulo p). Since |A| + |B| > p, we deduce that AN B Æ 9, 
which is exactly the desired statement. L 


We introduce now a very useful and important arithmetic function, Leg- 
endre’s symbol. Much of this section is devoted to the study of the basic 
properties of this function. 


Definition 5.97. (Legendre’s symbol) Let a be an integer and let p be an 


odd prime. We define (2) = 0 ifp | a, (2) = 1 if a is a nonzero quadratic 


residue mod p and (2) = —1 otherwise. 


So we obtain a map 


(=) : Z — {—1,0,1} 


called Legendre’s symbol mod p. This map enjoys a certain number of re- 
markable properties. The first property is its p-periodicity, i.e. 


za. 


for all integers a and all k. This is immediate from the definition. 
In order to establish the second important property of Legendre’s symbol, 
we will need the following analogue of theorem 5.71. 


Theorem 5.98. For all odd primes p we have 


p71 
xF -1= [a -Ż) (mod p). 
i=1 
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Proof. The proof is very similar to that of theorem 5.71: the difference between 
the two sides is a polynomial of degree at most pot — 1 whose values at 


2 $ 
e (25+) are divisible by p (since (52)? = Pl = 1 (mod p) for 
l<i< pot by Fermat’s little theorem). Lagrange’s theorem combined with 
2 
the fact that 12, 22, ..., (25+) are pairwise distinct modulo p yield the desired 
result. 


Note the following alternate and simpler argument: letting f(X) be the 
difference between the left-hand side and the right-hand side, we obtain 


p-1 


5 =j 
f(X?) = XP -1 [X -i)a Na -Tja —i)=0 (mod p), 
1=1 i=1 


the last congruence being a consequence of theorem 5.71. The result follows 
immediately. O 


We are now ready to prove the following beautiful: 


Theorem 5.99. (Euler’s criterion) For all a and all odd primes p > 2 we 


have 
(=) =a (mod p). 
P 
In particular, if a is not divisible by p, then a is a quadratic residue mod p, 
= 
i.e. (2) = 1 if and only if a’? =1 (mod p). 
Proof. The result is clear when a is a multiple of p, so assume that this is not 
Sl 
the case. Note that (a2)? =1 (mod p) by Fermat’s little theorem, therefore 
=| —1 
aT = +1 (mod p). From theorem 5.98 with X = a, we see that aF =l 
(mod p) if and only if a is a quadratic residue modulo p. O 


A very useful consequence of the previous theorem is the following result, 
that we have actually already encountered when discussing Fermat’s little 
theorem (see corollary 5.28 for instance). 
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Corollary 5.100. For all odd primes p we have 


=) = 


so —1 is a quadratic residue mod p if and only if p = 1 (mod 4). 
The previous theorem also implies the very important: 


Theorem 5.101. For all integers a,b we have 


Pao 

p p/ \p/ 

Proof. By Euler’s criterion, both sides are congruent to (ab) F modulo p, in 
particular the difference between the left-hand side and the right-hand side is 


a multiple of p. But since this difference is a number between —2 and 2, and 
since p > 2, this difference must be 0. E 


Note that the only nontrivial statement in the previous theorem is the 
rather surprising fact that if a,b are quadratic non-residues mod p, then their 
product ab is a quadratic residue mod p. We illustrate now the previous results 
with many examples. 


Erample 5.102. Let p be an odd prime. Find all functions f : Z —> Z such 
that for all integers m,n we have 

a) if p divides m — n then f(m) = f(n); 

b) f(mn) = f(m) f(n). 


Proof. Clearly the constant functions 0 and 1 are solutions of the problem, 
so suppose from now on that f is not constant. Since f is multiplicative and 
nonconstant we have f(1) = 1. Then for all n not divisible by p we have 
(by Fermat’s little theorem) 1 = f(1) = f(n?-') = f(n)?—', thus f(n) = +1 
for such n. Also, note that f(0) = f(n)f(0) for all n, thus f(0) = 0 and so 
f(n) = 0 whenever n is divisible by p. Next, note that if x is a quadratic 
residue mod p and not divisible by p, then f(x) = 1 (write x = y? (mod p) 
with y not divisible by p, then f(x) = f(y?) = f(y)? = 1). Choose n not 
divisible by p such that (2) = —]. If x runs over the nonzero quadratic 
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residues mod p, then nz runs over all quadratic non-residues mod p, and 
f(nz) = f(n) f(x) = f(n). Thus f is constant on quadratic non-residues mod 
p, and this constant is 1 or —1. We conclude that there are four solutions to 
our problem: f =1, f =0, f(n) = 1 for n not divisible by p and f(n) = 0 for 
n divisible by p, and finally the Legendre symbol mod p. O 


The next example is fairly interesting: it gives an example of a polynomial 
f with integer coefficients which has no rational root and yet which has roots 
modulo any prime number, i.e. such that the congruence f(x) = 0 (mod p) 
has solutions for any prime p. 
Example 5.103. Let p be a prime. Prove that the congruence zê = 16 (mod p) 
has at least one solution. 


Proof. The key observation is the factorization 
z8 — 16 = (xt — 4)(a* + 4) = (2? — 2)(£? + 2)((x — 1)? +.1)((a +1)? +1). 


Thus we have to prove that at least one of the congruences 
r? =2 (mod p), z? =-—2 (mod p), 
(z-1) +1=0 (modp), (z+1) =—1 (mod p) 
has a solution. This is clear for p = 2, so assume that p > 2. Then we need 
to show that at least one of —1,2,—2 is a quadratic residue mod p. But if —1 
and 2 are quadratic non-residues, then their product —2 is a quadratic residue 
and we are done. 0O 


Example 5.104. Prove that if p > 2, then the least (positive) quadratic non- 
residue mod p is less than ł typ 


Proof. Let n be the smallest positive quadratic non-residue mod p. Write 
p = qn +r with 0 <r < n and note that clearly r > 0, so (25) = 1 (by 
minimality of n). Since n — r = (q + 1)n (mod p), we have 


= (52) = (4228) = (222) 0 


thus q + 1 is a quadratic non-residue mod p. We deduce that q + 1 > n, thus 
p >n(n+1)+1, which immediately yields the desired estimate. O 
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Example 5.105. a) Prove that if p > 3, then the sum of the quadratic residues 
mod p in {0,1,...,p — 1} is a multiple of p. 

b) Prove that if p = 1 (mod 4), then the sum of quadratic residues mod p 
in {0,1,...,p — 1} is 22. 


Proof. a) This follows immediately from theorem 5.98 or by using the fact 
that the quadratic residues mod p in {0,1,...,p — 1} are the remainders mod 


2 
p of 0, 12,..., (25+) , thus their sum is congruent mod p to 


—1)\° r= 
r++. + (Po) an o ) 


; =0 (mod p), 


the last congruence being clear since p > 3 (thus 24 | p? — 1). 

b) Suppose that p = 1 (mod 4). Then for all k, we have that k is a 
quadratic residue mod p if and only if p — k is a quadratic residue mod p 
(since —1 is a quadratic residue mod p). Therefore we can create a partition 
of the set of quadratic residues mod p in {1,2,...,p — 1} in classes with two 
elements, the sum of the elements in each class being p. Since there are Bt 
quadratic residues between 1 and p — 1, there will be — such classes and so 


the total sum of quadratic residues is p= p= Bip) O 


Example 5.106. Let p be a prime of the form 4k + 3 and let m be the number 
of quadratic residues mod p between § and p (excluding p). Prove that 


(5) = (—1)” mod p. 


Proof. Let a = (27)! A classical consequence of Wilson’s theorem (see 
theorem 5.55 and the remark following it) gives a? = 1 (mod p), thus a = +1 
(mod p). In particular we have a = (2) (mod p). On the other hand we have 
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In the above product, we can restrict ourselves to those k between 1 and 
pot which are quadratic non-residues (as when k is a quadratic residue the 


corresponding factor (£) equals 1). Now, note that since p = 3 (mod 4) we 


have ($+) = —1, thus an integer a is a quadratic residue if and only if p—aisa 


quadratic non-residue. We deduce that the number of quadratic non-residues 
between 1 and pot is equal to the number of quadratic residues between E 
and p (the map z +> p — x establishing a bijection between the corresponding 
sets), and this is m by definition. We conclude that 


9-10- 


which finishes the proof. o 


Example 5.107. Let p be a prime number of the form 4k + 1. Prove that 


2—1 
Vejs 


Proof. Write p = 4k + 1 and observe that 


Liva > 1. 


j=1 i2 <jp i=l p>j> 
P 


p—i 
4 


j=l 


i 


As £ is not an integer, the inequality j > Ë i is equivalent to j > 1+ j2]. 
Thus we can also write 


Zn =¥ (|p) <2 Lo 


and the problem is reduced to 
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2 


Since the remainder of i? when divided by p is i? — p A and since 


D _ pk(2k +1) 

i=1 3 
we only need to prove that the sum of the quadratic residues mod p is pk, 
which has already been established in example 5.105. O 


We end this section with a very beautiful and challenging problem. 


Example 5.108. (USA TST 2014) Find all functions f : N —> Z such that 
(m — n)(f(m) — f(n)) is a perfect square for all m,n. 


Proof. Clearly any function f of the form f(x) = a?x +b with a,b integers is a 
solution of the problem. We will prove that these are the only solutions. Let 
f be a solution of the problem and assume without loss of generality that f 
is not constant. Note that since f(n +1) — f(n) is a perfect square for all n, 
the number gced(f(2) — f(1), f(3) — f(2),...) is a perfect square, say a”, with 
a a positive integer. Since a? divides f(n +1) — f(n) for all n, an immediate 
induction it divides f(n) — f(1) for all n. Also, the function g(x) = fe) i) 
still has the property that (m—n)(g(m) —g(n)) is a perfect square for all m, n, 
and moreover gcd(g(2) — g(1), 9(3) — g(2),...) = 1. Thus replacing f with g, 
we may assume that a = 1, i.e. that gcd(f(2) — f(1), f(3) — f(2),...) = 1. We 
will prove that f(n +1) — f(n) = 1 for all n, which will finish the proof. 

Suppose that there is n such that f(n+1)—f(n) is a perfect square greater 
than 1, and fix a prime factor p of f(n + 1) — f(n). Let r be the remainder 
of f(n) when divided by p and let S be the set of solutions of the congruence 
f(x) =r (mod p) (thinking of S as a set of residue classes rather than a set 
of integers in the following), thus n,n+1€S. 

Now let x be the smallest quadratic non-residue in {2, 3, ...,p — 1}, so that 
xz — 1 is a quadratic residue mod p. If a,b € S, we claim that (1 — z)a+ 2b = 
a+2(b—a) € S. This is clear if a = b, so assume that a # b and let 
m=a+z2(b—a). We need to prove that f(m) = f(a) (mod p). Assume that 
this is not the case and let c = (b—a)(f(m)—f(a)), thus cis nonzero mod p. On 
the other hand by assumption (m—a)(f(m) — f(a)) and (m —b)(f (m) — f (b)) 
are perfect squares, thus xc and (x —1)(b—a)(f(m) — f(b)) are perfect squares 
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and in particular quadratic residues mod p. Note that (b—a)(f(m)—f(b)) =e 
(mod p) (as f(a) = f(b) = (mod p)), thus zc and (x — 1)c are quadratic 
residues mod p, while x is a quadratic non-residue and x — 1 is a quadratic 
residue. This is obviously impossible, proving that c= 0 (mod p), as needed. 

Now let T = {s —n|s € S}, thus 0,1 € T (since n,n +1 € S) and, thanks 
to the previous paragraph, xa + (1 — x)b € T whenever a,b € T. In particular 
xT CT and (1—2)T CT. We deduce that for all a € T we have 


atl=a-a2?-*a4+(1—2)-(1—2)?-*-1€T, 


and since 0 € 7’, it immediately follows that T contains all residue classes and 
therefore S contains all residue classes. We deduce that p | f(n) —r for all n, 
thus p | f(n +1) — f(n) for all n, a contradiction with 


ged(f(2) — f(1), £(3) — F(2),-.) = 1. O 


5.4.2 Points on spheres mod p and Gauss sums 


Let us come back for a while to our original goal: discuss the congruence 
r? =a (mod p). If a is a multiple of p, the congruence has only one solution 
x = 0 (mod p), so assume that a is not a multiple of p. If z and y are 
solutions of the congruence then z? = a = y? (mod p), thus p divides z?—y? = 
(x + y)(x — y) and so y = +z (mod p). It follows that the congruence has 
exactly two solutions: if x is a solution, then all solutions are x and —z (note 
that x and —z are different modulo p, since p > 2 and a is not divisible by 

a 


p). To summarize, the congruence has two solutions when (2) = 1 and zero 


solutions when ( a) = —1. In other words, we have just obtained the following 
result. 


Proposition 5.109. Ifa is an integer and p > 2 is a prime, then the congru- 
ence x? =a (mod p) has exactly 1+ (2) solutions. 


The previous proposition is very useful when computing sums related to 
Legendre’s symbol. Let us give one very important example. Consider an 
integer a and the congruence z? — y? = a (mod p) (in two variables z,y). 
If a = 0 (mod p), this is equivalent to (x — y)(x + y) = 0 (mod p) and the 
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solutions are given by (z,x) and (z,—x) for x € {0,1,...,p —1}. Note that 
the solution (0,0) is counted twice, so we obtain 2p — 1 solutions. Consider 
now the case a Æ 0. Then the congruence is equivalent to (x — y)(x + y) =a 
(mod p). The substitution x + y = u, x — y = v realizes a bijection between 
solutions of this congruence and solutions of the congruence uv = a (mod p) 
(note that we can recover uniquely x,y from u,v thanks to the fact that p 
is odd). On the other hand, if uv = a (mod p), then u and v are nonzero 
mod p and for each nonzero u (mod p) there is a unique v (mod p) such that 
uv =a (mod p). Thus the congruence uv = a (mod p) has p — 1 solutions. 
To summarize, the congruence 


r? —y =a (mod p) 


has p — 1 solutions when a is not a multiple of p, and 2p — 1 solutions oth- 
erwise. Let us count now the solutions in a different way. Namely, fix y and 
consider the congruence z? = y* +a (mod p). By the previous proposition, 


this congruence has 1+ (2) solutions. Varying y, we deduce that the total 


number of solutions is i 
p— 2 
+a 
p+». ( ) , 


y=0 p 





Comparing the two expressions for the number of solutions, we deduce the 
following result. 


Proposition 5.110. For an integer a we have 


p-1 2 p—1 2 
Da (= ) =p—1 if p|a and (=t ) = —] otherwise. 


k=0 k=0 








The following result is a simple consequence of the previous one, and we 
leave the proof to the reader. 


Proposition 5.111. Leta,b,c be integers such that p does not divide a. Then 


p—1 2 
k=0 p p 
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and 
= (= tate) a l 
` — |= (=) otherwise. 
k=0 P P 
In particular, for any integers a,b which are not congruent mod p we have 


3 (aan) T 


k=0 P 
We can use proposition 5.110 to give a very simple proof of the following 
beautiful result, which is not very simple to prove directly, since z? + y? has 
no simple factorization, contrary to x? — y?. 
Proposition 5.112. The number of solutions of the congruence z? + y? =a 
<4 —1 
(mod p) is p + (p — 1)(-1) F ifp|a and p-— (—1) F otherwise. 


Proof. Fixing y, the congruence x? = a — y* (mod p) has exactly 1 + T ] 


solutions, thus, by varying y, the total number of solutions of the congruence 
r? +y? =a (mod p) is 





On the other hand 


oe ok wl ee ee 








Since the previous proposition gives us the value of D (=) and since 


(+) = Hm, the result follows by combining the previous observations. 
O 
Before moving on, we give some concrete and quite beautiful applications 

of the previous proposition. 


Example 5.113. Given an odd prime p, prove that the congruence 
r? t+y?+z27=0 (mod p) 


has exactly p? solutions. 
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Proof. Fixing z, the number of solutions of the congruence z? + y? = = 
ai 


(mod p) is given by the previous proposition: this number is p+(p—1)(—1) 2 
= 

when p | z and p — (ae otherwise. Since there are p — 1 nonzero possible 

z, we obtain that the total number of solutions is 


pal p-1 

p+(p—1)(-1) 7 +(p-1)(p- (-1) 7) = p°. 

Example 5.114. (Iran 2015) Let p > 5 be a prime. Prove that at least one of 

the numbers 1+ p, 1 +2p,1 + 3p,...,1 + (p — 3)p is the sum of squares of two 
integers. 


O 


Proof. Suppose that the congruence z? + y? = 1 (mod p) has a nontrivial 
solution (x,y), i.e. a solution with xy not divisible by p. Since (+z, +y) 
is also a solution of the congruence, we may assume that 0 < x,y < po 
Therefore 


— 1)? 
1+p<a? +y < PZI <14 p- 3), 


the last inequality being immediate for p > 5. Therefore the problem is solved 
if we prove the existence of such a solution. This is immediate if we prove 
that the congruence z? + y? = 1 (mod p) has at least 5 solutions (since there 
are only 4 trivial solutions). But proposition 5.112 shows that this congruence 
has either p+ 1 or p— 1 solutions. Thus, as long as p— 1 > 5, we are done. O 


Example 5.115. (Bulgaria TST 2007) Let p be a prime of the form 4k + 3. 
Consider all numbers of the form (x? +y?)? with x and y integers not divisible 
by p. Find the number of different remainders these numbers give when divided 


by p. 


Proof. Clearly any such remainder is a quadratic residue mod p. Since p = 3 
(mod 4), 0 is not among these remainders (for if p | (x? +y2)? then p | x7+ y’, 
thus p | x and p | y, a contradiction). Conversely, we will prove that any 
nonzero quadratic residue mod p appears among these remainders. It suffices 
to prove that for any a not divisible by p one of the congruences x? + y? =a 
(mod p) and z? + y? = —a (mod p) has solutions with x, y not divisible by p. 
Since —1 is not a quadratic residue mod p, one of the numbers a and —a is not 
a quadratic residue mod p, say it is a. We know that the number of solutions 
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of the congruence z? + y? = a (mod p) is p— (1) F = p + 1, by proposition 
5.112. For any such solution x and y are not divisible by p (for if p | x, then 
y? =a (mod p), contradicting the fact that a is not a quadratic residue mod 
p). The claim is thus proved. It follows that there are exactly poh remainders 
mod p. O 


Example 5.116. (USA TST 2016) Is there a nonconstant polynomial f with 
integer coefficients such that for all n > 2 the numbers f(0), f(1),..., f(n — 1) 
give at most 0.499n different remainders when divided by n? 


Proof. We will prove that there is such a polynomial. First of all, note that 
it suffices to check that f(0), f(1),...,f(m — 1) give at most 0.499n different 
remainders when divided by n only for n = 4 and for odd primes n. Indeed, 
assume that this happens and let n > 2 be arbitrary. Assume that n is not a 
power of 2 (the argument is similar in the other case) and pick an odd prime 
divisor p of n. If f(k) = r (mod n) for some k,r € {0,1,...,n — 1}, then 
f(k) = r (mod p), where k is the remainder of k when divided by p. We 
deduce that 7 can take at most 0.499p values, which means that r can take at 
most 0.499p - 2 = 0.499n values (since for any remainder z mod p there are 
exactly r numbers between 0 and n — 1 that are congruent to x mod p). 
We will prove now that 


f(X) =420(X° - 1)? 


is a solution of the problem. This clearly satisfies the desired condition for 
n = 4, so it remains to check it when n = p is an odd prime. This is clear for 
p < 11, so assume that p > 11. It suffices to prove that (x? — 1)? gives at most 
0.499p remainders mod p when z varies over all residues mod p. Note that 
all (x? — 1)? are quadratic residues, and if y? is a quadratic residue, then y? 
is not of the form (x? — 1)? when y + 1 and 1 — y are quadratic non-residues. 
Letting N be the number of y € {0,1,...,p — 1} such that 1 + y are quadratic 
non-residues, we deduce that the numbers (z? — 1)? give at most P4 — % 
different remainders mod p. 
We still need to estimate N. Note that 


E) 
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since for 2 < y < p—2 the number ł (1 — (Hu ) (1 — (1) ) equals 1 when 
l + y are quadratic non-residues and 0 otherwise. A brutal expansion gives 


wai aa rrr i a. 


y=2 y=2 





Next, we easily check that 
p—2 p—2 
1— 2 1 
i oy eae a a 
ja A p gay P 
and using proposition 5.110 we obtain 


p—2 ae _ p—l P PAE +1 
5 k j = —1 + (=) ` (=) =-1+4(-1)7. 


y=2 y=0 





We deduce that 
1 2 p+1 p—õ 
N=-({(p—-24+2([- —1 > —_. 
i(? +2 (5) + D 4 
To conclude it, remains to check that 


p+1 p-5d5 
ee ed 
5 3 < 0.4999 


for p > 11, which is immediate. O 


We are now able to prove the following beautiful result, which will play a 
key role in the next section. 


Theorem 5.117. (V. Lebesgue) Let p > 2 be a prime and let n be an odd 
integer. The number of solutions of the congruence 


r? +... +2 =1 (mod p) 


—] n—l1 
is p>! + (1) Fp 7. 
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Proof. If n is any positive integer and a is an integer, let N(a,n) be the 
number of solutions of the congruence z? + ... +22 =a (mod p). Writing the 
congruence as 


ti+...+¢5-9=a-(a,14+2%) (mod p), 
we see that 


N(a,n) = » N(a—22_, —27,n—2). 
In—1,0n€{0,1,...,0—1} 
By proposition 5.112, when £n-1,£n run over {0,1,...,.p — 1} the numbers 
=ï 
a — x2_, — x2 take each value (mod p) different from a exactly p + (—1) 7 


times and take the value a (mod p) exactly p + (p — =i) times. We 
deduce that 


N(a,n) = (p+ (1) F) E N(b,n— 2) + (p+ (p—1)(-1)** )N(a,n—2) 
b4a 


$1. 20! p-1 
= (p+ (1) F) Y N(b,n — 2) + p(—1) F )N(a,n — 2). 
b=0 


Clearly = N(b,n — 2) counts (n — 2)-tuples of elements of {0,1,...,p — 1}, 
thus 


p—-1 
>> N(b,n — 2) =p? 
b=0 
We conclude that 
N(a,n) = p"-?(p + (-1) ) + p(-1) F N(a,n— 2). 


Taking a = 1 in this last relation, an immediate induction on n finishes the 
proof of the theorem. O 


We will explain now an alternative (and perhaps more conceptual) way of 
proving the previous theorem, which has the advantage of being rather general 
and which also involves a certain number of very beautiful ideas. Since the 
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discussion to follow is a bit technical, the reader may safely skip this for a first 
reading. 
Let N be the number of solutions of the congruence 


r? +... +2 =1 (mod p) 


216 
and let z =e r . The key observation is that for any integer a we have 


121 
la=0 (mod p) — B Di 


where the left-hand side equals 1 when a = 0 (mod p) and 0 otherwise. To 
prove this identity, note that it is trivial when p | a and in the other case the 
formula for the sum of a geometric progression gives 





—1 

‘ ka Li gr 
2 = 1— za = 0, 
k= 


since z* Æ 1 and 2?* = (z?)* =1. 
It follows that 


12-3 2 2 
N= = y Pa a 


0<z1,.. £n <p—-1 P k=0 


in other words (by interchanging the sums) 


N= 15 zk y ktit- tke = S, —k p kx N 
P k0 0a ca eepal P p= 


The term for k = 0 is easy to evaluate and equals p”. The other terms lead 
naturally to 


Definition 5.118. Let 


k p 2inrkr? Pe) 2 
G(k) = Eere P, G=Gi1)=>) r 


zr=0 x=0 





the quadratic Gauss sum associated to k. 
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It turns out that all sums G(k) can be easily expressed in terms of G: 
Proposition 5.119. If p does not divide k, then 
k 
G(k) =(Ż)a. 
Ga 


Proof. If k = u? (mod p) for some nonzero u, then the remainders of kx? = 
(ux)? when divided by p are a permutation of the remainders of z? when x 
varies. Thus G(k) = G is clear in this case. If k is not a square mod p, note 
that when z varies the numbers kx? reduced mod p cover 0 and twice each 
quadratic non-residue mod p. Thus in this case 


and since 


the relation G(k) = —G is equivalent to 


1+ ` z? + ` Ze = 0. 
(= G= 
But this is clear since the left-hand side is just X -l zt =0. O 


xz=0 


Remark 5.120. The proof also shows that we have 
p—1 
G = ` (=) a. 
t=1 p 
The key identity satisfied by G is the following. 
Theorem 5.121. (Gauss) We have 
G? = p1) F. 


In particular |G| = „/p. 
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Proof. Using the previous proposition, we obtain (brutally expanding G(k)?) 


p—1 p—1 p-l p—1 p—l1 
e062 ers oe es See 
k=1 k=1 z,y=0 xz,y=0 k=1 


For fixed x,y, the sum DE zk(a*+y") equals —1 when p does not divide 
k(x? + y?) (or equivalently x? + y?) and equals p — 1 when p | z? + y2. If 
p = 3 (mod 4), the congruence z? + y2 = 0 (mod p) has only the trivial 
solution (x,y) = (0,0) and so we obtain 

(p — 1)G? =p-1- (p° — 1) =-p(p- 1), 


thus G? = —p as desired. If p = 1 (mod 4) the congruence z? + y? = 0 
(mod p) has 2p — 1 solutions by proposition 5.112, thus we obtain in this case 


(p — 1)G? = (2p — 1)(p — 1) — (p° — 2p + 1) = p(p — 1) 
and finally G* = p, as needed. O 


Remark 5.122. 1) One can also argue more directly as follows: brutally expand 


po 2 2 
G? = ` E, 

z,y=0 

Proposition 5.112 shows that when z, y run from 0 to p—1 the numbers z? +y? 
: p-1 _, 
cover every nonzero residue mod p exactly p — (—1) 7 times and cover the 
ʻi 

zero residue mod p exactly p + (p — 1)(—1) F times. We conclude that 


G? = p + (p — 1)(-1) 7 + (p— (-1)*F)(z +2? ue) 


and the result follows from the equality z+ 22 + ... + 2271 = —1. 

2) It follows from the previous theorem that G = +,/p when p = 1 (mod 4) 
and G = +i,/p when p = 3 (mod 4). Finding the correct sign is a very difficult 
problem that took several years for Gauss to solve! More precisely, Gauss 
proved that 


G=j/p if p=1 (mod4) and G=i,/p if not. 
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Let us come back to our counting problem and recall that N is the number 
of solutions of the congruence x? + ... + 22 =1 (mod p), where n is odd. We 
have already seen that 


ae 
N =p! +- Y 2 *G(k)”, 
P pry 


thus using the previous results and the fact that n is odd we obtain 


1 


eke Ly k 
Naps) ge (=) i eas ye (~) Gn 


P yr k=1 Pp 


p—1 n—1 


L= 
= pr} ue noe" = prt + Ggr-l = prt 4 ((—1) 5 p) 2 


This gives a different proof of Lebesgue’s theorem 5.117. To fully appreciate 
the power of this approach, we suggest the reader to find an explicit formula 
for the number of solutions of any congruence of the form 


az? +... +anzt =b (mod p), 
where Qj,...,@n are integers not divisible by p and b is an integer. The next 


example discusses a special case. 


Example 5.123. (MOSP) Let p be an odd prime. Find the number of 6-tuples 
(a, b,c, d,e, f) of integers between 0 and p — 1 such that 


a +b? +c =d*+e74+f? (mod p). 


Proof. Let z be a primitive root of order p of unity. Arguing as in the previous 
discussion, it follows that the desired number of 6-tuples is 


1 r 21721272 ,2_ £2 
Ces oa ee) 


p O<a,b,c,d,e,f<p—1 k=0 


—1 
1% k(a2-+b2-+c?—d?—e2— f? 
as a*+b*+c*—d*—e*—f*) 
-I5 E o: 
k=0 0<a,b,c,d,e,f <p—1 
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3 3 
eae hae _kd? 
~F( 5 æ) 5 
k=0 \0<a<p—1 0<d<p—1 


L 
SP G(k)? - G(k)3 = p + — Tew $ =p? + (p — 1)p?, 
k=1 


since |G(k)| = | (£) G| = |G| = //p for k not divisible by p. Hence the result 
is p? + (p — 1)p?. oO 


5.4.3 The quadratic reciprocity law 


We are now ready to give a simple proof of one of the cornerstones of 
number theory, the celebrated quadratic reciprocity law. This theorem (con- 
jectured by Euler), one of the most beautiful in number theory, has hundreds of 
different proofs. It is certainly the most important result concerning quadratic 
residues. 


Theorem 5.124. (Gauss’ quadratic reciprocity law) For all odd primes p # q 


we have j ; ae 
H ee wae 


Proof. Let N be the number of solutions of the congruence zr? + ... + r= =1 
(mod p). By Lebesgue’s theorem 5.117 


q—1 


N=p!+ ying 
>it he (2) (mod q). 
) ( 


=p} 4+ (—1) 2 2 p2 


If we could prove that N = 1 + ( (mod q), then we would deduce that 


EEC) oa 


But then the difference between the two sides is a number between —2 and 
2, which is also divisible by q > 2, therefore it must be 0 and the quadratic 
reciprocity law follows. 


q 
P 
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We will prove now that 
pS q 
N=1+ (2) (mod q), 


finishing the proof. The argument is purely combinatorial and very simple. 
Note that if (71, ..., £q) is a solution of the congruence zj+...+x2 = 1 (mod p), 
then so are (£2, ..., £g, £1), (L3, ...) Eg, £1, £2),... and so we can create groups of 
q solutions of this equation, obtained by permuting cyclically z1, ..., £q. Note 
that since q is a prime, the only possibility for two solutions in a group to be 
equal is to have xı = ... = Zq. Thus if M is the number of solutions of the 
congruence which moreover satisfy x1 = ... = £q, then N = M (mod q). It is 
fairly easy to determine M: this is the number of solutions of the congruence 
qx? = 1 (mod p), or equivalently (qr)? = q (mod p). Hence M = 1+ > 


and so N = 1 + (2) (mod q), as desired. O 


We end the theoretical part of this section with a beautiful proof of the 
following key result. 


Theorem 5.125. For all odd primes p we have 


(=) ze. 


p 


In particular, 2 is a quadratic residue mod p if and only if pl is even, which 
happens if and only if p= 1 (mod 8) or p = —1 (mod 8). 


Proof. Note that pl is even if and only if p = +1 (mod 8), thus it suffices 
to prove the second statement. The identity 


(PJ 2-4-6. 13-5. 


combined with the congruences 


= E a (2-3) Ansa) 
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give 


(P= )!s2-4-6-..-(-2) (PE =). = 2 (P= -1).. . (mod p). 


Consider now the case p = 8k + 1 for some k, then the previous congruence 
becomes 


(4k)! = (7) = 2-4... (4k): (2) - (4k) -(—2) : (4k — 1) - ...- (—2) + (2k + 1) 


= 2°*(2k)!(—2)?*(2k + 1)...(4k) = 2% - (4k)! (mod p), 


which yields 27 =1 (mod p) and so (2) = 1 by Euler’s criterion. Similarly, 
if p = 8k + 3 the congruence becomes 


(4k +1)! =2- 4... - (4k) - (—2) - (4k + 1) - (—2) - (4k) -...- (2) (2k + 1) 
= 2K . (2k)! - (—2)?**1 . (2k + 1)...(4k + 1) = —2***1- (4k +1)! (mod p), 


yielding 27 = 24k =] (mod p). 
We deal similarly with the cases p = 8k + 5 and p = 8k + 7. O 


Example 5.126. (Vietnam TST 2004) Prove that 2” + 1 does not have prime 
divisors of the form 8k — 1 for any n > 1. 


Proof. Suppose that p = —1 (mod 8) and p | 2” + 1 for some n > 1. Since 
p = 3 (mod 4), n is odd (since otherwise 2” + 1 is of the form z? +1). Then 


2” = —1 (mod p) yields 2”! = —2 (mod p) and so (2) = 1. This is 
impossible, since (=) = —] and (2) = 1. The result follows. oO 


Example 5.127. (Romania TST 2005) Let p = 7 (mod 8) be a prime. Prove 
that for all n > 1 we have 


SE -il-27 
= E 2 2 


where {x} = x — |x| is the fractional part of the real number z. 
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Proof. Observe first that for any real number zx we have 


{2-5} = 5+ {20} - {2} 


since |z -4 | = |2x| — |x| — 1 (as the reader can easily check). Thus the 
problem is reduced to the identity 


San ge) 
k=1 | P k=1 | P 
Recalling that p fa) is the remainder of x when divided by p (when z is 


an integer), we reduced the problem to a statement about the remainders of 
the numbers k?” and 2k?”. If we prove that there is an integer x such that 
2 = x?” (mod p), then we are done, as then the remainders of 2k?” (when k 
varies from 1 to p — 1) are a permutation of the remainders of the numbers 
k?” for 1 < k < p—1. Next, note that if p | k?” — 1?” for some 1 < k,l < p—1, 
then p | k? — Į? since p | k8°d(2".P—1) — jsed(2",.p-1) — k2 — 12. It follows that 
the remainders of the numbers k?” (when k varies) are a permutation of the 
quadratic residues mod p. Thus it suffices to prove that 2 is a quadratic residue 
mod p, which follows from p = —1 (mod 8). O 


Example 5.128. (Romanian Masters in Mathematics 2013) If a is a positive 
integer, define zı = a and Tn+1 = 2£n + 1. Find the largest positive integer k 
for which there is a positive integer a such that the numbers 271 — 1, 272 —1.,..., 
27k — | are all primes. 


Proof. Note that k > 2 since for a = 2 the numbers 27! —1 = 3 and 272-1 = 31 
are both primes. We will prove now that k < 2, by showing that for any 
a > 1 at least one of the numbers 27! — 1, 272 — 1, 273 — 1 is composite. 
Assume that these three numbers are all primes. It follows that zı = a, 
£2 = 2a + 1, z3 = 4a + 3 are also prime numbers. The case a = 2 is easy 
to settle (as then 273 — 1 = 2'! — 1 = 23 - 89), so assume that a is an odd 
prime. Then 4a + 3 = —1 (mod 8), thus 2 is a quadratic residue mod 4a + 3 


and so 4a + 3 | oF _ 1 = 272 — 1. Since 2” — 1 is a prime, it follows that 
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2?2a+1 _ 1 = 4a + 3. This can be rewritten as 272-1 = a + 1, and is clearly 
impossible since 224-! > 1 + 2a — 1 = 2a>a+1. Thus the result of the 
problem is 2. E 


Example 5.129. Find all primes p such that p! + p is a perfect square. 


Proof. Clearly 2 and 3 are solutions of the problem. We will prove that these 
are the only solutions. Clearly p = 5 is not a solution, so let p > 5 be such 
that p! + p = x*. Clearly zx is odd, so z? = 1 (mod 8) and then (as p > 5) 
p= 1 (mod 8). If q is an odd prime smaller than p, then q | p! and so 


0-62- 


Using the quadratic reciprocity law, we deduce that 


(2) =p = 1, 
p 

the last equality being a consequence of the congruence p = 1 (mod 4). Thus 
all odd primes less than p are quadratic residues mod p. Since p = 1 (mod 8), 
2 is also a quadratic residue mod p. 

We conclude that all numbers are quadratic residues mod p, which is absurd. 
Thus no p > 3 is a solution of the problem. oO 


Example 5.130. Find all integers z,n such that z3 + 2z +1 = 2”. 


Proof. Clearly n > 0. If n = 0 we obtain x = 0, which gives us the solution 
(z,n) = (0,0). Clearly n = 1 gives no solution and n = 2 gives the solution 
(z,n) = (1,2). Assume now that n > 3, thus 8 | zê + 2z + 1. Clearly 
x is odd, thus zë = z (mod 8) and then x = 5 (mod 8). Next, note that 
2” — 1 = g(x? + 2) is divisible by 3, thus n must be even. Finally, write the 
equation as 

(2 + 1)(27 —2 +3) = 2" +2, 


which shows that for any prime divisor p of z? — x + 3 we have (2) = 1 


and then p = 1,3 (mod 8). We deduce that x? — x + 3 = 1,3 (mod 8), which 
contradicts the fact that z? — x + 3 = 25 — 5 + 3 = —1 (mod 8). Thus the 
only solutions are (x, n) = (0,0), (1,2). O 
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Example 5.131. Prove that if r is an odd number, then there are infinitely 
many primes p =r (mod 8). 


Proof. Let us start with the case r = 1 and consider prime factors p of n* +1, 
with p Æ 2. Then p | (n?)? + 1, thus p = 1 (mod 4). If p = 5 (mod 8), then 
Fermat’s little theorem yields 

== (y= = (nt)? =nP+=1 (mod p), 

a contradiction. Thus p = 1 (mod 8) for any such prime and the result follows 
now from Schur’s theorem 4.67, which guarantees the existence of infinitely 
many p that divide a number of the form n* + 1. 

Assume next that r = 3 and let pı = 2,po = 3,... be the sequence of 
primes. Consider N, = (pop3..-Pn)* + 2 with n > 2. Then Mn = 3 (mod 8), 
thus N,, must have a prime factor p not of the form 8k +1 (otherwise Nn 
would be congruent to +1 mod 8). Since p | Nn, —2 is a quadratic residue 
mod p, which yields p = 3 (mod 8) (since p is not 1 mod 8). Also p Æ 3 (since 
Nn = 2 (mod 3)) and p> pn. Varying n yields the desired result. 

Similarly, if r = 5 one considers the number Np, = (po...pn)* + 4 = 5 
(mod 8) and argues as above, while if r = 7 one considers 2(p1p2...pn)*—1. O 


Example 5.132. (AMM E 3012) Let a and b be positive integers such that 
a > 1 and a =b (mod 2). Prove that 2° — 1 is not a divisor of 3° — 1. 


Proof. The result is clear if a is even (as then 3 | 2% — 1), so assume that a 
and b are odd. If p is any prime factor of 2% — 1, then 2° = 1 (mod p) yields 


(2) = 1 and 3? = 1 (mod p) yields (2) = 1]. The first relation holds if and 


only if p = +1 (mod 8). The relation (3) = 1 is equivalent (by the quadratic 
reciprocity law) to (i - (8) = 1. Discussing two cases according to 
whether p = 1 (mod 4) or p = 3 (mod 4), one easily checks that the equality 
(-1)*= - (8) = 1 is equivalent to p = +1 (mod 12). We deduce that p = +1 
(mod 24) for any prime factor p of 2° — 1 and so 2° — 1 = +1 (mod 24). Since 
this is obviously impossible, the result follows. E 


Remark 5.133. In particular 2” — 1 cannot divide 3” — 1 unless n = 1. 
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Example 5.134. (Bulgaria 1998) Suppose that m,n are positive integers such 
that {mt 3)"+1 is an integer. Prove that this integer is odd. 


Proof. Assume that this integer is even, so that 6m divides (m+3)"+1. First, 
observe that m is even (otherwise (m+3)"+1 is odd). But then 4 divides 6m, 
so it divides (m + 3)” + 1, forcing m = 0 (mod 4). Repeating the argument, 
we have 8|6m|(m+3)"+1. If 8 divides m, we would have 8|3” +1, which is not 
possible for any n. Thus m = 4 (mod 8) and since 8 divides (m + 3)” + 1, it 
follows that n is odd. For m = 4 we can easily check the result, so assume that 
m > 4. Then there exists a prime p > 2 dividing m (as we proved that m = 4 
(mod 8)). Then p divides 3” + 1, thus —3 is a quadratic residue mod p (since 
n is odd and 3"*! = —3 (mod p)). Using the quadratic reciprocity law, this 
implies that p is a quadratic residue mod 3 and so p= 1 (mod 3). Since this 
happens for any p > 2 dividing m, it follows that we can write m = 4k with 
k =1 (mod 3) and k odd. But then m = 1 (mod 3), which makes impossible 
the divisibility 3|(m + 3)” + 1. The result follows. oO 


Example 5.135. (Komal) Prove that there are infinitely many composite num- 
bers of the form 2?” + 1 or 6?” +1. 


Proof. We will prove that if 2?” +1 is a prime p > 5 for some n, then necessarily 
6'7 + 1 (which is still of the form 6?” + 1) is composite, more precisely a 
multiple of p (it is clear that it cannot be p, since it is greater than p). This 
is of course sufficient to conclude. Suppose that p = 22" + 1 is a prime > 5 
and let us prove that p | 67 + 1. This is equivalent to ($) = —], i.e. 


(2) , (2) = —1. But since p = 1 (mod 8), we have (2) = 1 and (using the 


quadratic reciprocity law) (2) saa ($) = —1, since p = 2 (mod 3) and 
p= 1 (mod 4). The result follows. O 


Example 5.136. (Taiwan 2000) Prove that if m,n are integers greater than 1 
such that y(5™ — 1) = 5” — 1, then gcd(m, n) > 1. 


Proof. Assume that gcd(m,n) = 1. Then ged(5™ — 1,5” — 1) = 4. Note that 
we cannot find an odd prime p such that p? divides 5” — 1. Indeed, if this 
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happened we would get p|y(5™ — 1), so that p|5” — 1 and p|5™ — 1. But then 
p = 2, a contradiction. Thus we can write 


5M — 1 = One 5° — 1H 2 ope 1)...(pk — 1) 


for some a > 2 and some distinct odd primes p1, ..., pg. Note that k > 1, since 
otherwise 5™ — 1 = 22,5” — 1 = 2°"! and so a — 1 = 2, which doesn’t yield any 
solution. Thus 2° divides 5” — 1 and 5” — 1, yielding a < 2 and then a = 2. It 
follows that 8 does not divide 5™ — 1, forcing m to be odd. Combined with the 
fact that p; divides 5” —1, this implies that 5 is a quadratic residue mod p; and 
using the quadratic reciprocity law we deduce that p; is a quadratic residue 
mod 5. But then pj = +1 (mod 5). Since p; — 1 divides 5” — 1, we cannot 
have p; = 1 (mod 5), thus all p; are congruent to —1 modulo 5. But then the 
equation 5” — 1 = 2(p; —1)...(py—1) implies that —1 = 2(—2)* (mod 5), while 
the equation 5” — 1 = 4p)...pz, gives —1 = (—1)*t! (mod 5). It is immediate 
to see that we cannot simultaneously have these two equations, finishing the 
solution. O 


5.5 Congruences involving rational numbers and 
binomial coefficients 


In this relatively technical section we discuss a few more delicate congru- 
ences related to binomial coefficients. The reader is invited to skip this section 
for a first reading and to consult the following beautiful articles for further in- 
formation: A. Granville, "Binomial coefficients modulo prime powers" and R. 
Mestrovic, "Lucas’ theorem: its generalizations, extensions and applications’. 


5.5.1 Binomial coefficients modulo primes: Lucas’ theorem 


In this section we will discuss several results concerning the arithmetic of 
the binomial coefficients, more precisely we will try to discuss the remainder 
of (}) when divided by a prime p, and use this to establish several rather re- 
markable congruences. The letter p will always denote a prime in this section. 
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We have already seen when discussing Fermat’s little theorem how useful 
the congruence p | (£) (for 1 < k < p) is. Before dealing with more technical 
things, we would like to emphasize the very useful congruence below. 


Proposition 5.137. For all primes p and all O < k < p — 1 we have 


¥ ') =(-1)* (mod p). 


Proof. This follows directly from 


k! ? : i = (p — k)(p — k + 1)...(p — 1) = (—k)(—k + 1)...(—1) 
= (-1)*k! (mod p) 
and the fact that gcd(k!,p) = 1. o 


The next problem establishes the converse of the previous proposition. 
Example 5.138. Let n > 1 be an integer. Prove that if 


— 1 
K 3 ) =(-1)* (mod n) 
for all k € {0,1,...,n — 1}, then n is a prime. 


Proof. Assuming that this is not the case, let p be the smallest prime factor 
of n and write n = rp for some r > 1. Then by assumption Cz) = (-1)P 
(mod n), thus 


n—1)(n—-2)...(n— 
EE E = ay (od n 
and so 

(n — 1)(n — 2)...(n— p + 1)(r — 1) =(p—1)'(-1)?_ (mod n). 


However the left-hand side is congruent to (—1)?~!(p — 1)!(r — 1) mod n and 
since p is the smallest prime factor of n we have gcd(n, (p—1)!) = 1. Thus the 
previous congruence is equivalent to (—1)?~*(r — 1) = (—1)? (mod n), that is 
r = 0 (mod n). This is clearly absurd and so n is a prime. O 
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We will attack now the general problem of understanding the remainder of 
(}) when divided by a prime p. The final answer will be relatively complicated, 
so let us start with some simple but nontrivial observations. Consider the 
Euclidean division 

n = pni +n2, k=pki+ke 

of n, respectively k by p, thus n1, kı > 0 and 0 < no, ko < p are integers. The 
binomial coefficient (7) is the coefficient of X* in the polynomial (1 + X)”. 
Since p | (2) for 1 < k < p — 1, we have (1+ X} =1+ X?’ (mod p) and so 


(1+ X)" = [1+ XP . (14+ XX)" = (14+ X?)"-(1+X)™ (mod p). 


The coefficient of XF = X?Pkı+k2 in (14 XP)™ . (14+ X)™ is (at) * Gag) (with 
the usual convention that (}) = 0 whenever a < b) since the only way to write 
k = pk, + ko in the form pu + v with 0 < u < nı and 0 < v < nz is by setting 
u = kı and v = kg, if possible (i.e. if ky < nı and k2 < ng). The previous 
polynomial congruence yields therefore the following very useful result below. 


Theorem 5.139. [fn = pni+ne2 and k = pki +ke for some integers nı, kı > 0 


and 0 < no, k2 < p, then 
n nı n2 
= . mod p). 

We can consider the previous theorem as a recursive recipe of computing 
the remainder of (7) when divided by p. Iterating this result yields the fol- 
lowing classical and important theorem of Lucas. Before stating it, we recall! 
that for any integer a > 1 one can write any integer n > 1 uniquely in the 
form 


n = no + na + nza? aT a npa" 


with no, ... nk € {0,1,...,a—1} and ng Æ 0. This is called the base a expansion 
of n (when a = 10 we obtain the usual decimal expansion of positive integers) 
and the numbers no, nı, ..-, Nk are called the digits of n when written in base 
a (for instance no is simply the remainder of n when divided by a). We can 
now state and prove Lucas’ theorem (we recall that ($) = 0 if a < b). 


‘The reader not aware of this result is invited to prove it using the Euclidean division. 
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Theorem 5.140. (Lucas) Letn = no +nipt+...+ngp* be the base p expansion 
of a positive integer n, and let k € {0,1,...,n}. Write? k = ko + kıp +... + kapt 
for some integers 0 < kı, ..., ka < p— 1. Then 


n\ [no m\ [Md 

Proof. Applying the previous theorem several times yields 
n\ _(mo\ (mi+nopt..+ nap?! 
k)  \ko kı + kap + ... + kapt! 


_ [ro\ (ni) [n2+.. + nap? * — —[(0\ (Ti), [a (mod p) 
Ako kı ka + ... + kapt? B ko ky} ka l 
The result follows. g 


We illustrate now the previous theorem with a few examples. 


Example 5.141. Prove that if n is a positive integer and n is a prime, then 


() 


Proof. Writing n = no + nip + ... + nap in base p, Lucas’ theorem gives 


b _ | (x) 9 _ i =m =|" (moa), 


which finishes the proof. E 


z (mod p). 


Example 5.142. (Fine’s theorem, 1947) Let n be a positive integer and let 
NO, ---, Nq be the digits of n when written in base p, where p is a prime. Prove 
that the number of binomial coefficients not divisible by p in the nth row of 
Pascal’s triangle is (1 + no)(1 + n1)...(1 + na). 


2In other words we consider the base p expansion of k and add some leading zeroes if 
needed, in order to obtain the same number of digits in base p as n. 
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Proof. We need to find the number of integers k € {0,1,...,n} for which p 
does not divide (7). Write k = ko + kip +...+ kapt for some 0 < ki <p-1 
(uniquely determined by k). Then by Lucas’s theorem 


d . 
DAG) n 


thus p does not divide (;) if and only if p does not divide any of the numbers 
(ki). Since 0 < ki, ni < p, this happens precisely when k; < n; for all0 <i < d. 
Thus for each 0 <i < d we have exactly n; +1 possibilities for k; and since k 
is uniquely determined by the d-tuple (ko, k1,..., ka), the result follows. oO 


Remark 5.143. For p = 2 we recover Glaisher’s classical theorem (obtained 
in 1899): the number of odd entries in the nth row of Pascal’s triangle is 2°, 
where s is the number of 1’s in the binary (i.e. base 2) expansion of n. 


Example 5.144. Let p be a prime and let n be an integer greater than 1. 

a) Prove that all binomial coefficients (7), ..., (,,",) are divisible by p if and 
only if n is a power of p. 

b) Prove that none of the binomial coefficients (7), ..., (,,";) is divisible by 
p if and only if n = gp* — 1 for some 0 < q < p and some d > 0. In particular 
(T) -o (n21) are all odd if and only if n+ 1 is a power of 2. 


Proof. a) If n = pf for some d > 1, then clearly for all k = ko tpki+...tp%kg € 
{1,2,...,2 — 1} we have by Lucas’s theorem 


h - K a K i (a) =0 (mod p), 


since kg = 0 and at least one of the numbers ko, ..., kg_1 is positive. Conversely, 
suppose that (7), --- (p1) are divisible by p, then Fine’s theorem above gives 
(1+ no)(1 + n1)...(1 + ng) = 2 where no, ..., Nna are the digits of n in base p. 
This immediately yields no = ... = ng_1 = 0 and ng = 1, thus n = pê and the 
result follows. 

b) If n = gp? — 1 for some d, > 0, 0 < q < p, then the base p expansion of 
n is 

n = (q — 1)p? + (p—1)p* * + ... + (p — 1), 


5.5. Congruences involving rational numbers and binomial coefficients 309 


and the result follows directly from Lucas’ theorem. Conversely, suppose that 
none of (‘),...,(,",) is divisible by p and write n = no + pri +... + pîna in 
base p. If nj < p—1 for some j € {1,2,...,d}, then (in t1) is divisible by 
p thanks to Lucas’ theorem, and 1 < (nj + 1)p’ < n, a contradiction. Thus 
no =... = Nd—-ı = p — 1 and the result follows immediately. c 


Example 5.145. (Iran TST 2012) Find all integers n > 1 such that for all 
0 <i, j <n the numbers i + j and (7) + (7) have the same parity. 


Proof. The condition is equivalent to the fact that the numbers (%7) — i have 
the same parity for 0 < i < n. By taking i = 0, we see that they must be odd, 
thus the condition is equivalent to (7) =%i+1 (mod 2) for 0 <i < n. For 
0 <i < n-— 1 we then have 


n+1 n n\ a. _ 
(m3) (> Ja (%)arseser (nod) 


thus the numbers ("1"),...,("'") are all odd. By the previous example we 
obtain that n + 2 is a power of 2, thus n = 2% — 2 for some k > 2. Conversely, 
for such n Lucas’ theorem easily yields (7) = i+1 (mod 2) for 0 <i < n: 


a 


writing n = 2571 + 24-24 142 and i = ig_12*-1 +... + io gives 


Wees (a) me 


and it is a simple matter to check that the last expression has the same parity 
as io + 1, i.e. as i + 1. O 


Example 5.146. Let p be a prime and let n > 1 be an integer. Prove that p 
does not divide (27) if and only if all digits of n when written in base p belong 
to {0,1,..., ph. 


Proof. Let 2n = ao + pa, +... + pag be the base p representation of 2n 
and let n = bo + pbı + ... + p%bg be the base p representation of n (possibly 
completed with some leading zeros). Lucas’ theorem shows that p does not 
divide (*”) if and only if a; > b; for all 0 < i < d. We need to prove that this 
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is equivalent to maxo<j<q); < P=. Clearly this last condition is equivalent 
to a; = 2b; for O <j < a SO e obtain one implication. For the other 
implication, assume that a; > b; for 0 < j < d and let us prove that a; = 2bj 
for 0 < j < d. Suppose that for some j we know that a; = 2b; (mod p), thea 
p > a; — 2b; > —b; > —p and so necessarily a; = 2b;. On ae other hand, we 
have 


0= (ao — 2b) + (ai == 2b; )p Pea T (aq = 2ba)p* 


Thus a9 = 2b9 (mod p) and the previous discussion gives ag = 2bọ. Next, the 
previous relation yields aj = 2b, (mod p), thus a; = 2b,. Continuing like this 
yields the desired result. O 


Erample 5.147. (Vietnam TST 2010) Prove that ($7) + 1 is not divisible by 3 
for any positive integer n. 


Proof. Assume that 3 divides 3 + 1 for some n > 1. Using the previous 
example, we deduce that in the base 3 representation 2n = ag +3a1 +... +3ĉaq 
of 2n we have a; € {0,1} for all 7, thus the base 3 representation of 4n is 
(2ag) + (2a1) -3 +... + (2aq) -3%. Lucas’ theorem and the hypothesis then give 


4n : 2a; 
-1 = bs = I f ) (mod 3). 


Note that 5) is congruent to —1 modulo 3 when a; = 1 and to 1 otherwise. 


Thus the number of j € {0,1,...,d} for which a; = 1 must be odd. But this is 
clearly impossible, since 2n = ag + 3a; +... + 37a, is even, thus ao +... + ag 
is even. The result follows. O 


5.5.2 Congruences involving rational numbers 


By theorem 5.2 for any prime p and any k € {1,2,...,p — 1} the number 
1A is an integer. A natural question is: what is the remainder mod p of 
this integer? In order to seriously study this question, we need to extend the 
notion of congruences from integers to certain rational numbers. Many of the 
more delicate results in the next section will crucially use such congruences. 
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We start by introducing a notion of congruence modulo p for rational 
numbers whose denominators are not multiples of p. This allows us to work 
with such fractions as with integers, which turns out to be extremely useful 
in practice. Let n be an integer greater than 1 and consider the subset of Q 
defined by 


Zin) = E | a,b € Z, gcd(b, n) = 1} | 
So Zin) consists of rational numbers whose denominator (when written in 


lowest terms) is relatively prime to n. Let us note that if x,y E€ Zp) then zy, 
x+y and z—y are also in Zn), since if x = = and y = $ then 


‘ _ ac mee _ ad+ be ee _ ad — be 
Y= ba? Y= pd Y= d 
and gcd(bd, n) = 1. 








Definition 5.148. We say that x,y € Zn) are congruent modulo n and 
write x = y (mod n) if x — y = nz for some z € Zi) or, equivalently, if the 
numerator of the fraction x — y when written in lowest form is divisible by n. 


The notion of congruence defined above extends the usual congruence on 
Z C Zn) and has the same formal properties (see proposition 2.2), as the 
reader can easily check. 

We make now the following important remark: if x,y € Z then qz = y 
(mod n) in Zn) is equivalent to x = y (mod n) in Z. Indeed, the only non- 
trivial statement is that if x = y (mod n) in Zp), then n | x — y. But by 
assumption z — y can be written as 4* with gcd(a,b) = 1 and gcd(n,b) = 1. 
Since x — y is an integer, it follows that b | na and since gcd(b, na) = 1, we 
obtain b | 1 and so x — y = na E nZ. 

Next, we make a very important observation concerning congruences with 
rational numbers, which turns out to be very handy in practice (as the next 
examples will illustrate). Let £ = ¢ € Zin). By definition gcd(b, n) = 1 and 
so there is a unique c € {1,...,n — 1} such that bc = 1 (mod n). Then z = ac 
(mod n) in Zn). Indeed, 


a(l — bc) 
b 


T — ac = 
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and the numerator is divisible by n, while the denominator is prime to n. 
For instance, let us apply this observation to prove the following congruence 
(which will be improved in the next section to a congruence mod p? if p > 3) 


1 1 
1+- +... + ——— =0 d 
+ 5 FF =a (mod p) 
valid for any prime p > 2. Indeed, let a; € {1, 2, ...,p— 1} be such that ia; = 1 
(mod p), then the previous discussion gives 
1 1 
ea =a, +...+@p-1 (mod p). 

But since a1, ...,@p—1 are pairwise distinct modulo p, they are a permutation 
of 1,2,...,9— 1 and so 


—1 
ay +02 +. tapi =1+24. + (p—1) = PP ) 


The same argument shows that for any prime p and for any positive integer 
k we have 


=0 (mod p). 


1 1 
ee eE —1)* d p). 
eT rT +2°+...+(p—1)" (mod p) 
Using corollary 5.77 we obtain the beautiful and extremely useful congruence 
below. 
Proposition 5.149. For any prime p and any integer k which is not divisible 
by p—1 (in particular if 1 < k < p — 1) we have 
1+ : oP ante — 0 (mod p) 
prato p). 


Before moving to concrete examples illustrating these relatively dry the- 
oretical results, let us solve the original problem that motivated this short 
section: finding the remainder of = (2) when divided by p. 


Proposition 5.150. For all primes p and all integers 1 < k < p— 1 


1/p\_ GD! 
=(2) a (mod p). 
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Proof. This follows directly from the identity 


L(p) _1(p-1 
p\k} k\k-1 
and the congruence e-t) = (—1)*-! (mod p) (see proposition 5.137 for the 


latter). E 


It is now time to see how the previous results actually work in practice. 


Example 5.151. Prove that for all primes p > 3 


ti 
j=l 
SA 


= 4 
P= Sap (mod p). 








and 


O 


Example 5.152. (Putnam 1996) Let p be a prime and let k = kak Prove that 


() + B) cot 4 =0 (mod p’). 


Proof. Equivalently, we need to prove that 


k 1 (p 
bi (7) =o (mod p). 


PU 
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But using proposition 5.150 we obtain 


k k ¢_4\j-1 k L3] k 
DHA D J = 5-2). eS t+ = (mod) 


m? VJ ja J j=l 


j=l 


One easily checks that p — p = k + 1 by distinguishing the cases p = 1 
(mod 6) and p = 5 (mod 6). Using proposition 5.149 we finally obtain 


S; (7) = n E 


E 


Example 5.153. Let p be an odd prime number. +Prove that 





p—i EA 
2 zai 2P — 2 
=> a — tee! (mod p). 
i=.’ ial’ p 


Proof. By proposition 5.150 we have 


p—i i #£4xp-l =i 

i ; (1 2— 2P 
> = ) 2 A he ) (7) -57 (mod p). 
1 =i p : p 


On the other hand, let 
p—i 
2 


pol 
a | 1 
A= — d B= 





We have 
A aarp 
“1Bp=-YVY_= 

+ > ; 0 (mod p), 


hence 





A=s~ B= 5E of (mod p). 
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Using again proposition 5.150 we obtain 


s56 Lye = i (7) -27 (mod p) 


and the result follows. O 





Remark 5.154. A consequence of the proof is that for any odd prime p we have 


2P-1 _ 4 1 1 
ge ee epee ene d p). 
ai ETS (mod p) 


Example 5.155. (ELMO 2009) Let p > 3 be a prime and let x be an integer 
such that p | z — 1 but pł x — 1. Prove that 


z EA ge~ 
2 3 `` p—=l 


1 





=0 (mod p). 


Proof. By proposition 5.150 and the binomial formula we obtain 





z -1 
2-545 -..- 25 =v 3(f)#- a (mod p), 
thus it suffices to prove that 
(l1+a2)?=1+2? (mod p°). 
This follows from example 5.18, since by assumption p | z? +£ +1. E 


Example 5.156. (IMO Shortlist 2011) Let p be an odd integer. If a € Z, let 


Ta a 
Ga aa o 





Prove that if m,n are integers such that S3 + S4 — 3S2 = ™, then p | m. 
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Proof. Proposition 5.150 gives 
p-l k p—l 
a 1 = p 
oe X — =- X sea" 
amk ped! ais H 


p—l1 — — aľ 
_} ¥(-0)*(2) = Go IPP +t (nod 7), 


Dea, p 
hence 
2 — 3 +1+ 3? -4L +1-3+3. P-—3 
gias tI rit erie he 
p 
2P 52)" 
= ie) =0 (mod p), 
P 

the last congruence being a consequence of Fermat’s little theorem. O 


5.5.3 Higher congruences: Fleck, Morley, Wolstenholme,... 


We will deal now with higher congruences (i.e. modulo powers of p) in- 
volving binomial coefficients. This will crucially use the previous two sections. 
The following beautiful and classical congruence due to Babbage (1819) is 
based on theorem 5.2 and the very important Vandermonde’s identity 


karor) (2) 


which follows by identifying the coefficients of X* in both sides of the equality 
(Lae Xe SX) ex) 


Example 5.157. Prove that for all primes p we have 
2 
"a =2 (mod p°). 


ao) = 1 (mod p°) if p > 2 is a prime. 


Equivalently, ( E 
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Proof. Vandermonde’s identity specializes to 


P kao \F 
Using theorem 5.2 we obtain p° | (2)? for 1 < k < p — 1, thus (P) 2 


(mod p*). The last assertion of the problem follows directly from what we 


have already done, since qa Er 5). E 


The next classical and important theorem improves the result established 
in the previous example and the k = 1 case of proposition 5.149. 


Theorem 5.158. (Wolstenholme, 1862) For all primes p > 3 
p—1 
1 2 
—=0 (mod p*) and ( =2 (mod p’). 
j= J P 
Proof. Note that 
p—1 1 
ya ; > eT =) Loa 
j=l j=1 j=1 


and using proposition 5.149 we obtain 


p—1 
2 j a 





=E =0 (mod p), 


whence the first part of the theorem. 
For the second part, propositions 5.150 and 5.149 give 


1 ((2 p fl F 
(OJEG Ea n 


The result follows. E 
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Remark 5.159. 1) Wolstenholme’s theorem was generalized by Ljunggren 
(1949) to (b) = (5) (mod pî) and by Jacobsthal (1952) to 


(o) = 5 (mod p*), q= 3+ up(ab(a — b)) 


pb 
for a > b > 0 and p> 3. The proof of this last congruence is very difficult. 
2) The congruence (*”) = 2 (mod n) can hold when n is composite and 


odd, for instance for n = 29-937. Similarly the congruence (7) = 2 (mod n?) 
holds for n = 16843?. 

3) Primes p for which (P) = 2 (mod p*) are called Wolstenholme primes. 
The only such primes less than 10° are 16843 and 2124679. No prime p 
satisfying (P) = 2 (mod př) is known (and probably there is no such prime). 
Example 5.160. (APMO 2006) Let p > 5 be a prime and let r be the number 
of ways of placing p checkers on a p x p checkerboard so that not all checkers 
are in the same row (however they may all be in the same column). Prove 
that r is divisible by př. 


Proof. The problem is equivalent to the congruence 
2 
K ) —p=0 (mod př) 
P 
or, after dividing by p, to 


p—1 p? 
I] (z — 7 =1 (mod p’). 


k=1 
A brutal expansion of the left-hand side shows that 


p—1 p? p—i p2 

lee a a a “nod 2), 

ii \* k 
=1 k=1 

thus the problem is reduced to proving the congruence 


p-1 1 
` z= 0 (mod p°), 
k=1 


which follows from theorem 5.158. O 
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Remark 5.161. We leave it as a challenge for the reader to establish the con- 


gruence 
3 2 
p P 8 
mod p 


Next, we will try to explain the proof of a beautiful but difficult congruence 
due to Morley. Example 5.153 can be seen as a way of computing the remainder 
of 2P-1 — 1 modulo p? in terms of the harmonic numbers 


for all primes p > 5. 


1 1 
H, =1+=+..4+-. 
2 n 


More precisely, the second congruence in that example says that if p > 2 is a 
prime, then 
p-1 — p 2 
2 =1-5He (mod p°). 


Bme 


2 


The next example pushes this further, to a congruence modulo p3. This is an 
intermediate (but interesting in its own right) step in the proof of Morley’s 
congruence. It is much more challenging than the previous problem. 


Example 5.162. Prove that if p is an odd prime, then 


p” 


p—1 — B = 
2 =1 jhe tg 


H2_, (mod p°). 
2 
Proof. Recall the identity 
(n+ 1)(n4+ 2)...(n+n) = 2”-1-3-...-(Q2n—1). 


Choosing n = eet we obtain 


þ— 





zr (p + 1)(p +3)...(2p— 2) = 27 SERTE gs), 


2 
that is 


1. E E _ | : 
te 1-3-...-(p—2) =I (+554): 





j=0 
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Expanding the right-hand side yields 
a 
1 
2P-r 4 aR Waa ae od p°). 
a p ORCE OES acer") 
O<j<k< 


Now, by Wolstenholme’s congruence (theorem 5.158) 


= +4 moa (mod p°). 


H 


pP 
ri 


J 


It is thus sufficient to prove that 


1 1 
ee ee 
0<jcecrs (2j + 1)(2k + i = Z 


The left-hand side equals 
p-3 


p—3 
; 1 : 1 
Da a e 
=p 25 +1 rar, (27 + 1) 


and using the congruences in theorem 5.158 and example 5.151 we see that 
this is indeed congruent to tH ER modulo p. O 
2 


We are now ready to establish the following beautiful result of Morley. 
Theorem 5.163. (Morley’s congruence) If p > 3 is a prime, then 
p=t (p—1 = 
(—1) 2 e j =4?-1 (mod p’). 
2 


Proof. Let x = Hp-1. A brutal expansion yields 


2 


p—l1 


p-1 pol 
p-ifp—1 i-p r p 
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9 1 pe lox z; 1 3 
=1— pr + S S=1-prt+ 2 |e- d p?). 
px +p ar prt | 2 dP (mod p°) 
1<i<j<*>- j=l 


By example 5.151 we obtain 
= = 2 
Cara la j = 1 — pz + a (mod p’). 
On the other hand, by problem 5.162 we obtain 


p p p“ 


and the result follows. g 


We end this section with two challenging examples, which illustrate many 
of the ideas and techniques introduced in the previous sections. 


Example 5.164. (Fleck’s congruence, 1913) Let p be a prime, j an integer and 
n> 1. Prove that if q = Fea then 


>. (-1)" (z) =0 (mod p’). 
0<m<n 
plm—j 


Proof. We will prove the result by induction on q. If q = 0, there is nothing to 


prove, so assume that q > 1 and the result is known for g—1. In particular, the 


inductive hypothesis can be applied to N = n — (p — 1), since ES | =q-l. 


Thus we know that for any integer 7 we have 


N = 
Sj := ` un (*) =0 (mod pt). 
0<m<N 
plm—j 


Using Vandermonde’s identity and the congruence (P7!) = (—1)* (mod p) (see 
proposition 5.137), we can then improve the previous congruences as follows 
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(for simplicity we no longer write the bounds on the indices, by using the 
convention that (7) = 0 whenever b < 0 or a < b) 


z can(s)= zo") 
0<m<n plm—j 


plm—Jj 


= Srey Nee) Zl) EO ha 


Fos) cola) oe 
= 0, 


Note that the last sum is equal to 7)” _,(—1)™ ©) hence the inductive 
step is proved and we are done. O 


Example 5.165. (Russia 2002) For each positive integer n, write 


1 1 _ Aln) 
1 = 
tate +5 = Bey 
where A(n) and B(n) are relatively prime integers. Prove that A(n) is not a 
power of a prime for infinitely many n. 


Proof. To simplify notations, write 


1 1 

Assume that there is N such that A(n) is a power of a prime for all n > N. 
For each prime p > N +1 we have f(p — 1) =0 (mod p?) by Wolstenholme’s 
theorem, thus A(p — 1) is a multiple of p? and must be a power of p, different 
from p. 

This is the starting point of an induction that will show that A(p* — 1) is 
a power of p different from p for all k > 1. We have just proved this for k = 1, 
so assume that it holds for k > 1 and let us prove it for k +1. We have 


A k+1 — 1 
Bam I-D 
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p®-1 1 p—1p*-1 1 p—1p*-1 
= oD =f (p" — 1) + 5 > 
AB gen jan BIT rol jay PIT 
The term : (p! — 1) is 0 mod p by the inductive hypothesis. On the other 
hand, for all 1 < r < p — 1 we have 





=0 (mod p). 


We deduce that pee — 1) = 0 (mod p) and so A(p*t! — 1) is a power of 
p. We still need to prove that A(p*t! — 1) cannot be p. This will require 
the following nice observation: in general, if 2f < n < 2+1, then among the 
numbers 1, 2, ..., n there is a unique multiple of 2/ (namely 27), thus 2/ divides 
B(n) and so B(n) > §, yielding 


A(n) > B(n) > 


Therefore TA 7 
p*žt+— 1 T E 1 
2 m 2 
which proves that A(p*t! — 1) is not equal to p and finishes the induction. 
We are now (finally!) almost done. Write A(p* — 1) = p“* and note that 
since A(p* —1)> oS we must have uz > k — 1, in particular the sequence 
(uk)k tends to oo. On the other hand 
1 1 1 


1 
—1)=1+i4+..4[— + ——_ +... + = 
fe 1) 2 p-p p-p+1 pe —1 


1 1 
= k _ a, 


and the sum in the right-hand side is 0 mod p. We deduce that A(p* — p) is 
also a power of p, say A(p* — p) = p’. As above, the sequence (vz), tends to 
oo. It follows that 


1 
pk—p+1 





A(p*t! —1)> >p, 





+. +- = f(p"-1)—- f(p*—p) =0 (mod p), 
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where wg = min(ux, Uk) tends to oo. Since 


1 1 1 1 
EPEa E EE a E E E Oe d pë 
popi UT pI Ci a (modig 
we deduce that for all k 
ieee + =0 (mod pmin(vx,’)) 
peg = 


This is certainly impossible, since min(w ;, k) tends to oo, while 1+ 5 +...+ I 
is nonzero. 


5.5.4 Hensel’s lemma 


In this section we study the congruence f(x) = 0 (mod p”), where f is 
a polynomial with integer coefficients, p is a prime and n > 1 is an integer. 
Thanks to the previous sections, we already have a good understanding of 
congruences modulo primes, so it is natural to try to use this information in 
order to deal with congruences modulo higher powers of primes. 

We argue inductively and assume that we already know how to solve the 
congruence f(x) = 0 (mod p”—!). Let us fix a solution a of this latter con- 
gruence® and try to understand the liftings of a to solutions of the congruence 
f(x) = 0 (mod p”), i.e. those solutions y of this last congruence which also 
satisfy y = a (mod p™'). Write y = a + p” 1b for some integer b. Theorem 
2.69 yields 


f(y) = f(a + p”) = f(a) +p" bf'(a) (mod p"~) 


and since 2(n — 1) > n we have f(y) = f(a) +p” 1bf'(a) (mod p”). Thus 
y =a+p"~'b is a solution of the congruence f(x) = 0 (mod p”) if and only if 


f(a) 


3If there is no solution then clearly the congruence f(x) = 0 (mod p”) also has no solu- 
tion. 
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If f'(a) is not divisible by p then there is a unique solution b of this linear 
congruence, hence there is a unique lifting of a to a solution of the congruence 
f(x) =0 (mod p”). Otherwise p | f'(a) and we have two possibilities: either 
p” | f(a), in which case a lifts to p distinct solutions of the congruence f(x) = 0 
(mod p”) (namely all a + p”—'b with 0 < b < p — 1), or p” does not divide 
f(a), in which case a does not lift to any solution of f(x) =0 (mod p”). We 
summarize the previous discussion in the following important statement: 


Theorem 5.166. (Hensel’s lemma) Let f be a polynomial with integer coeffi- 
cients, p a prime and n > 1 an integer. Let a be a solution of the congruence 
f(x) =0 (mod p”!). The number of solutions y of the congruence f(x) = 0 
(mod p”) satisfying y =a (mod p”—*) is 

e 1 if p does not divide f'(a). 

o 0 if p divides f'(a) and p” does not divide f(a). 

o p if p divides f'(a) and p” divides f(a). 


The following consequence of the previous theorem appears quite often in 
practice. 


Corollary 5.167. Let f be a polynomial with integer coefficients and let p 
be a prime and n > 1 an integer. Ifa € Z satisfies f(a) = 0 (mod p) and 
gcd(p, f’(a)) = 1, then the congruence f(x) = 0 (mod p”) has a unique solu- 
tion b such that b= a (mod p). 

In other words the solution a of the congruence f(x) = 0 (mod p) lifts 
uniquely to a solution of the congruence f(x) = 0 (mod p”), provided that p 
does not divide f'(a). 


Proof. Applying the previous theorem with n = 2 shows that a lifts uniquely 
to a solution a; of the congruence f(z) = 0 (mod p°). Note that f’(a1) = f'(a) 
(mod p), hence p does not divide f’(a,). Applying theorem 5.166 again shows 
that a, lifts uniquely to a solution az of the congruence f(x) = 0 (mod p’), 
and again p does not divide f'(a2). Repeating this process yields the desired 
result. E 


Example 5.168. Let p be an odd prime and let n be a positive integer. 
a) How many solutions does the congruence z?~! = 1 (mod p”) have? 
b) Answer the same question for the congruence x? = 1 (mod p”). 
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Proof. a) Consider the polynomial f(X) = X?~!—1. By Fermat’s little theo- 
rem, the congruence f(x) =0 (mod p) has p—1 solutions, namely 1, 2,..., p—1. 
Moreover f'(x) is relatively prime to p for any such x, thus by Hensel’s lemma 
each solution of the congruence f(x) = 0 (mod p) uniquely lifts to one of 
the congruence f(z) = 0 (mod p”). It follows that there are precisely p — 1 
solutions for all n > 1. 

b) Letting f(X) = X? — 1, the congruence f(x) = 0 (mod p) has one 
solution x = 1, again by Fermat’s little theorem. This time we have f’(1) =0 
(mod p), so we cannot conclude easily as in part a). If x? = 1 (mod p”), then 
x = l + py for some integer y, and the binomial formula allows us to rewrite 
the congruence in the form 


yt () yY? +... +p y =0 (mod p"~”). 
If n = 2, this happens for all y, thus the congruence has p solutions in this 
case. Suppose that n > 2 and let g(X) = X + (5)X?74+... + pP? XP. Since 
(E), p?- are all multiples of p, the congruence g(x) = 0 (mod p) has only 
one solution x = 0 and g'(0) = 1 is not divisible by p. Hensel’s lemma implies 
that y = 0 is the only solution of the congruence g(y) = 0 (mod p"~?). Hence 
xr? = 1 (mod p”) is equivalent to x = 1 (mod p"~!), which shows that for all 
n > 2 the congruence xz? = 1 (mod p”) has p solutions. O 


Remark 5.169. It would be much easier to deal with part b) using the lifting 
the exponent lemma: the congruence z? = 1 (mod p”) is equivalent to vp(x? — 
1) > n, or (using that x = 1 (mod p) and the lifting the exponent lemma) 
1 + v,(z — 1) > n, that is pt | z — 1. 

Let us see how the previous theoretical results work concretely in practice. 


Example 5.170. Let p be a prime, a an integer relatively prime to p and n a 
positive integer. Consider the congruence z? = a (mod p”). 

a) Prove that if p > 2, then the congruence has exactly 1 + |3 ) solutions, 
i.e. two solutions when a is a quadratic residue modulo p and no solution 
otherwise. 

b) Describe in terms of a and n the number of solutions of the congruence 
when p = 2. 
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Proof. Let f(X) = X? — a. 

a) It is clear that if the congruence has solutions, then a must be a quadratic 
residue modulo p. Conversely, suppose that a is a quadratic residue modulo p. 
Then the congruence f(x) = 0 (mod p) has exactly two solutions and these 
solutions are relatively prime to p (recall that p does not divide a). Since p 
is odd, it follows that gced( f'(x), p) = 1 whenever f(x) =0 (mod p). Hensel’s 
lemma implies that the two solutions of the congruence f(x) = 0 (mod p) 
lift uniquely to solutions of the congruence f(x) = 0 (mod p”), yielding the 
desired result. 

b) It is clear that if n = 1 there is one solution, while if n = 2 there are no 
solutions unless a = 1 (mod 4), in which case there are two solutions. Assume 
now that n > 3 and note that there is no solution unless a = 1 (mod 8) (since 
z? = 1 (mod 8) whenever z is odd). Thus assume that a = 1 (mod 8) and let 
us prove first by induction that for all k > 3 the congruence z? = a (mod 2*) 
has solutions. This is clear for k = 3, so assume that a = z? (mod 2*) for 
an integer x. If a = x? (mod 2*+1) then we are done, otherwise a = x? + 2% 
(mod 2*+') and one easily checks that a = (x + 2*-1)? (mod 2***), yielding 
again the inductive step. Next, choose zp such that zł = a (mod 2”). Then 
r? = a (mod 2”) is equivalent to z? = x? (mod 2”) or 2” | (x — zo)(£ + Zo). 
Since gcd(x — 29,2 + zo) = 2, this is also equivalent to 2”! | x — zo or 
2”-1 | x + xo, yielding four solutions in this case. E 


Example 5.171. Let p be an odd prime and let x be an integer relatively prime 
(p—1) 

to p. Prove that c 2 =1 (mod p?) if and only if there is an integer y 

such that y* = x (mod p*). How many integers x € {0, 1, ..., p% — 1} have this 


property? 








(p—1) (p—1) = 
Proof. Suppose that gee =] (mod p?), then 1 = ge =o (mod p), 


hence x is a quadratic residue modulo p. By example 5.170 there is an integer 
y such that y* = x (mod p°), yielding one direction. Conversely, if such y 
1 





exists then clearly x is a quadratic residue modulo p, hence a := gz =1 
(mod p) and so 


a? = (1+(a—1))? =1+p(a-1)+...=1 (mod p’), 
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( = 
yielding rT =] (mod p°). It follows easily from Hensel’s lemma (or even 
more directly from example 5.170) that the congruence gr =1 (mod p°) 








has plp —1) solutions (each solution modulo p lifts to p solutions modulo p”). O 


Example 5.172. (ELMO Shortlist 2014) Is there an increasing infinite sequence 
of perfect squares a1 < a2 < a3 < ... such that for all k > 1 we have that 
13*|a, +1? 


Proof. The answer is positive, and it suffices to prove that for each k > 1 
the congruence z? + 1 = 0 (mod 13%) has solutions (as then there will be 
arbitrarily large values of x with z? +1 = 0 (mod 13*), allowing an inductive 
construction of the desired sequence). Letting f(x) = x2 + 1, the congruence 
f(z) = 0 (mod 13) has a solution zo = 5 with f’(z9) = 10 prime to 13, thus 
by Hensel’s lemma this solution uniquely lifts to a solution of the congruence 
f(x) =0 (mod 13*) for all k. The result follows. oO 


Example 5.173. (IMO 1984) Find two positive integers a,b such that 7 does 
not divide ab(a + b) but 7” divides (a + b)" — a’ — b. 


Proof. A first key point is factoring the expression (a +b)” — a” — b’. For this 
it suffices to factor the polynomial f(X) = (X +1)’ — X” — 1. Note that 
f(0) = f(—1) = 0, thus f is a multiple of X(X +1). Also, if z3 = 1 and z # 1 
then z+1 = —z? and f(z) = —z!4-— z" — 1 = —2z? — z — 1 = 0. Thus f is also 
a multiple of X? + X +1. Using this it is a simple matter to check that 


f(X) = 7X(X +1)(X?7 + X +17. 


Thus 7’ | (a+b)’ —a’ —D’ if and only if 73 | a? +ab +b? (using the fact that 7 
does not divide ab(a+ b), by hypothesis). To make our life simpler we choose 
a = 1, so it suffices to find a positive integer b for which 7° | b? + 6+ 1 (for 
any such b the number b(b + 1) is automatically not a multiple of 7). Letting 
g(X) = X? + X +1 we need to study the congruence g(x) = 0 (mod 7°). We 
start by studying the congruence g(x) = 0 (mod 7), which is easily seen to 
have two solutions, namely x = 2 and x = 4. Since g/(2) = 5 and g’(4) = 9 
are nonzero modulo 7, we know by Hensel’s lemma that each of these will lift 
to a unique solution modulo 7°, but since we are asked for a and b, we will 
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need to do the lifting. Let us lift the solution z = 2 to a solution modulo 7?. 
We are thus trying to find t such that g(2 + 7t) = 0 (mod 7’), or equivalently 
g(2) + 7tg’(2) = 0 (mod 77). This is equivalent to 1 + 5t = 0 (mod 7) and 
the unique solution is t = 4, yielding a solution 30 of the congruence g(x) = 0 
(mod 77). Finally, we lift this solution to one modulo 73, by looking for s such 
that g(30 + 77s) = 0 (mod 7°). This is equivalent to g(30) + 72g'(30)s = 0 
(mod 7°), or 931 + 7? - 61s = 0 (mod 7°). This reduces to 19 + 61s = 0 
(mod 7), or 5 — 2s = 0 (mod 7), with the unique solution s = 6. We obtain 
therefore the solution 30 + 7? - 6 = 324 of the congruence g(x) = 0 (mod 7°). 
Hence a solution of the problem is a = 1 and b = 324. Note that if we tried 
to lift the solution x = 4 of the congruence g(x) = 0 (mod 7), we would have 
obtained the solution b = 18 of the congruence g(x) = 0 (mod 77), which is 
also a solution of the congruence g(x) = 0 (mod 73). oO 


Example 5.174. (Putnam 2008) Let p be a prime and let f € Z|X] be a 
polynomial. If f(0), f(1),..., f(p? — 1) give distinct remainders when divided 
by p, prove that f(0), f(1),..., f(p>—1) give distinct remainders when divided 
by pè. 

Proof. Assume that f(i) = f(j) (mod p) for some i,j. Since f(i) = f(J) 
(mod p) and since f is injective mod p°, we deduce that i = j (mod p?), say 
j =i+p7k. It is enough to prove that k = 0 (mod p). Assume that this is 
not the case. We have 


f(t) = fG) = f+ kp) = f@ + kp’ f'(i) (mod p’), 
so p divides k f'(i), hence p divides f'(i). But then 
f(i+ kp) = f(i) + kpf'(é) = f(i) (mod p°), 


which, combined with the hypothesis, yields i+ kp =i (mod p°), a contradic- 
tion. Thus k = 0 (mod p) and i = j (mod pë). The result follows. oO 
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Problems for practice 


Fermat’s little theorem 


. Prove that for all primes p the number 





Tira t 22er ee ee) 
— Aa — 


Pp p p 


is divisible by p. 


. (Baltic Way 2009) Let p be a prime of the form 6k — 1 and let a,b,c be 


integers such that p | a +b+c and p | af +b + ct. Prove that p | a,b,c. 


. (Poland 2010) Let p be an odd prime of the form 3k + 2. Prove that 


p—1 
[] +k+1)=3 (mod p). 
k=1 


. (Iran 2004) Let f be a polynomial with integer coefficients such that for 


all positive integers m,n there is an integer a such that n|f(a™). Prove 
that 0 or 1 is a root of f. 


. (Cippola, Rotkiewicz) Prove that if nı > ng >... > Nk > 1 are integers 


with k > 1 and 2% > nı then Fy,...Fy, and (2*1 — 1)...(27™* — 1) are 
pseudo-primes, where F, = 2?” + 1 is the nth Fermat number. 


. (India TST 2014) Find all polynomials f with integer coefficients such 


that f(n) and f(2”) are relatively prime for all positive integers n. 


. (Rotkiewicz) An integer n > 1 is called pseudo-prime if n is composite 


and n | 2” — 2. Prove that if p,q are distinct odd primes, then the 
following statements are equivalent: 


a) pq is a pseudo-prime. 
b) p | 22-1 — 1 and q | 27t — 1. 
c) (2? — 1)(29 — 1) is a pseudo-prime. 
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10. 


11. 


12; 


13. 


14. 
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(Gazeta Matematica) Find all odd primes p for which is a perfect 


power. 


Qp-1_4 
p 


(IMO Shortlist 2012) Define rad(0) = rad(1) = 1 and, for n > 2 let 
rad(n) be the product of the different prime divisors of n. Find all poly- 
nomials f(x) with nonnegative integer coefficients such that rad(f(n)) 
divides rad(f(n"?40))) for all nonnegative integers n. 


(Turkey TST 2013) Find all pairs of positive integers (m,n) such that 


2” + (n— y(n) -1)!=n" +1. 


(Serbia 2015) Find all nonnegative integers x,y such that 


(gente ae 1)” 28 92015 = DY Ae 1. 


(Italy 2010) If n is a positive integer, let 


3 2 
On = 2” +1 _ gn?+1 4 pnt] 


Prove that infinitely many primes divide at least one of the numbers 
A1, 42, .... 

(China TST 2010) Find all positive integers m,n > 2, such that 

a) m + 1 is a prime number of the form 4k — 1; 


b) there is a prime number p and a nonnegative integer a such that 


Qn_j 

m — 1 
em Ep. 
m— 1 


Wilson’s theorem 


Let p be a prime. Prove that there is a positive integer n such that p is 
the smallest prime divisor of n! + 1. 


332 


16. 


17. 


18. 
19. 


20. 


21. 


22. 


23. 
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Let n > 1 and suppose that there is k € {0,1,...,n — 1} such that 
k(n —k—1)!+(-1)* =0 (mod n). 
Prove that n is a prime. 


For each positive integer n find the greatest common divisor of n! + 1 
and (n+ 1)!. 


Let p be a prime and let aj, ag, ...,a@p_1 be consecutive integers. 
a) What are the possible remainders of a1a2...ap—1 when divided by p? 


b) Suppose that p = 3 (mod 4). Prove that aj, ...,a,-1 cannot be parti- 
tioned into two sets with the same product of their elements. 


Find two primes p such that (p — 1)! + 1 = 0 (mod p°). 


Find all sequences a1, a2, ... of positive integers such that for all positive 
integers m,n 
m! +n! | am! + an!. 


Let p be an odd prime. A subset A of Z is called a complete set of 
nonzero residue classes modulo p if A consists of p — 1 integers giving 
pairwise distinct and nonzero remainders when divided by p. Prove that 
if A = {a1,a2,...,@p-1} and B = {b1,b2,...,bp—1} are complete sets 
of nonzero residue classes modulo p, then {a1b1,...,@p-1bp-1} is not a 
complete set of nonzero residue classes. 


(Clement’s criterion) Let n be an integer greater than 2. Prove that n 
and n + 2 are both primes if and only if 


A((n—1)!+1)+n=0 (mod n(n+ 2)). 


Let n > 1 be an integer. Prove that there exists a positive integer k and 
€ € {—1, 1} such that 2k +1 |n + ek!. 


(Moldova TST 2007) Prove that for infinitely many prime numbers p 
there is a positive integer n such that n does not divide p—1 and p | n!+1. 
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24 


20. 


26. 


27. 


28. 


29. 


30. 
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Find all polynomials f with integer coefficients such that for all primes 
p we have f(p) | (p—1)!+1. 


(adapted from Serbia 2010) Let a,n be positive integers such that a > 1 
and a®+a"™1!+4+....4a+1 divides a™ +a(*—)! + ...+a!! +1. Prove that 
n=lorn=2. 


Lagrange’s theorem and applications 


Let p be a prime. Prove that the sequence of remainders mod p of the 
numbers 1, 27, 3°, 4%, ... is periodic and find its least period. 


(Don Zagier) Somebody incorrectly remembered Fermat’s little theorem 


as saying that the congruence a”t! = a (mod n) holds for all integers 


a. Describe the set of integers n for which this property is in fact true. 


Let p be an odd prime. Find the largest degree of a polynomial f with 
the following properties: 


a) deg f < p. 
b) the coefficients of f are integers between 0 and p — 1. 
c) If m,n are integers and p does not divide m — n, then p does not 


divide f(m) — f(n). 


(Iran TST 2012) Let p > 2 be an odd prime. If i € {0,1,..,p —1} and 
f=anot+aq,X +...+a,X” is a polynomial with integer coefficients, we 
say that f is 7-remainder if 


S > a; =t (mod p). 
j>0,p-1|5 
Prove that the following statements are equivalent: 
a) f, f?,...,f?-? are 0-remainder and f?~! is 1-remainder. 


b) f(0), f(1),..., f(p — 1) form a complete residue system modulo p. 
Find all integers n > 2 for which n | 2" + 3" +... + (n — 1)”. 
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31. 


32. 


33. 


34. 


30. 
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(Alon, Dubiner) Let p be a prime and let a1, ..., @3p, b1, ..., b3p be integers 
such that 


3p 3p 
X a; = Si =0 (mod p). 
i=l i=1 


Prove that there is a subset I C {1,2,...,3p} with p elements such that 


Sai = X bi =0 (mod p). 


ie! iel 
Prove that for any n > 1 the number T + C +... + Gy is a multiple 
of any prime p € (n, $n]. 


Let f be a monic polynomial of degree n > 1, with integer coefficients. 
Suppose that b1, ...,b, are pairwise distinct integers and that for infinitely 
many primes p the simultaneous congruences 


f(x + bı) = f(x+bo)=...= f(x +bn)=0 (mod p) 
have a common solution. Prove that the equations 
Fethi =... = f(«+b,) =0 

have a common integral solution. 
(Romania TST 2016) Given a prime p, prove that 

E 

Der 

k=1 
is not divisible by q for all but finitely many primes q. 


(China 2016) Let p be an odd prime and aj, ag, ..., ap be integers. Prove 
that the following two conditions are equivalent: 

a) There is a polynomial P of degree < ®>* such that P(i) = a; (mod p) 
for all 1 < ¿ < p; 
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36. 


3r. 


38. 


39. 


40. 
Al. 


42. 


24 
b) For any 1 < d < ®- 


p 
X (aia — ai)? =0 (mod p), 


i=1 
where indices are taken modulo p. 


(USAMO 1999) Let p be an odd prime and let a,b,c,d be integers not 
divisible by p such that 


ra rb rc rd 
— +s — hj — i 4 — tae 
p p p p 
for all integers r not divisible by p (where {x} is the fractional part of 


xz). Prove that at least two of the numbers a+b, a+c, a+d, b+c, b+d, 
c+ d are divisible by p. 


Quadratic residues and quadratic reciprocity 


Let n be a positive integer such that p = 4n + 1 is a prime. Prove that 
n” =1 (mod p). 


Let p be an odd prime. Prove that the number of integers n € 
{1,2,...,9—2} such that n and n + 1 are both quadratic residues mod p 


=i 
is po) =i 


(Gazeta Matematică) Prove that for any n > 1 the number 3” + 2 does 
not have prime divisors of the form 24k + 13. 


Prove that there are infinitely many primes p = —1 (mod 5). 


Let p = a? + b? be an odd prime, with a,b positive integers and a odd. 
Prove that a is a quadratic residue mod p. 


Let n be a positive integer and let a be a divisor of 36n* — 8n? + 1, such 
that 5 does not divide a. Prove that the remainder of a when divided 
by 20 is 1 or 9. 
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43 


44. 


45. 


46. 


47. 


48. 


49. 


Chapter 5. Congruences involving prime numbers 


Are there positive integers x, y,z such that 8ry = z + y + 27? 
(Komal A 618) Prove that there are no integers x,y such that 


r? —2£+9=5y’. 


Let p be an odd prime divisor of nt — n° + 2n? +n + 1, for some n > 1. 
Prove that p = 1,4 (mod 15). 


Prove that infinitely many primes don’t divide any of the numbers 
20+ _ 37 with n > 1. 


a) (Gauss) Prove that an odd prime p can be written a? + 2b? for some 
integers a,b if and only if p = 1,3 (mod 8). 

b) (Euler, Lagrange) Prove that a prime p Æ 3 can be written a? + 3b? 
if and only if p = 1 (mod 3). 

(Moldova TST 2005) Let f,g : N — N be functions with the properties: 
i) g is surjective; 

ii) 2f(n)? = n? + g(n)? for all positive integers n. 

iii) |f(n) — n| < 2004,/n for all n € N. 

Prove that f has infinitely many fixed points. 


(Romania TST 2004) Let p be an odd prime and let 


ero (= | xe. 


t= 1 


a) Prove that f is divisible by X — 1 but not by (X — 1)? if and only if 
p = 3 (mod 4); 


b) Prove that if p = 5 (mod 8) then f is divisible by (X — 1)? but not 
by (X — 1). 
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50. For an odd prime p, let f(p) be the number of solutions of the congruence 


ol. 


52. 


3 __ x (mod p). 


yY =r 
a) Prove that f(p) = p for p = 3 (mod 4). 


b) Prove that if p = 1 (mod 4) then 


p—i 
f(p) = (1) eA (mod p). 


4 
c) For which primes p do we have f(p) = p? 


Is there a polynomial f of degree 5 with integer coefficients such that f 
has no rational root and the congruence f(x) =0 (mod p) has solutions 
for any prime p? 


Let p be an odd prime and let a be an integer not divisible by p. Let 
N (a) be the number of solutions of the congruence y? = x?+az (mod p) 


and let i 
PY (k? + ak 
s(a) = 5° (=) | 


=o \  P 
1) Prove that N(a) = p+ S(a). 
2) Prove that if p = 3 (mod 4) then S(a) = 0 for all a, hence N(a) = p. 
We assume from now on that p = 1 (mod 4). 


3) Prove that if b is not a multiple of p, then 
9 b 
S(ab*) = 7 S(a). 


4) Prove that 
p-l 
$ s(a}? = 2p(p — 1) 


a=0 
and that if A = S(—1) and B = S(a) for any quadratic non-residue a, 
then 
A? + B? = 4p. 
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53. 


54. 


Oo. 


56. 


ör. 
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5) Prove that A = —(p+1) (mod 8). 


6) Deduce the following theorem of Jacobsthal: let p = 1 (mod 4) be 
a prime and write p = a? + b? with a,b integers, a odd and a = -PH 


(mod 4). Then the congruence y? = z3 — x (mod p) has p+ 2a solutions. 


(Mathematical Reflections) Find all primes p with the following prop- 
erty: whenever a, b,c are integers and p | a?b? + b?c? + c?a? + 1, we also 
have p | a2b?c? (a? + b? + c? + a?b?c?). 

Congruences involving rational numbers and binomial coeff- 
cients 


Let n be a positive integer and let p > 2n + 1 be a prime. Prove that 


2N m po} 
() ac-on(#) wan 


2 
n 
(Mathematical Reflections O 96) Prove that if q > p are primes, then 


p+q q 
pq | = E 
p p 
(Hewgill) Let n = no +2n1 +...+2%ng be the binary representation of an 


integer n > 1 and let S be the subset of {0,1,...,n} consisting of those 
k such that (7) is odd. Prove that 


oa a a ee 
keS 


where Fk = 22" 4 1 is the kth Fermat number. 
(Calkin) Let a be a positive integer and let 


m= S(t) 


k=0 
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58. 


59. 


60. 


61. 


62. 


for n > 1. Let p be a prime, n an integer greater than 1 and let 
n = no + pnı +... + pîna 
be its base p representation. Prove that 
= i Zn, (mod p). 
4=0 


Let p be a prime and let k be an odd integer such that p — 1 does not 
divide k + 1. Prove that 


3 = =0 =0 (mod p°). 


(Tuymaada 2012) Let p = 4k + 3 be a prime and write 


1 re 1 ae a 1 o m 
02+1 12+1 `” (p—1)}2+1 n 





for some relatively prime numbers m,n. Prove that p | 2m — n. 


(IMO Shortlist 2012) Find all integers m > 2 such that n | ( 
any integer n € |3, 5]. 


) for 


n 
m—2n 


(Putnam 1991) Prove that for all odd primes p we have 


E(P) (P48) ware (nods 


k=0 


(ELMO Shortlist 2011) Prove that if p is a prime greater than 3 then 


pol 


> A 3° =2P 1 (mod p’). 


k=0 
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64. 


65. 


66. 
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(IberoAmerican Olympiad 2005) Let p > 3 be a prime. Prove that 


Pi 
ip 
12 


=0 (mod p). 


t 


(AMM) Let Cn = -4 (77) be the nth Catalan number. Prove that 
Ci +C2 +... +Cn=1ç1 (mod 3) 
if and only if n + 1 has at least one digit equal to 2 in base 3. 


Prove that for any prime p > 5 we have 
pol ,\" | 
1 =) Sey — d př). 
+P; Pp (mod př) 


(USA TST 2002) Let p > 5 bea prime number. For any integer x, define 


p—1 1 


Prove that f(x) = fp(y) (mod p?) for all positive integers z, y. 


Chapter 6 


p-adic valuations and the 
distribution of primes 


The goal of this chapter is a rather detailed study of the p-adic valuation 
map vp : N — N (where p is a fixed prime). Recall that if n is an integer 
greater than 1, then vp(n) is the exponent of p in the prime factorization of 
n. After reviewing the basic properties of the map vp, we will use it to obtain 
results about the distribution of prime numbers. 


6.1 The yoga of p-adic valuations 


6.1.1 The local-global principle 


Let us fix a prime number p. It will be convenient to extend the map 
Up : N — N (whose definition was recalled above) to a map vp : Z + NU {00} 
by setting vp(n) = vp(|n|) for each n Æ 0,41, vp(+1) = 0 and vp(0) = oo. In 
other words, if n is a nonzero integer, then vp(n) is the largest nonnegative 
integer k such that p* divides n. In particular vp(n) > 1 is equivalent to p | n. 
We call vp(n) the p-adic valuation of n. 

The following theorem summarizes the basic properties of the p-adic val- 
uation map Up. It is a direct consequence of the definition of this map and of 
the fundamental theorem of arithmetic. 
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Theorem 6.1. a) If n is a nonzero integer, then we can write n = p’?\™ .m 
with m relatively prime to p. 
b) For each n > 1 we have 


n= [[2?™, 


pin 


the product being taken over all primes p dividing n, or equivalently! over all 
prime numbers. 
c) For all integers a,b we have 


Up(ab) = vpla) + Up(b) and vpla+b) > min(vp(a), vp(b)). 


Proof. Parts a) and b) are clear from the fundamental theorem of arithmetic. 
Part c) is obvious if one of a, b is zero, so suppose that ab # 0. By a) 
we can write a = p’?\y and b = py with u,v relatively prime to p. 
Then w is relatively prime to p and ab = p’?(*)+*(®) . (uv). Hence Up(ab) = 
Up(a) + Up(b). Next, p™(e(),r») divides both a and b, hence it divides a+b, 
hence vp(a + b) > min(vp(a), vp(d)). O 


The following crucial result shows that we can detect divisibility of integers 
by working "locally at every prime p". This is the first local-global principle 
in number theory and we will use it a lot to prove divisibilities which would 
be rather difficult to prove otherwise. 


Theorem 6.2. If a,b are integers then a | b if and only if up(a) < vp(b) for 
all primes p. 


Proof. We may assume that a,b are nonzero. If a | b and b = ac then vp(b) = 
Up(a) + vp(c) > vp(a) for all p. Assume that vp(a) < vp(b) for all p. Replacing 
a,b by their absolute values, we may assume that they are positive. Then 
b = ac, where c= |], p’()—»(2) an integer. Hence a | b. E 


Remark 6.3. The previous theorem immediately implies the following result 
(which we have already proved using Gauss’ lemma): if a,b are integers and 


1Since p’?‘™) = 1 whenever p does not divide n. 
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n > 1 satisfies a” | b”, then a | b. Indeed, by the previous theorem we have for 
all primes p the inequality nup(a) < nvp(b). Thus vp(a) < vp(b) for all p and 
the result follows by applying again the previous theorem. 


We can also characterize nth powers of positive integers in terms of their 
p-adic valuations: 


Theorem 6.4. Let a and n be positive integers. Then a is the nth power of 
an integer if and only if vp(a) = 0 (mod n) for all primes p (less formally, if 
and only if all exponents in the prime factorization of a are multiples of n). 


Proof. If a = b” is an nth power, then vp(a) = vp(b”) = nup(b) = 0 (mod n) 
for all p. Conversely, if vp(a) = nbp for all p and some nonnegative integers 
bp, then bp = 0 for all but finitely many primes p. If we set b = J [p pr, then 


b” =I], p’?(@) = a and we are done. oO 


Remark 6.5. This immediately implies the following result, which has already 
been proved using Gauss’ lemma in a slightly tricky way: let a,b be relatively 
prime positive integers. If ab is the nth power of an integer, then a and b 
are nth powers of some integers. Indeed, suppose that ab = c” for some 
integer c. For all primes p we have vp(a) + up(b) = up(c”) = nvp(c) = 0 
(mod n). Moreover, since gcd(a, b) = 1, p cannot divide both a and b, so we 
have min(vp(a), vp(b)) = 0. We deduce that vp(a) = vp(b) = 0 (mod n) for all 
primes p and the result follows from the previous theorem. 


Finally, we compute the p-adic valuation of the greatest common divisor 
and least common multiple of two numbers (of course, they have obvious 
versions for several integers). 


Proposition 6.6. For all integers a,b we have 
Up(gcd(a, b)) = min(vp(a), vp(b)) and vp(lcm(a,b)) = max(vp(a), vp(b)). 


Proof. If one of the numbers a, b is 0 this is clear, so assume that ab Æ 0. Since 
p™in(%(2),»(5)) divides both a and b, it divides gcd(a, b), hence 


vp(gcd(a, b)) > min(vp(a), vp(b)). 
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On the other hand, p”? (gcd(a,b)) divides a and b, hence vp(gced(a, b)) < vp(a) and 
Up(gced(a, b)) < vp(b). The result follows. For lcm, use that lem(a, b) = x ta ; 
to obtain ) 


Up(Icm(a, b)) = vp(ab) — vp(gcd(a, b)) = vp(a) + vp(b) — min(vp(a), vp(d)), 
from which the result follows readily. O 


We end this section with a few concrete illustrations of the previous results. 


Example 6.7. Prove that if n > 1 is an integer and p is a prime, then 


vp(lem(1, 2, ...,n)) = |log,(n)| . 
Proof. The previous proposition gives 


Up(lem(1, 2,...,2)) = max vp(i). 


Let k = |log,(n)|, so that pë < n < p¥tt. Then clearly no i € {1,2,...,n} is 
p 


k+1 and so 


divisible by p 
max vpli) = vp(p") = k, 
as desired. E 
Example 6.8. Prove that for all n > 2 we have 
Icm(1, 2,...,n) < nmr) 
where m(n) is the number of primes not exceeding n. 
Proof. If pë <n < p**!, then vp(lem(1, 2, ...,n)) = k by example 6.7, hence 


pvp (lem(1,2,....)) <n. 


The result follows by taking the product of these inequalities over all primes 
not exceeding n. O 
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Example 6.9. Is there an infinite set of positive integers such that the sum of 
the elements in any nonempty subset is not a perfect power? 


Proof. The answer is positive: consider the numbers an = 2"3"t! for n > 1 
and let A = {aj,Qz,...}. If i1 < i2 < ... < ik are positive integers, then 
T := Qi + ai, +... + Qi, satisfies vo(x) = 1, and v3(x) = i1 + 1. Indeed, we 
have x = 24y with y = 3% t1 4 22—41 3i2+1 4.. + 9% 13% +t! being odd, hence 
vo(x) = i, and similarly v3(x) = i1 + 1. Since gced(ve(zx), v3(x)) = 1, x cannot 
be a perfect power. Thus A has the desired property. 


Example 6.10. (Saint Petersburg 2006) Let a1, a2,...,@191 be positive integers 
such that gcd(a1,a2,...,a@101) = 1 and the product of any 51 of these numbers 
is divisible by the product of the remaining 50. Prove that aja2...aigi is a 
perfect square. 


Proof. It suffices to prove that vp(a1...4101) = 7724 Up(as) is even for all primes 
p. Fix a prime p and let x; = vp(a;). The hypothesis gcd(a1, ...,@101) = 1 yields 
min(21,...,2101) = 0. Assuming that xı > £2 > ... > £101 (which we can do 
without loss of generality), we deduce that x19, = 0. Since a51459...€101 is a 
multiple of aı...a50, we obtain 


£51 + £52 +... + T100 + L101 Z T1 + T2 +... + T50. 


However, x101 = 0 and 451 < £1, £52 < %9,..., L100 < L590. Thus we must have 
T51 = 21, T52 = T2,..., L100 = £50. We deduce that 


£1 + £2 + ... + £101 = 2(x1 Fae F £50) 
is even, as desired. E 


Example 6.11. (Mathematical Reflections O 136) Let (fn)n>1 be the Fibonacci 
sequence, ie. fı = f2 = 1 and fnai = fn + fn-1 for n > 2. Prove that 
v5(n) = us(fn) for all n. 


Proof. Let x > y be the solutions of the equation t? — t — 1 = 0, so that 


gh — y” 
A ae 


v5 
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for all n > 1. Then 
pon = yor 
V5 


Note that if we set 


fin = = T ; (x4r ae gery” as gr yn i gry” fie y*”), 


ln = 1 lg y”, 
the nth term of the Lucas sequence, then (using the fact that xy = —1) 


in J gry” a gryn + ry?” ai yt” er gir Ka yt” + (—1)"(2" ee y?”) wI 
= (x? + T + (—1)"(x2" 4 y”) aTa FR 4 (1) loz, rq. 
Thus, setting 
En = (—1)"lon = (=) + (—y*)”, 
we have 
fon = fn (x2 ae 1). 


We will now prove that vs(xz2-+2,—1) = 1, which will yield us(fsn) = us(fn)+1 
and then v5(fn) = vs(n) by an immediate induction on vs(n) (using the fact 
that the sequence (fn)n>1 is periodic modulo 5, with period 20, and that 
fs, fio, fis are the only multiples of 5 among fı, ..., f19, which can be easily 
checked by direct inspection). Note that it is enough to prove that £n = 2 
(mod 5): if £n = 5k +2 then 


LŽ + £n — 1 = 25k? + 20k +4 + 5k +2—1=25(k? +k) +5 


and so clearly v5(£2 + £n — 1) = 1. We will prove that x, = 2 (mod 5) by 
strong induction, the cases n = 1 and n = 2 being immediate. Next, note that 
—z? and —y? are solutions of the equation 


(t+2°*\(t+y*) =t +3t+1=0 


since z?y? = 1 and z? + y? = (x + y)? — 2xy = 3. Thus the sequence (£n)n>1 
satisfies £n+2 + 3%n41 + £n = 0 for n > 1. In particular, if £n, 2%n41 = 2 
(mod 5), then £n+2 = —6 — 2 = 2 (mod 5). This finishes the proof. 


6.1. The yoga of p-adic valuations 347 


Here is an alternate solution, suggested by Richard Stong. Let lọ = 2, 
lı = 1, and ln+1 = ln + ln-1 for n > 1 be the Lucas sequence. Then from 


lo + fov5 _ l +fıv5 _1+v5_ 


1 
J 9 J P, 


and y? = ọ + 1, it follows by an easy induction that 


eth (LE). 


2 2 





Hence by the binomial theorem (and the irrationality of v5), 


\(n—1)/2| \(n—1)/2] 
aie. n ie. n (UL 
ta = d (aa) ANA D zl 2k )st 


Since 5* > 2k +1, it follows that vs(2k +1) < k, and hence every term in the 
sum is a multiple of 5% (")+1_ Thus we conclude that 


U5(fn) = U5(2"~* fn) = v5(n). O 


6.1.2 The strong triangle inequality 


We have already established that if a,b are nonzero integers, then 
vp(a + b) > min(vp(a), vp(d)), 


in other words setting |a|, = p~’\) (we call |al, the p-adic absolute value of 
a) we obtain 
Ja + blp < max(lalp, [blp). 


Note that this is much stronger than the usual triangle inequality 
Ja +b| < |a| + |b| 


that holds for complex numbers a,b (with the usual absolute value). This is 
why the inequality 
vp(a + b) > min(vp(a), vp(B)) 
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is also sometimes called the strong triangle inequality. 
The following theorem establishes a key property of the vp map, related to 
the strong triangle inequality. 


Theorem 6.12. If p is a prime and a,b are integers such that vp(a) Æ vp(b) 
then 
Up(a +b) = min(vp(@), vp(b)). 


Proof. If vp(a) > vp(b), then 
a+b =p?) (pra) -vp b) +v) 
and p does not divide p’?(%)—*»()y + v, since it does not divide v. Thus 
Up(a + b) = vp(b) = min(vp(a), vp(b)). o 
We illustrate now these theoretical results with some rather interesting 


examples. 


Example 6.13. (Czech-Slovak 2002) Let m > 1 be an integer. Prove that m 
is a perfect square if and only if for all positive integers n at least one of the 
numbers (m + 1)? — m, (m + 2)? — m, ..., (m + n)? — m is a multiple of n. 


Proof. If m = d?, then at least one of the numbers m + 1 — d, m + 2 — d, ..., 
m+n — d is a multiple of n, and the result follows. For the converse, pick 
a prime factor p of m and let k = vp(m). Choose 1 < i < p**! such that 
pTI | (m +i)? — m. If up(m) £ vp((m + i)?) then 


k +1 < v(m + i)? — m) = min(vp(m), vp((m + i)*)) < vp(m) = k, 


a contradiction. Hence vp(m) = vp((m + i)?) = 2up(m + i) is even and since 
this holds for any p | m, m is a perfect square. oO 


Remark 6.14. The result still holds if we only assume that the statement of 
the problem holds for prime numbers n, but the proof is much more difficult. 


We have already proved in theorem 4.67 that if f is a nonconstant polyno- 
mial with integer coefficients, then there are infinitely many primes p dividing 
a term of the sequence f(1), f(2),.... The following problem extends this re- 
sult. 
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Example 6.15. (IMO Shortlist 2009) Let f : N — N bea nonconstant function 
such that a — b divides f(a) — f(b) for all a,b € N. Prove that there exist 
infinitely many primes p such that p divides f(c) for some positive integer c. 


Proof. Suppose that the conclusion fails and let pi,...,p, be all primes ap- 
pearing in the prime factorizations of the numbers f(1), f(2),.... Take any 
positive integer z and write f(x) = pj?...p,* for some nonnegative numbers 
Q,-..,@%. Let as = sp{t**...p?*** for s > 1. Since as divides f(x +as) — f(z) 
and since Up,(f(x)) < Up,(@s), it follows that vp; (f(x + as)) = vp,(f(x)) for 
all i. But since all prime factors of f(z + as) are among 71,..., Pk, it follows 
that f(z + as) = f(x), and this holds for all s > 1. But then z +a, —1 
divides f(x) — f(1) = f(x+a,) — f(1) for all s > 1, so f(x) = f(1). Since 
x was arbitrary, it follows that f is constant, contradicting the hypothesis of 
the problem. The result follows. a 


Example 6.16. (Kvant M 2163) Find all positive integers a and b such that : 
(i) (a+ b7)(b + a?) is a power of 2; 
(ii) (a + b°)(b + a) is a power of 3. 


Proof. (i) We will prove that a = b = 1 is the unique solution of the problem. 
Assume that (a,b) Æ (1,1) and without loss of generality, that a > 1. Write 
a +b? = 2™ and b + a? = 2” for some m,n > 1. If a is even, then so is b and 
since v2(a) < m = v2(2™) we have v2(2™ — a) = v2(a), thus 


2v2(b) = v2(b?) = ve(2™ — a) = v(a), 


and similarly 2vo(a) = v2(b), contradicting our assumption that v2(a) > 0. 
Hence a is odd. If b > 1, then a similar argument as above yields 


vo(b + 1) < ve(b? — 1) = ve(2™ — (a + 1)) = v2(a + 1) 
and 
vo(a + 1) < ve(a? — 1) = ve(2" — (b + 1)) = v2(b + 1), 


a contradiction. Hence b = 1 and a + 1 = 2™, a? + 1 = 2”. Since 4 does not 
divide a? + 1 for any integer a, we must have n < 1, contradiction with a > 1. 
Hence there are no solutions different from a = b = 1. 
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(ii) The solutions are (a,b) = (1,2) and (a,b) = (2,1). Assume that we 
have a solution with a,b > 1 and let a? + b = 3™ and a + b’ = 3”. As above, 
if 3 divides a, then 

3u3(a) = v2(3™ — b) = v3(b) 


and similarly 3v3(b) = v3(a), a contradiction with v3(a) > 0. Hence a = 1,—1 
(mod 3). Note that ifa = —1 (mod 3), then b = 1 (mod 3), thus by symmetry 
we may assume that 3|a—1 and 3|b+1. Now if a > 1 a similar argument 
as above yields 


ug(a® — 1) = v3(3™ — (b + 1)) = v3(b + 1) 


and 
3(b° + 1) = v3(3” — (a — 1)) = v3(a — 1). 


Note that v3(a? — 1) > v3(a — 1) and v3(b? + 1) > v3(b + 1), since a? +a +1 
and b?—b+1 are multiples of 3. Then the previous equalities yield v3(b+1) > 
v3(a — 1) > v3(b+ 1), a contradiction. 

Hence we may assume that a = 1, so b?+1 = 3” and (b+1)(b?—0+4+1) = 3". 
Suppose that b > 2, thus n > 1 and so9|b+1. Then b? —b +1 = 3 (mod 9) 
and since b? — b+ 1 is a power of 3, we get b? — b + 1 = 3, a contradiction. 
Thus we must have b = 2 and the result follows. oO 


The next two problems use a similar idea, which is a pretty subtle argument 
based on the pigeonhole principle and the strong triangle inequality. 


Example 6.17. (IMO Shortlist 2011) Let dj, d2, ..., dọ be pairwise distinct inte- 
gers. Prove that if x is a sufficiently large integer, then (x+d1ı)(x+d2)...(x+də) 
has a prime divisor greater than 20. 


Proof. Note that there are only 8 prime numbers less than 20, call them 
P1, p8. By adding the same number to all d;’s nothing is changed, so we 
may assume that d; > 0 for all i. Now, assume that (x + d;)...(x + dg) has 
all prime factors among pj, ...,pg, hence so do all numbers x + d},..., £ + dg. 
Assume that x > (p1...p3)", with N sufficiently large. Then for each 1 <i <9 
we can find j; € {1,2,...,8} such that vp, (x + di) > N. Among the numbers 
ji,- Jo E {1, 2, ...,8} two must be equal, say without loss of generality jı = je. 
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Then py divides both x +dı and x+db, hence it divides dy — dı. Since dz Æ dj, 
this forces Phy < |dg—d,|. Hence if N is chosen such that 2% > max;z; |di— d;l, 
then for all x > (p,...pg)" the number (x + dı)...(£ + dg) cannot have all of 
its prime factors among pı, -.., p8, and the problem is solved. a 


Example 6.18. (Erdés-Turan) Let a; < ag < ... be an infinite increasing se- 
quence of positive integers. Prove that for any N we can find i Æ j such that 
a; +a; has a prime factor greater than N. 


Proof. Fix N and let pj,...,p, be all primes not exceeding N. Suppose that 
for all i Æ j, all prime factors of a; + a; are among 7i,..., pp- Fix any positive 
integer d greater than all the numbers a, — a, with 1 < u < v < k + 1. Fix 
also n > (p1...pz)¢ and note that for all 1 < i < k we have an +a; > (p1...pe)®, 
thus there is j; € {1, 2, ..., k} such that Up; (an + ai) > d. Since j1,...,jp41 are 
all between 1 and k, two of them must be equal, say ju = jy with 1 < u < v < 
k+1. Let p = pj,, so that vp(an + au) > d and vp(an + ay) > d. It follows 
that vp(ay — av) > d, contradicting the fact that d is greater than ay — au. O 


The next examples are more challenging. 


Example 6.19. (Tuymaada 2004) Let a,n be positive integers such that 
a > Iem(1,2,...,.. — 1). Prove that there are pairwise distinct prime num- 
bers pı, ..., Pn such that p; |a+ifor1<i<n. 


Proof. Let b = lcm(1,2,...,n — 1), thus a > b. Consider the numbers 


Se ee, a 
gcd(a + i, b) 


Ti 


We claim that £1, ..., £n are pairwise relatively prime integers and x; > 1 for 
all ¿. Note that this immediately implies the result, by taking p; to be an 
arbitrary prime divisor of x;. To prove the claim, note that x; > 1 is clear, 
since the equality a + i = gcd(a + i, b) would force a + 1 < b. Assume now 
that a prime p divides both x; and z;, for some 1 <i < j < n. Let k = vp(b). 
Then 


min(vp(a + i), vpla + j)) < vp((a + j) — (a + i)) = vpj — i) < vp(b) = k. 


352 Chapter 6. p-adic valuations and the distribution of primes 


We may assume that vp(a + i) < k, but then 
Up(xi) = Vp(a + i) — min(vp(a + i), k) = 0, 
contradicting the fact that p | xi. The result follows. O 


Example 6.20. (Iran TST 2013) Find all arithmetic progressions aj, a2,... of 
positive integers for which there is an integer N > 1 such that for all k > 1 


Q1Q2...Ak | QN+14N+2:---QN-+k- 


Proof. Write an = a+ nd for n > 1 and some d > 1. Note that if a = 0, 
then the sequence (an)n is a solution of the problem, since the product of k 
consecutive integers is a multiple of k!. We will prove that the case a > 0 is 
impossible. Dividing a and d by their greatest common divisor, we may assume 
that gcd(a,d) = 1. For k > N the divisibility condition can be rewritten as 


Q102...AN | Gk410k42---Ak4N; 


by dividing the given divisibility relation by ay +1...a,. Note that a,a2...ay > 
N!, hence there is a prime p such that vp(a1...an) > Up(N!). Then p divides 
at least one of the numbers aj,...,an, and these are all relatively prime to d 
since gcd(a, d) = 1. Thus p does not divide d and so there is an integer k > N 
such that p%(%1--2n) | a, = a + dk. But then vp(ak) > vp(N!) > vp(jd) for 
1 <j <N, hence 


Up(N!) < vp(a1..-aẸN) < Vplak+1---ak+N) 
= Up((ax + d)(ak + 2d)...(ak + Nd)) 
= Vp(ak + d) + vplak + 2d) +... + vplak + Nd) 
= Up(d) + Up(2d) +... + vp( Nd) = v(N!), 


a contradiction. O 


Example 6.21. (IMO 2010) Find all sequences of positive integers (an )n>1 such 
that (an + m)(am + n) is a perfect square for all positive integers n,m. 
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Proof. It is clear that an = n + k is a solution of the problem for all k > 0. 
We will prove that these are all solutions. 

Let n,m be distinct positive integers and suppose that a prime p divides 
An — am. We will prove that p | n— m. We claim that we can find s > 1 such 
that vp(s+an) and up($+am) are odd. If the claim is proved, then vp(n + as) 
and vp(m + as) must be odd, since (s + an)(n + as) and (s + am)(m + as) are 
perfect squares. Thus p divides n+a, and m+as, and then p | m—n, as desired. 
Now, let us prove the existence of s. If vp(an — am) = 1, choose s = p*r — an, 
where r is large enough and relatively prime to p. If vp(an — am) > 2, choose 
S = pr — an, where r is large enough and prime to p. 

Now, the previous paragraph shows that an ~ am for all n 4 m, and also 
that |an — an+ı| = 1. Thus an+ı — an and an41 — Gn42 are both 1 or —1, and 
distinct, thus they must add up to 0. This implies that an42—an41 = Gn41—an 
for all n > 1, and since an > 1 for all n, we must have an+1ı — an = 1 for all n. 
Thus a, = n + k for some constant k > 0, and the problem is solved. O 


6.1.3 Lifting the exponent lemma 


Let us start with some easy observations, which are however very useful in 
practice. Let a,b be integers and let p be a prime dividing a — b. Note that 


aP = (a — b +b)? = (a — b)P + pla — b)PTtb + ... + pla — b)bP 1 + B. 


In the previous sum all terms except for the last one are multiples of pĉ, since 
p |a—b. We conclude that p? | a? — bP. In other words, if a and b are 
congruent mod p, then a? and bP are congruent mod pê, i.e. raising to pth 
power improves congruences! The same formula shows more generally that if 
p! divides a — b for some l > 1, then p'+! divides a? — bP. This easily yields 
the following estimate. 


Theorem 6.22. Let a,b be integers and let p be a prime dividing a— b. Then 
for all positive integers c we have 


c _ pe 
Up(ae — b°) > vpla — b) + up(c), te. Up (= F ) > Up(c). 
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Proof. Let k = vp(c) and l = vp(a—b). Since p! | a—b, the previous discussion 
shows that p't! | a? — bP, then p'+2 | aP’ — b? and continuing like this we 
obtain p't* | aP" — bP". Since p* | c, we have a?” — bP" | a° — b°. Thus 


vp(a” — b°) > l+ k = v(a — b) + vp (c). O 


Example 6.23. (Romania TST 2009) Let a,n > 2 be integers such that n 
divides (a — 1)* for some k > 1. Prove that n divides 1+a+a?+4+...+a™1. 


Proof. Take a prime p dividing n. By hypothesis p divides a — 1. It is thus 
enough to prove that vp (=) > Up(n), which follows from theorem 6.22. O 


a 





The next result, more technical, refines the previous one. One has to be 
careful when applying this result, since there are a few hypotheses involved in 
its statement. 


Theorem 6.24. (Lifting the exponent lemma) Let p be an odd prime and let 
a,b integers not divisible by p such that pla — b. Then for alln > 1 


Up(a” — b”) = up(n) + vp(a — b). 


Proof. Call an integer n > 1 good if satisfies the conclusion of the theorem 
for any a,b as in the statement. Note that if m,n are good, then so is mn. 
Indeed, if a,b satisfy the hypotheses of the theorem, then so do a” and b”, 
thus 


Up(a™ — B™™) = up((a™)" — (B™)") = vp(a™ — B™) + vp(n) 
= Up(a — b) + Up(m) + Up(n) = vp(a — b) + Up(mn) 


and mn is good. Since 1 is clearly good, it suffices to prove that any prime q 
is good. If q Æ p, this reduces to proving that a = af 1+ 49-2b+...459-4 
is not divisible by p, which is clear since a?! + a?—7b + ... + b9-! = gat“! 
(mod p) (as p | a — b) and qa is not divisible by p. 

Suppose that q = p and write a = b+ p*c for some integer c not divisible 
by p and some k > 1. The binomial formula gives 





a? — bP = ptt pP te + 4 DP p*Fot + pP. 
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Since p > 2, the terms (2)b?-*p?¥*c, ..., p*Pc? have p-adic valuation greater than 
k +1, which combined with gcd(p, bc) = 1 gives 


UplaP — bP) = vp(p*t 1b 1c) =k +1 = 1 + wla — b), 
as needed. O 


We also mention the following immediate consequence of the previous the- 
orem: 


Corollary 6.25. Let p be an odd prime and let a,b be integers not divisible 
by p and for which p|a+b. Then for all odd positive integers n 


vp(a” + b”) = vp(a + b) + p(n). 
Proof. It suffices to apply the previous theorem to a and —b. O 


The reader might wonder what happens when p = 2. In this case the 
formula is a bit more complicated to state, but much easier to prove. 


Theorem 6.26. If x,y are odd integers and n is an even positive integer, 


then 
2 


r? — 
valz” — y”) = ve ( J 2 ) + v9(n). 





Proof. Write n = 2"a for some odd number a. Then using repeatedly the 
difference of squares formula we obtain 


z” — y = (x° — y*)(x* + y“) (222 iv ya). (ga a ye), 


Observe that if u, v are odd numbers, then u? +v? = 2 (mod 4). The previous 
formula gives therefore 


ve(a2” — y”) = v (r — y“) +k- 1. 


Finally, since a, £, y are odd, it is easy to see that ae = gla“ 4 4 y2(a-1) 
is odd. The result follows. O 
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Remark 6.27. When n is odd, things are very simple: or = gly yn! 
is odd and so v(x” — y”) = vo(x — y). 


The next series of examples illustrate the power of the previous theorems. 


Example 6.28. Find all integers a,n > 1 such that any prime factor of a” — 1 
is a prime factor of a — 1. 


Proof. Let p be a prime factor of n and assume that p > 2. Any prime factor 
q of 1 +a +... + a?! divides a? — 1 | a” —1, thus it divides a — 1. But then 
1+a+...+a?—! =p (mod q) and since q|1+a+...+a?~1 we obtain q = p. 
In other words 1+a+...+a?—! = pë for some k > 0, and moreover p | a — 1. 
Now lifting the exponent lemma yields (since p > 2) 


Vp(1+at... +a?) = wla? — 1) — wla — 1) = 1 


and so k = 1. But this is impossible, since a > 1 and so 1 +a +... +a} >p. 

Hence any prime factor p of n is 2, in other words n = 2% for some k > 0. 
But then a + 1 | a” — 1 and so any prime factor of a + 1 divides a — 1 and so 
divides 2. Thus a + 1 is also a power of 2, say a + 1 = 2™. 

Suppose that k > 1, i.e. n > 2. Then a? +1 | a” — 1 and as above we 
obtain that a? +1 is a power of 2, say a? +1 = 2l. Since 4 cannot divide a? +1, 
we must have l = 2 and then a = 1, a contradiction. Hence n = 2 and a+ 1 
is a power of 2. Conversely, if these conditions are satisfied then clearly (a,n) 
is a solution of the problem. O 


Example 6.29. Find all integers a,n > 1 such that any prime factor of a” + 1 
is a prime factor of a + 1. 


Proof. Assume first that n is even. If p | a” + 1 is a prime, then p | a + 1 and 
so 0 =a” +1 = 2 (mod p), that is p = 2. It follows that a” + 1 = 2* for some 
k > 0. Since a” + 1 is of the form x? + 1 (as n is even), and such a number is 
never a multiple of 4, it follows that k = 1, contradicting a > 1. Hence n is 
odd. 

If p is a prime factor of n, then any prime q dividing 


aP +1 
a+1 





= aP! — aP? +...—a+1 
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divides a + 1 and so 0 =a?! — aP™? + ...— a + 1 = p (mod q), which in turn 
yields p = q. Thus arth = p* for some k > 0 and using again the lifting the 
exponent lemma we obtain k = 1, thus 


a? +1=p(at1) or a(a?t—p)=p-1. 


Moreover, from the above discussion we know that p | a+ 1, soa >p-—1 
and the previous equation yields a?” — p < 1. Since p > 2, we obtain 
p+1 > a?! > a? > (p—1)?, which immediately implies p = 3 and then 
a = 2. Hence a = 2 and n is a power of 3. If n Æ 3, then replacing a with 
b = a3 we obtain that any prime factor of b® + 1 divides b + 1 and by the 
above discussion this forces b = 2, which is not the case. Hence n = 3 and 
a = 2 is the unique solution of the problem. O 


Remark 6.30. The previous exercise is a generalization of an IMO Shortlist 
2000 problem: find all triplets of positive integers (a, m, n) such that a™ + 1 | 
(a+1)”. 


Example 6.31. (IMO Shortlist 1997) Let b, m,n be positive integers such that 
b> landm £n. Prove that if b” —1 and b” —1 have the same prime divisors, 
then 6+ 1 is a power of 2. 


Proof. Without loss of generality we may assume that m > n. Let d = 
gcd(m,n) and let m = kd and a = bf. Note that k > 1 and any prime p 
dividing a* — 1 = b™ — 1 divides b” — 1 and so it divides ged(b™ — 1, b” — 1) = 
bt — 1 =a — 1. By example 6.28 we deduce that a+ 1 is a power of 2, that is 
bf + 1 is a power of 2. If d is even, then 6? + 1 is not a multiple of 4 and is 
greater than 2, so it cannot be a power of 2. Hence d is odd and this implies 
that b+ 1 is a power of 2, since b+ 1 | bf +1. O 


Example 6.32. (generalization of IMO 1990 and 1999) Find all primes p and 
all positive integers n such that n?~! divides (p — 1)" +1. 


Proof. Note that if p = 2, then n = 1 or n = 2. From now on, we assume 
that p > 2. If n is even, then 4 cannot divide n?—! (because 4 does not divide 
(p— 1)” +1) and so p = 2, a contradiction. So, n is odd. Let q be the smallest 
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prime factor of n. Since q divides (p — 1)?” — 1 and (p — 1)?! — 1 and since 
gcd(2n,q — 1) = 2, it follows that q divides (p — 1)? — 1 = p(p — 2). 

Suppose first that q divides p— 2. Then, by the lifting the exponent lemma 
we have 


(p — 1)uq(n) = vq(nP) < v9((p — 1)” — 1) = vq((p — 1)* — 1) + vln), 


so that (p — 2)ug(n) < vq(p — 2). In particular, p — 2 > q?-? > 3°-?. This 
easily implies that p = 3, contradicting the fact that q divides p — 2. 

Next, assume that q = p, so that again by the lifting exponent lemma 
(using that n is odd) we have 


(p — 1)up(n) = vp(n?~*) < vp((p — 1)” + 1) = 1 + p(n). 


Thus (p — 2)vp(n) < 1. In particular, p = 3 and vp(n) = 1. Write n = 3a 
with gcd(a,3) = 1 and observe that a? divides 8° +1. We claim that a = 1. 
Otherwise, let r be the smallest prime factor of a, so that r divides 64° — 1 
and 647-1 — 1. Thus r divides 63, since gcd(a,r — 1) = 1. But then r = 3 or 
r = 7. Since 3 does not divide a, we must have r = 7 and 7 divides 8° + 1. 
Since this is of course impossible, it follows that a = 1 and n = 3. E 


Example 6.33. (China TST 2009) Let n be a positive integer and let a > b > 1 
be integers such that b is odd and b"|a" — 1. Prove that a? > x 


Proof. Take any prime factor p of b, then necessarily p > 2 and the lifting the 
exponent lemma (combined with Fermat’s little theorem) gives 


n < uplb”) < vp(a” — 1) < vp((aP“)” — 1") = vp (a? — 1) + p(n), 


so that 
b -1 (a?-1-1) Ţ P” 
a’ >aP* — 1 >p?“ r A 
n 


3| 


The result follows. LI 


We end this section with the following difficult problem. 


Example 6.34. (China TST 2002) Find all positive integers n for which 
(2” — 1)(3” — 1) is a perfect square. 
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Proof. We will prove that there is no such n. Assume that (2”—1)(3"—1) = m? 
for some integers m,n > 1. Note that m is even, thus 4 | 3” — 1 and n is even. 
Therefore 3 | m and so 9 | 2” — 1, which forces 6 | n. Next, we will prove that 
10 | n. Write n = 6k, thus (64* — 1)(3®* — 1) = m? and so 


(2* —1)(16* -1) =m? (mod 31). 


One easily checks that the left-hand side is a multiple of 31 if and only if 5 | k. 
Suppose that 5 does not divide k. The previous congruence gives 


2F—1\ (16*-1 = 
31 31 J’ 
ae+i\ (+1) _, 
31 31 jJ 


To check that the last equality is impossible, it suffices to do so for k = 1,2,3,4 
(using the 31-periodicity of Legendre’s symbol modulo 31), which (after simple 
algebra) comes down to checking the impossibility of any of the following 
relations 


3 5 5 17 5 13 17 
Coa a (ar) (a) =h (a) (a) =} (sr) =t 
These follows directly from 
31/ \31l/ 831) ”? B81) °° 


all easily established. 
Write now n = 10x and use the lifting the exponent lemma to obtain 








which is equivalent to 








2v1 (M) = vu ((2" — 1)(3" — 1)) = v (2°)? — 1) + vu ((3"")? — 1) 
= v11 (21 — 1) + v11 (3? — 1) + 2v2 (x) = 2v2(x) + 3, 


a contradiction. Thus there are no such n. O 
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6.2 Legendre’s formula 


In this section we discuss Legendre’s formula giving the p-adic valuation 
of n! and its consequences to the arithmetic of binomial coefficients. We will 
use these properties in the next section to obtain nontrivial estimates on the 
distribution of prime numbers. 


6.2.1 The p-adic valuation of n!: the exact formula 


We have already given several proofs of the fact that the product of n 
consecutive integers is a multiple of n!. Most of these proofs used specific 
properties of binomial coefficients. We would like to give a proof of this result 
using the local-global principle according to which a | b if and only if vp(a) < 
Up(b) for all primes p. For that, it is necessary to compute vp(n!) for a prime 
p and a positive integer n. This is the object of the next theorem. 


Theorem 6.35. (Legendre) For all primes p and all positive integers n we 
have 
Up(n!) = =| + H +... 
pl Lp? 
Before giving the proof of this theorem, we emphasize that the apparently 
infinite sum appearing in the statement is in fact finite, since all but finitely 


many terms are zero. Indeed, there is k such that pë > n, and then Fa = 0 
for all į > k. 


Proof. We have 
Vpn!) = vp(1-2-... +) = Up(1) + vp(2) +... + up(n). 
Among the numbers 1, 2,...,n there are Ẹ | multiples of p, | multiples of 


p*, and so on. Multiples of p but not of p? have contribution 1 to the sum, 
multiples of p? but not of p? have contribution 2, and so on. Hence 


so- l- aelel- ENa- 


and the sum telescopes to the desired formula. O 
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Let us come back now to our original problem, namely giving a proof of 
the fact that n! divides (x + 1)(x + 2)...(z + n) for any integer x using p-adic 
valuations. Fix a prime p and let ną be the number of multiples of pë among 
x+1,...,2-+n. As in the proof of the above theorem, we see that 


Up((z + 1)(2 + 2)...(a+n)) = nı +n2 +... 
On the other hand, it is clear that 
| ele la 
Nk = —-|—|2!/-—], 
: ie p* pf 


since in general |x + y| > |x]|+ |y] for all real numbers z, y. Thus Legendre’s 
formula yields 





Up((x + 1)...(£x + n)) > vp(n!) 


for all primes p and the result follows. 

Here are a few more examples of counting arguments used to establish 
divisibilities or identities. 
Example 6.36. (China TST 2004) Let m1, mo,...,m, and nj, n2, ..., ng be pos- 
itive integers such that for any integer d > 1 the number of multiples of d 
among m},...,m, is greater than or equal to the number of multiples of d 
among 7n1,...,Ns. Prove that n1n2...n, divides MymM2...Mr. 


Proof. For d > 1, let Mg and Ng be the number of multiples of d among 
M1, ..-, Mp, respectively ni, ..., ns. By hypothesis Mg > Ng for all d > 1. For 
any prime p we have (arguing as in the proof of Legendre’s formula) 


Up(™M1M2...Mr) = Mp + Mp +... + Mpn +... > Np + Np +... = Up(niNg...Ns) 
hence Nn1...Ns | M1...Mr and the problem is solved. oO 


Example 6.37. (Putnam 2003) Prove that for each positive integer n, 


n= []}em(1, 2, aig I/O) 


i=l 
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Proof. It is enough to prove that both sides have the same p-adic valuation 
for all primes p. Fix a prime p. Using Legendre’s formula and the fact that 


vp(Iem(1, 2, ...,4)) = |log,(d)| , 


we are reduced to proving the equality 


X [pe] = 2: bee [FI 


k 
k>1 -P iA 


for all primes p and all n. For this, we count in two different ways pairs 
of positive integers (i,k) such that ip* < n. For fixed i there are log, Hl 


possibilities for k, while for fixed k there are H possibilities for i. The result 
follows. O 


Example 6.38. (Miklos Schweitzer Competition 1973) Let n,k be positive in- 
tegers such that n > k +lcm(1, 2, ..., k). Prove that (%) has at least k distinct 
prime factors. 


Proof. Write Lk = lem(1, 2, ..., k). It suffices to prove that for n > k + Lp the 
number (}) is a multiple of a product of k numbers that are pairwise relatively 
prime and greater than 1. For 0 <i < k let 


aa (el 
* ged(n — i, Ly) 


Clearly x; > 1 and one easily checks that 79,..., 2,1 are pairwise relatively 
prime (see the proof of example 6.19). It suffices therefore to prove that 


n 
LO wee: | k ’ 


k!| I] gcd(z, Lk). 
i=n—k+1 


which is equivalent to 
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It suffices therefore to prove that for all primes p 


n 


Up(k!) < >. Up(ged(z, Lg)). 


i=n—k+1 


Let r = vp(Lk) = [log, k] (see example 6.7). For all ¿ < r there are at least 


Fa multiples of pf among n,n — 1,...,n —k +1. Also, if u is a multiple of p’ 
with i < r, then so is gcd(L,z, u). The desired inequality is then an immediate 


consequence of Legendre’s formula. a 


6.2.2 The p-adic valuation of n!: inequalities 


Observe that for all primes p and all positive integers n we have 


n n n n n 

o ei renge as e 
p p? p p —p-1 p p p 

Combining these inequalities with Legendre’s formula we obtain the following 


estimate, which is more useful in many situations than the exact formula for 
Up(n!) obtained in the previous section. 


Theorem 6.39. For all n > 1 and all primes p we have 


n n 
— — ] < v (n!) < ——. 
T 1< ylh) < 


We give now some nice illustrations of the previous result. 
Example 6.40. (MEMO 2015) Find all pairs (a,b) of positive integers such 


that 
a! +b! =a? + bt. 


Proof. By symmetry, we may assume that a < b. If a = 1, the equation 
becomes b! = b, yielding the solutions (1,1) and (1,2), so assume that a > 2. 
Then b! — a® = b? — a! > a? — a! > 0, thus b! > aè. On the other hand, the 
AM-GM inequality yields 


bh=1-2-..-b< (ery) () 
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We conclude that 2a < b + 1, thus b > 2a. 

Let p be a prime divisor of a. Then p | a!+b! and p | a?, thus p | b. Therefore 
Up(a’+b*) > a. On the other hand, since b > 2a we have p | (a+1)-(a+2)-...-b, 
hence 


Up(a! +b!) = up(a!) + up(1 + (a + 1) - (a@+2)-...-b) = vla!) <a, 


the last inequality being a direct consequence of theorem 6.39. We obtain 
therefore the plain contradiction a < a, showing that all solutions of the 
problem are (1,1), (1,2) and (2,1). oO 


Example 6.41. (Saint Petersburg 2007) Find all positive integers n and k for 
which 
1+2 +...+n"=k!. 


Proof. We will prove that n = k = 1 is the unique solution of the problem. 
Suppose that n > 1. Note that k* > k! > n”, thus k > n. First, assume 
that n is odd. Then 2” + 3” + ... + n” is a multiple of n + 2 (since each of 
the numbers 2” + n”, 3” + (n — 1)”,... is a multiple of n + 2), thus k! — 1 is 
a multiple of n + 2. In particular k < n + 2 and since k > n we must have 
k=n+ 1. Then (n +1)! > n”, which gives n < 3, a contradiction. 

Hence n is even, say n = 2m. Also, 4 | k! and 


1” +2” +...+n" =m (mod 4) 


thus 4 | m and 8 | n. Write n = 2°m with s > 3 and m odd. For i € {1,2,...,n} 
odd we have 
i = (i) =1 (mod 25+!) 


and when å is even i” = 0 (mod 25t). Thus 
1” +2” +... +n” =27m (mod 25t!) 


and so 
vo(k!) = ve(1" +2” +... +n”) =s—-1. 


On the other hand theorem 6.39 gives 


k 
(k) > = —-1> 5 -1=2%'m-12 27-1, 
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hence s > 2571, impossible. Hence there are no solutions with n > 1. O 


The next example is much more challenging. 


Example 6.42. (Russia 2012) Prove that there is a positive integer n such that 
1!+2!+... +n! has a prime factor greater than 102012., 


Proof. Let f(n) = 1!+ 2!+...+ n! and let S be the set of all primes not 
exceeding d := 102012, Suppose that for all n > 1, all prime factors of f(n) 
are in S. Let P = [fpes p*. The key ingredient is the following result. 


Lemma 6.43. There is a constant c > 0 such that for all p < d and alln > c 
relatively prime to P 


vp(f(nP — 2)) < up((nP)!) — 2. 


Proof. We will prove that for any p < d, the inequality v,(f(nP — 2)) > 
Up((nP)!) — 1 can hold for at most one n that is relatively prime to P. Fix 
p < d and suppose that this inequality holds for two integers n < m relatively 
prime to P. Since 


Up((nP — 1)!) = Up((nP)!) — vp(nP) = vp((nP)!) — 2, 
the strong triangle inequality gives 


Up( f(mP — 2)) = vp((nP — 1)! + f(nP — 2) + (nP)!+...+ (mP — 2)!) 
= Up((nP — 1)!) = up((nP)!) — 2. 


On the other hand by assumption 
vp(f(mP — 2)) > vp((mP)!) — 1. 


We deduce that vp((nP)!) > vp((mP)!) + 1, which is obviously impossible. 
The result follows. O 


Let c be as in the previous lemma. We conclude that for all n > c relatively 
prime to P we have 


Vp( f (nP — 2)) < a —2<nP. 
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Since all prime factors of f(nP — 2) are less than or equal to d, this forces 


(nP — 2)! < f(nP—2)< [[p™ <a” 
pd 


for all n > c relatively prime to P. This is clearly impossible. O 


We also point out the following important consequence of Legendre’s for- 
mula, which will be very useful in obtaining explicit estimates concerning 
prime numbers. 


Theorem 6.44. Letn > k > 0 be integers and let p be a prime. Then 
pC) < N. 
In other words, all prime powers dividing (7) are smaller than n + 1. 


Proof. Legendre’s formula gives 


(O) -s-sel 


Note that each term in the sum is equal to 0 or 1, since for any real numbers 
T, Y 





læ +y] -— lx] -— ly] € {0,1}. 


Indeed, the left-hand side equals |r + s|, where r = x — |x| € [0,1) and 
s =y -— |y] € [0,1). Finally note that for pf > n 


al-l- B= 


thus there are at most |10g,(n)| nonzero terms in the sum and so 


Up (C) < |10g,(n)| 


The result follows. O 
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Remark 6.45. The inequality (discussed in the proof of the previous theorem) 
0< |z+y]-l|z]-ly]<1 
will be used implicitly quite often from now on. 
The following example uses similar ideas to establish a rather remarkable 
identity. 
Erample 6.46. (AMM E 2686) Let n be an integer greater than 1. Prove that 


(n+ 1) lcm (0): ae (") = lem(1,2,...,2+ 1). 


Proof. We will prove that for each prime p both sides have the same p-adic 
valuation, which is enough to conclude. Let p be a prime and let k be such 
that p* <n+1 < p*t!. By example 6.7 we have 


vp(Iem(1,2,...,2+1)) =k. 


Note that (n + 1) (x1) = p* CE), thus the p-adic valuation of the left-hand 
side is greater than or equal to k. To prove that this valuation is at most k, 
fix 0 < ¿ < n and use Legendre’s formula to get 


Up ((n »(7)) = vy («+ oti) = vli +1) + Ý zr, 
r>1 


where 
a =| =F] 
Dp r | | mor |) r |" 
P p p 


Note that z, € {0,1} for all r (see remark 6.45) and z, = 0 if r > k (since 
in this case p” > n + 1). The key point is that xp = 0 for all r < vp(i + 1). 
Indeed, writing i + 1 = p"u for some integer u, we have 


=] Es | 
Lr = nas feet —— — u| = 0. 
p p 














Putting these observations together yields 


r>1 
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i+1 
desired inequality. O 


from which we get vp (i oe ee) < k for all 0 < i < n, establishing the 


Combining the result of the previous exercise with example 6.8 yields the 
following estimate for the number n(n) of primes not exceeding n, which is 
surprisingly good (see the next section for a more detailed discussion of such 
issues). 


Example 6.47. Prove that for all n > 1 we have 
Iem(1,2,...,2) > 27! and n™(™) > 27t, 


Proof. For the first inequality, simply note that 


erl- 


and use the result established in the previous example. For the second inequal- 
ity, use the first one and the inequality lcm(1, 2, ...,n) < n™™ established in 
example 6.8. O 


Example 6.48. Prove that if c € (0,2), then for all sufficiently large n the 
product of all primes not exceeding n is greater than c”. 


Proof. By the previous example 
Iem(1,2,...,.n) > 27t, 
On the other hand by example 6.7 we have 
lem(1, 2,...,n) = [J ple] < I] n: I] p<nv”. I] v- 
psn plyn  J/n<p<n psn 


We deduce that 
I] p> 21. ny”, 


pín 


Thus we need to prove that for any c € (0,2) we have 


(2) 2a 
C 
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for all n large enough. Since Qnv” < n2V™. it suffices to check that (2) vs >n? 
for large enough n, which is immediate. a 


6.2.3 Kummer’s theorem 


Instead of giving estimates for 2 | + Fa +... like we did in theorem 6.39, 


we can also obtain an exact formula as follows: write 
n= akp” + akıp"! +... + ao 


in base p (thus ao, ...,az € {0,1,...,.p —1} and ag #0). Then for all 0 < j < k 
Lae EN coe k-1-j l 
5 = App” ~ + Qk—1P +... Tj, 


therefore 


k 
n n ' 
= | T H +... = ) (app T akap 1-4 +... + a;) 
P P =l 


sako Ap at haa a S at +... +41 








k_y k-1_ y aes | 
ae TE nas Oe 
p-1l pl p~l 
_ (app" + ... + aıp + ao) — (ak +... + ao) _ ne Sp(n) 
p-1 p-1 ’ 


where 

Sp(n) = ao t+... + ag 
is the sum of digits of n when written in base p. Combining this computation 
with Legendre’s theorem we obtain the following result. 


Theorem 6.49. For all n > 1 and all primes p we have 


Nn — 8p(n) 


Up(n!) = pl 


? 


where Sp(n) is the sum of digits of n when written in base p. 
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This theorem immediately implies the following formula for the p-adic 
valuation of binomial coefficients. 


Corollary 6.50. For all primes p and all integersn > k > 1 


; (7) 2 Sp(k) + Sp(n — k) — 8p(n) 
P\\ p—1 l 


Let us observe that 22(#)*s (n-k) =sp(n) is precisely the number of carries 
when adding k and n—k in base p. We obtain therefore the following beautiful 
theorem. 


Theorem 6.51. (Kummer) The p-adic valuation of (7) is the number of car- 
ries when adding k and n — k in base p. 


Remark 6.52. Even more precisely, for each 7 > 1 we have 


oii 
p pi pi po 
where u,v, w are the remainders of k,n — k,n when divided by p’. Note that 


u+v=w if and only if u +v < p’, if and only if there is no carry in the jth 
digit when we add k and n — k in base p. Thus 


pli 

pi pi pi 

is equal to 1 if there is a carry in the jth digit when adding k and n — k in 
base p, and it is equal to 0 otherwise. 








We illustrate the previous results with some concrete examples. 


Example 6.53. Prove that if n is a positive integer and 1 < k < 2”, then 


(E) 
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Proof. Using corollary 6.50 we obtain 


U2 (P) = s2(k) + s2(2” = k) z $2(2”). 


If k = 2"s with r > 0 and s odd, then clearly r < n and 
s2(2” —k) = s2(2” — 2" s) = s9(2” "—s) =n—r+1—s9(s) =n—-r+1-—s9(k). 
Taking into account that s2(2”) = 1, the result follows. O 


Example 6.54. Prove that n > 1 is a power of 2 if and only if 4 does not divide 
2 

(a): 

Proof. 4 does not divide ee if and only if v2((2")) <1. This is equivalent 

to 2s2(n) — s2(2n) < 1. Since s2(2n) = se(n) (as the binary expression of 2n 
is simply the binary expression of n followed by a terminal 0), this is further 


equivalent to so(n) < 1. Clearly, this happens if and only if n is a power of 
O 


Ezample 6.55. Prove that all numbers (4) with 1 < k < 2” are even and 
exactly one of them is not a multiple of 4. Which one? 


Proof. Corollary 6.50 gives 


V2 (7) = s2(k) + s2(2” — k) -1 >l. 


In order to have equality we need s2(k) = s2(2” — k) = 1, which is easily seen 
to happen only for k = 2". E 


Example 6.56. (IMO Shortlist 2008) Let n be a positive integer. Prove that 
the remainders of the numbers 


COREEI EE (eh) 


when divided by 2” are a permutation of 1,3,5,...,2” — 1. 
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Proof. By Lucas’ theorem (or by example 6.53 and the equality (*,") = 
ae .)) all remainders belong to {1,3,5,...,2” — 1}, so it suffices to prove 
that (2 71) and (7 ') are not congruent n 2” if 1 < k < l< 2" are odd. 


Assume that 
27 —] PR | 
= 2” 
and observe that 


5) -()-(652)-@)-() a) 
EEE) 


thus the congruence can be written as 


gn gn gn : 
7) - (21) += (1) = (mod 2”). 


Since es ) is divisible by 2” whenever s is odd (by example 6.53), the previous 
congruence is equivalent to 


(2) (lor men 
rarte (OE) 


for some z € {1— 1,1—3, ...,k +1}. Since (#3) + (4 Jte .+ (Ž1) is a multiple 
of 2” and n > N, there jiet be y € {l — 1,1l — 3, ...,k + 1} different from z 


Aa M (E) = v (E )) | 


Using again example 6.53, we obtain və(x) = ve(y). Let m = v(x) and 
without loss of generality, assume that x < y. Then x = 2a and y = 2b 





Let 
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with a,b odd and a < b. But then x +2” € {l — 1,1 — 3,...,k +1} and (using 
once more example 6.53) 


v2 (ees) = n= vole +2") <n—(m +1) <n-m=m((7)), 


contradicting the minimality property of x. E] 


6.3 Estimates for binomial coefficients and 
the distribution of prime numbers 


This section is rather technical, but contains many beautiful results con- 
cerning the distribution of prime numbers. The reader may want to skip some 
of the more involved estimates for a first reading. Our goal is to use Legendre’s 
formula and a detailed study of binomial coefficients and their p-adic valua- 
tions to try to answer the following basic question: about how many primes 
are there between 1 and n? 


6.3.1 Central binomial coefficients and Erdös’ inequality 


We will focus on central binomial coefficients, since these are the easiest 
to estimate asymptotically. More precisely, since Ge is the largest among 


Gi N (27) and the sum of these binomial coefficients is 22”, it is clear that 


2n 4r 
4” > > 
(z) — In+1 


Also note that since (7+) = (TI) and 7th! (7H) = 221, we have 


ew e An 
n 


This will play a crucial role in the proof of the following beautiful result. If S 
is a set of positive integers, we make the convention that ] [pes p is the product 
of all primes in S (the letter p will always denote a prime in this section). 
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Theorem 6.57. (Erdés) For n > 2 the product of all primes not exceeding n 
is smaller than 4°-+. In other words 


I] pea. 


psn 


Proof. The proof is by strong induction, the case n = 2 being clear. Assume 
that the result holds up to n — 1 and let us prove it for n > 2. If n is even, 
then clearly [|,<,P = []p<n-1p and we are done thanks to the inductive 
hypothesis. Assume that n = 2k + 1 is odd. Note that 


2k+1\  (2k+1)! — (k+2)(k+3)...(2k +1) 
k TEED k! 


‘ i 2k+1 
is a multiple of [],42<p<on41 P, thus [Ik+2<p<2k+1 P < (“g ) and so 


r< Tl p (2) 
psn psk+1 k 


By the inductive hypothesis ][,<,41p < 4* and by the discussion preceding 
the theorem (Ft) < 4*, hence 


[[ p< 4-4 =4"", 
psn 


finishing the proof. O 


Example 6.58. Prove that for all sufficiently large integers n there are 2n 
consecutive composite numbers smaller than n!. 


Proof. Let p1,...p, be all primes not exceeding 2n +1. Then pj...p, + 2, 
D1 -.-Pe+3, ..-, D1---Pk+2n+1 are all composite and the largest of these numbers 
is (by theorem 6.57) 


p1...De+2n+1<4"+2n+1< 2-4”. 


Since 2-4” < n! for n large enough, we are done. E 
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Example 6.59. Prove that for all n > 2 we have 
lem(1, 2,... n) < 9”. 


Proof. Combining example 6.7 and theorem 6.57 gives 


lem(1 = || plier n| — I] 2 -|] ple CETS I] n) < 4” nvr 
<yn 


psn p>J/n p<J/n 


Inn 


It suffices therefore to prove that 4"-nV” < 9", or equivalently that wa = In 2. 


A simple study of the function f(x) = uz shows that f is maximal at x = e? 


and f(e?) = 2 < 0.74 < n$. oO 


We give now a different and much more conceptual proof of the result 
established in example 3.31. 


Example 6.60. (IMC 2012) Is the set of positive integers n such that n! + 1 
divides (2012n)! finite or infinite? 


Proof. We will prove that there are only finitely many such n. Suppose that 
n!+1 divides (kn)!, where k = 2012. Then any prime factor of n!+1 is greater 
than n and smaller than or equal to kn. If p is such a prime factor, theorem 
6.39 combined with the inequality p > n yields 


Vp(n! + 1) < up((kn)!) < = <k. 


Using theorem 6.57, it follows that 


n!+1= II pvr (n'+1) < I] pe < ( I p)* < ykm. 


n<p<kn n<p<kn p<kn 


Thus any solution n of the problem satisfies n! < 4k*n Tt follows immediately 
that there are only finitely many solutions. E 
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6.3.2 Estimating m(n) 
Recall that 


mn) = So 1 


psn 
denotes the number of prime numbers not exceeding n. One of the deepest 
and most beautiful theorems in number theory is the following result proved 
by Hadamard and de la Vallée-Poussin in 1896. The proof of this result is way 
beyond the scope of this modest book. 


Theorem 6.61. (prime number theorem) We have 


The famous prime number theorem asserts that for n large enough t(n) 
behaves like ETA The following result gives a uniform upper bound for the 





quotient mn) of course, this bound is weaker than the one given by the prime 
lnn 

number theorem, but it is rather amazing that with so few tools it already 

gives the "correct" upper bound. Note that 6 ln 2 = 4.15.... 


Theorem 6.62. For all n > 2 we have 
n 


n™") <64”, or equivalently n(n) <6In2- o 


Proof. Since 


n n! 


(") _ (n+1)(n+2)...(2n) 


is a multiple of ] [p<p<2n P, we deduce that 
nt (2n)—-7(n) a I nie Il p< (r) < 4”. 
n<p<2n n<ps2n uy 
Setting n = 2" yields 


h(a (2**7) — 2(2*)) < 2+1 or (k+ 1yr(25t!) — ka (2*) < 251 4 a(2*t). 
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Since 1(2**1) < 2*, we obtain 
(k +1)n(2**1) — kr(2f) < 3- 2. 
Adding these inequalities for k = 1,2, ...,n — 1 we obtain the inequality 
n-1(2") < 3-2”, 


In general, let k = |loga(n)], so that 2* < n < 2*t!. Then using the previously 
established inequality, we obtain 


nt (n) < (ghtly(2h*") < g2ktt < 64", 
yielding the desired result. O 


We would like to find a good lower bound for m(n). Actually we have 
already obtained a fairly good such bound in the previous section. More 
precisely we proved the inequality 


nT”) > gn-l 


for all n > 1 in example 6.47. This can be rewritten as 


n— 1 
>In2- 
mn) 2 In Inn ’ 





and is a fairly good lower bound taking into account that In2 = 0.69... and 
that n= is essentially the same as ṣ⁄-. In particular, this bound immediately 
implies the following one, which is weaker but has a somewhat more conceptual 
proof. 


Theorem 6.63. For n > 2 we have 
In2 
nmr) > /2” , or equivalently a(n) > eae man 
2 Inn 
Proof. One easily checks the result fo n < 5, so assume that n > 5. Writing 


n = 2k or n = 2k — 1 and using that 7(2k — 1) = 2(2k) for k > 2, it suffices 
to prove that (2k — 1)"(?*-)) > 2* for k > 3. Theorem 6.44 shows that for all 
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2k 


primes p dividing (25) we have pe CD < 2k — 1 (the equality pr(( k)) = Qk is 
impossible, as this would force p = 2 and k = 2) for some j and then 2 = 2k). 
Thus 


e = JI pe D < (2k T eD, 


p<2k—1 


immediate. O 


Since G > r it suffices to prove that 2* > 2k + 1 for k > 3, which is 


Example 6.64. Prove that for all n > 1 we have 


ninn 
5 


Proof. The key point is that (pn) = n, so we can use the previous estimates. 
For instance, theorem 6.62 yields 





< Pn < 6n Inn. 


64°"? > pr >n”, 


thus 
ninan ninn 


m64? 5 





Pn > 
Similarly, theorem 6.63 yields 


n> P2., Pn , 
— 2 Inpy 





The function f(z) = 7; being increasing for x > 3 (as a simple derivative 
computation shows), assuming that pn > 6n Inn we obtain 


n> me 6n Inn 
7 2 In(6nInn)’ 


which yields 
In(6nlnn) > 3ln2-Inn > 2Inn= Inn?. 


We deduce that 6lnn > n, which is false for n > 20 (as one can easily check). 
For n < 20 it is not difficult to check the result by hand (taking into account 
that poo = 71). E 
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Remark 6.65. Deep theorems of Rosser and Schoenfeld show that if pn is the 
nth prime, then p, > nlogn and for all n > 66 


= e 
logn — 5 logn — 3 


We illustrate the previous theorems with two beautiful examples. 


Example 6.66. Let k be a positive integer. Prove that there is a positive integer 
n which can be written as the sum of two primes in more than k different ways. 


Proof. There are 1(N)? pairs of prime numbers (p,q) with p,q < N. For any 
such pair the sum p+ q is at most 2N. Therefore by the pigeonhole principle 
there must be an r < 2N which can be written as r = p + q for at least 


T(N) (m2? N 
2N © 4 (InN)? 








pairs (p,q) (using theorem 6.63). This quantity tends to infinity as N grows, 
so for N large enough this implies that r can be written as a sum of primes 
in at least k ways. L 


Example 6.67. Prove that m(n) divides n for infinitely many n. 


Proof. The solution of this problem is short, but not easy to find! We claim 
that for any positive integer m > 2 we can find an integer n such that mr (n) = 
n. We will choose n = mk for some positive integer k, so the previous equation 


becomes mimk) = L, Consider the set 


I > EN, 


mI m 


Sai] 


Note that 1 € S, so S is nonempty. Since me) tends to 0 as x — oo, the set S 


is finite. Letting k = max(S), we will prove that n: = +, which will finish 


the proof. If 7*) = + does not hold, then m(m(k + 1)) > (mk) > k +1, 


mk 
contradicting the maximality of k. The result follows. a 
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6.3.3  Bertrand’s postulate 


The last result we want to establish in this section is the following theorem, 
that was conjectured by Bertrand in 1845 and proved by Chebyshev in 1850. 
Later on, Erd6s simplified the proof, and we follow his approach here. The 
proof is unfortunately fairly technical and we advise the reader to skip it for 
a first reading. 


Theorem 6.68. (Bertrand’s postulate) For all n > 4 there is a prime p E 
(n,2n—2). In particular, for n > 1 there is always a prime between n and 2n. 


The key of the proof is again the study of the prime factorization of Gay 
It will be useful to introduce the following expression 


Pr =. I] P, 
n<p<2n—1 


the product of all primes between n and 2n. Since it is not at all clear that 
there are such primes (this is after all what we are trying to prove!), we use 
the convention that P, = 1 if there are no such primes. We will actually prove 
a much stronger result (see the discussion following the proof of the next 
theorem for the reason why it is much stronger than Bertrand’s postulate). 


Theorem 6.69. For all n > 125 we have 


nr 


PS 
(2n)V2 


Proof. Let A = (2). All prime factors of A are between 1 and 2n and it is a 
simple matter to check the equality 


A= P, : I] prl), 


pín 


Note that 
4n 4gn—-l 
> > l 
— 2n+1 2N 
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thus in order to prove the theorem it suffices to prove that 


T] v2 < (2n) V2. 47-1. 


pín 


For this, we will carefully analyze each p’?‘4). By theorem 6.44 each p*?(4) is 
< 2n. Also, Legendre’s formula shows that vp(A) < 1 for p > v2n and, most 
importantly, that vp( A) = 0 for p € (2n/3,n]. Indeed, for such p we have 
Up((2n)!) = 2 and vp(n!) = 1, thus vp(A) = 0. We conclude that 


Tor < TT an) TT r 


pín p<V2n J2n<ps 2 


Now let n > 125 and let k = | V2n, so that k > 15. Since 1,9,15,4,...,2 p 
are not primes, we have 


rk) <k- (2+ |5h<$-1sy3-1 


Combining these observations with theorem 6.57 finally yields 


[I p ® < (2n) v? 42, 


pan 


as needed. E 


This fairly technical statement hides quite a lot of interesting information. 
For instance, since we trivially have 


P, < (2n) enan) 


the previous theorem yields 


ln4 n n 
ren) -r> a yp 


ln 4 


which shows that given c > ==, we have 


T(2n) — x(n) > co 
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for all sufficiently large n, in other words there are many primes between n 
and 2n for n large enough. 

We still have to explain why theorem 6.69 implies Bertrand’s postulate. 
We assume from now on that n > 225 (using tables of primes, one checks 
that Bertrand’s postulate holds up to 225). Assume that there is no prime 
p E (n,2n — 2). This means that in the product defining Pn there can be at 
most one term, namely 2n — 1, in particular Pa < 2n— 1 < 2n. Using theorem 
6.69 we obtain the inequality 


43 < (2n)!tVÈ < (2n) V" 


and so 


yn 
23 < V2- yn. 


Letting k = ez |, we have k > 5 and the previous inequality yields 


oF <3-V72-(k+1) < 5(k +1). 


It is however easy to check by induction that 2° > 5(s +1) for s > 5, yielding 
the desired contradiction. Note that this argument also shows that there are 
at least two primes between n and 2n for n > 225 (one actually checks that 
this holds for all n > 5). 


Remark 6.70. a) It is of course not necessary to check that Bertrand’s postulate 
for each n < 224 in order to finish the proof. Actually, using the sequence of 
primes 

7,11, 13, 19, 23, 37, 43, 73, 83, 139, 163, 277, 


the postulate is proved in no time at all for n < 225. 

b) Sylvester and Schur proved the following beautiful generalization of 
Bertrand’s postulate: ifn > k, then at least one of the numbers n,n+1,...,.n+ 
k—1 has a prime factor greater than k. In other words, for n > 2k the binomial 
coefficient (7) has a prime factor greater than k. Erdés proved that for k > 202 


and n > 2k we have 
Be 
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which immediately implies the previous result for such n and k. The proof is 
unfortunately more technical than that of Bertrand’s postulate, even though 
the key ideas are the same. 

c) By a deep theorem of Polya, if k > 2 is an integer and if a, < ag <... 
is the sequence of integers all of whose prime factors do not exceed k, then 
Qi+1 — a, tends to oo. In particular, if n is large enough, then every integer 
among n,n+1,.....+k—1, with one possible exception, has a prime divisor 
greater than k. 

d) Legendre conjectured that for all sufficiently large n there is a prime 
between n and n + yn. This is still wide open. 


After the previous hard work, it is time to see some concrete illustrations of 
these results. Unfortunately, there seems to be no easier proof for the following 
one. 


Example 6.71. For n > 1, n! is not a perfect power. 


Proof. We can assume that n > 3. By Bertrand’s postulate there is a prime 
between n/2 and n. Clearly vp(n!) = 1 and the result follows. oO 


Remark 6.72. A difficult theorem of Erdös and Selfridge states that the prod- 
uct of consecutive integers is never a perfect power. The proof is much 
harder than that of the previous corollary. They actually prove that for 
all integers l,k > 1 and m > 1 there is a prime p > k whose exponent in 
(m + 1)(m + 2)...(m + k) is not a multiple of l. Moreover, they conjecture 
that if l > 2 and k > 3 then we can even find such p > k with exponent 1, 
except in one case, namely for 48 - 49 - 50 (for k = 2 there are infinitely many 
exceptions). 


Example 6.73. Prove that if n > 1 then we can make n pairs (a1, b1), ..., (an, bn) 
out of the numbers 1, 2,...,2n, such that a; + b; is a prime for all 1 <i<n. 


Proof. We prove this statement by strong induction on n, the case n = 2 
being clear (consider the groups (1,4) and (2,3)). Suppose that the statement 
is true for n < k and let us prove it for n = k. By Bertrand’s postulate there 
is a prime p such that 2k > p— 2k > 1. Considering the pairs (2k, p — 2k), 
(2k — 1,p — 2k +1),..., (25+, Bs) and applying the inductive hypothesis to 
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1,2,...,p — 2k — 1 (note that p — 2k — 1 is even and less than 2k) yields the 
desired result. o 


Example 6.74. Let A be a subset of {1, 2,3, ..., 2n} with more than n elements. 
Prove that there are two distinct elements of A whose sum is a prime number. 


Proof. Consider a partition on {1, 2, ..., 2n} into pairs (a;, b;) such that a; + b; 
is a prime for all 1 < į < n. Since |A| > n, there is 7 such that a;,b; € A and 
we are done. 0 


Example 6.75. Find all disjoint and nonempty subsets A,B C N such that 
AU B = N and whenever x,y are distinct positive integers belonging simul- 
taneously to A or to B, x + y is composite. 


Proof. Clearly letting A be the set of positive even integers and B the set 
of positive odd integers yields a solution of the problem. We obtain another 
solution by permuting the role of even and odd numbers. We will prove that 
there is no other solution. By symmetry we may assume that 1 € A, then 
clearly 2 € B and so 3 € A and 4 € B. Suppose now that n > 2 and that 
1,3,..., 2n — 1 € A, while 2,4,...,2n € B. By Bertrand’s postulate there is a 
prime p € (2n + 1,2(2n + 1) — 2) and then p — (2n + 1) € {2,4,...,2n} C B. 
Using the hypothesis of the problem, it follows that 2n +1 € A. Similarly, 
considering a prime p € (2n + 2, 4n + 2) shows that 2n +2 € B. We have 
just proved by induction that A contains all odd positive integers and that B 
contains all even integers. The result follows. E 


Example 6.76. (USAMO 2012) For which integers n > 1 is there an infinite 
sequence @ 1, 42,43,... of nonzero integers such that for all positive integers k 


ak + 2ao2k +... + Nank = 0? 


Proof. Observe that n = 2 is not a solution of the problem. Indeed, the 
relation ay + 2a9, = 0 for all k forces 2f | ag for all j and k, thus a, = 0 
for all k. We will prove that all numbers different from 2 are solutions, by 
constructing such a sequence. We will moreover impose that aman = amn for 
all positive integers m,n, in particular aj = 1. Thus we only need to define 
dp for all primes p, and moreover the relation ay, + 2a2k +... + Nank = 0 is 
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then equivalent to a; + 2a2 + ... + Nan = 0. For n = 4 one can define ag = —1, 
a3 = —1 and give arbitrary nonzero values to ap for any prime p 2, 3. 

Assuming that n Æ 2,4, we will prove in the next paragraph that we can 
find different primes p,q such that yn < p < n and $ <q < n. For any 
prime r different from p and q define a, = q. Then a, is a multiple of q for 
any k € {1,2,...,n} different from 1,p,q since any such q has a prime divisor 
different from p and q (since p,q > yn). We only need to give values to ap 
and a, such that 


i + qa + 5 ta; = 0, 


t=q+1 


in other words we need to find a value for ap such that q divides 77 -l ia; + 
Ži=q+1 ti. As we have already observed, this sum is congruent modulo q to 
1 + pap, thus we can take any number m for which q | 1 + pm and set ap = m. 
We still need to prove the existence of p and q as above. We will assume that 
n > 16, for the other cases it is fairly easy to find explicitly p and q as desired. 
Applying Bertrand’s postulate we can find a prime q E (|3]|,2 [3] -—2). Then 
5 <q<n. Applying again Bertrand’s postulate, there is a prime p € (4,q). 
Then p > 4 > 4 > vyn and the claim is proved. oO 


Ezample 6.77. A polynomial f € Z[X,Y] with integer coefficients has the 
property that for all distinct primes p,q the number f(p,q) is divisible by p 
or by q. Prove that f(X,Y) = Xg(X,Y) or f(X,Y) = Yg(X,Y) for some 
polynomial g with integer coefficients. 


Proof. We need to prove that at least one of the polynomials f(X,0) and 
f(0,Y) is 0. Assume that this is not the case and take positive integers c, d 
such that for all positive integers x 


max(|f(x,0)|,|f(0,x)|) < cxt. 


This is possible, since f(X,0) and f(0, X) are polynomials. Let S be the finite 
set of all roots of the polynomial f(0,X) and consider a large positive integer 
N such that the equation f(z,0) = 0 has no solution in (cN%,2cN“) (this 
holds for all sufficiently large N since by assumption f(X,0) is not the zero 
polynomial). 
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We claim that if q < N and p > cN®@ are primes, then q € S or q | f(p,0). 
Indeed, suppose that q ¢ S and q does not divide f(p,0), thus q does not 
divide f(p,q) and the hypothesis gives p | f(p,q). This forces p | f(0,q), 
which is impossible since f(0,q) # 0 and |f(0,q)| < cgt < cN? < p. The 
claim is therefore proved. 

We conclude that for all primes p > cN4@ 


I] a1! f@,0). 


q<N,q¢S 


By Bertrand’s postulate there is a prime p € (cN%,2cN%) and for such p the 
number f(p,0) is nonzero (by the choice of N) and |f(p,0)| < cp? < c(2cN%)¢. 
We obtain therefore the existence of a constant k such that for all sufficiently 


large N we have 
I] q<kN d 
q<N 


This is however impossible by example 6.48. The result follows. O 


6.4 Problems for practice 


The yoga of p-adic valuations 


1. (Russia 2000) Prove that there is a partition of N with 100 sets such 
that if a,b,c € N satisfy a + 99b = c, then at least two of the numbers 
a,b,c belong to the same set. 


2. (Iran 2012) Prove that for any positive integer ¢ there is an integer n > 1 
relatively prime to t such that none of the numbers n+t,n?+t,n?+t,... 
is a perfect power. 


3. Prove that if n,k are positive integers, then no matter how we choose 


signs + 
1 1 1 
+— + —— +... + —— 
k k+l k+n 


is not an integer. 


6.4. 


10. 


11. 


12. 
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. (Romania TST 2007) Let n > 3 and let aj,...,a, be positive integers 


such that gcd(aj,...,@,) = 1 and lecm(a1, ...,an) | ay +... + an. Prove 
that a1a2...an divides (a, + a2+...+an)"~?. 


. (Erdés-Turan) Let p be an odd prime and let S be a set of n positive 


integers. Prove that one can choose a subset T of S with at least |5 | 
elements such that for all distinct elements a,b € T we have 


Up(a + b) = min(vp(a), vp(b)). 


. (Ostrowski) Find all functions f : Q — [0,co) such that 


i) f(x) = 0 if and only if z = 0; 
ii) f(xy) = f(x) - f(y) and f(x +y) < max(f(z), f(y)) for all z, y. 


. Find all integers n > 1 for which 


n™ | (n—-1)" + (n 41)". 


. (Mathlinks Contest) Let a,b be distinct positive rational numbers such 


that a” — b” € Z for infinitely many positive integers n. Show that 
a,b E€ Z. 


. (Saint Petersburg) Find all positive integers m,n such that m”|n™ — 1. 


(Balkan 1993) Let p be a prime and let m > 2 be an integer. Prove that 


if the equation 
ei oo) a (==) 








2 2 
has a positive integer solution (x,y) # (1,1), then m = p. 


(China TST 2004) Let a be a positive integer. Prove that the equation 
n! = a° — a° has a finite number of solutions (n, b, c) in positive integers. 


(China TST 2016) Let c,d be integers greater than 1. Define a sequence 
(an)n>1 by a1 = c and an41 = af +c for n > 1. Prove that for any n > 2 
there is a prime number p dividing an and not dividing a1a2...an-1- 
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13 


14. 


15. 


16. 


17. 
18. 
19. 


20. 


21. 
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(Kvant M 1687) Find the largest possible number of elements of the set 
{2” —1|n € Z} that are terms of a geometric progression. 


(Iran TST 2009) Let a be a positive integer. Prove that there are in- 
finitely many primes dividing at least one of the numbers 


92" +a, 92? + a, 92" + 4,... 


(China TST 2016) A point in the coordinate plane is called rational if 
its coordinates are rational numbers. Given a positive integer n, can we 
color all rational points using n colors such that 


a) each point receives one color; 


b) any line segment whose endpoints are rational points contains rational 
points of each of the n colors? 


(China TST 2010) Let k > 1 be an integer and let n = 2*+1. Prove that 
for any positive integers aj < a2 < ... < an, the number [Ty <jcj<n(@i + 
aj) has at least k + 1 different prime divisors. 


Legendre’s formula 


(Komal) Which binomial coefficients are powers of a prime? 
Prove that (*”) | lem(1,2,..., 2m) for all positive integers n. 


Prove that for all positive integers n and all integers a we have 


= (a" — 1)(a” —a)...(a” — a") E€ Z. 


Prove that if k < n then 
n— i1 
n( k ) | lem(n,n — 1,... n — k). 


(Mathematical Reflections S 206) Find all integers n > 1 having a prime 
factor p such that vp(n!) | n — 1. 


6.4. 


23. 


24. 


20. 


26. 


27. 


28. 
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(Romania TST 2015) Let k be an integer greater than 1. When n runs 
through the integers greater than or equal to k, what is the largest 
number of divisors of (7) that belong to {n —k+1,n—k+2,...,n}? 


(Mathematical Reflections O 285) Define a sequence (an)n>1 by a1 = 1 
and an+ı = 2"(2% — 1) for n > 1. Prove that n! | a, for all n > 1. 


(China 2015) For which integers k are there infinitely many positive 
integers n such that n + k does not divide (7")? 


(Romania TST 2007) Find all positive integers x,y such that 


92007 — 4,2007 __ 


Y xz! — y!. 


a) Prove that for all n > 2 we have 


v2 (2) — (—1)” (") = s2(n) + 2 + 3u2(n), 


where s2(n) is the sum of the digits in the base 2 expansion of n. 


b) (AMM E 2640) Find the exponent of 2 in the prime factorization of 


the number 
on+1 gn 


(China TST 2016) Define a function f : N — Q* as follows: write a 
positive integer n = 2*m with k > 0 and m odd, and set f(n) = m!-*. 
Prove that for all n > 1 the number f(1)f(2)...f(n) is an integer divisible 
by any odd positive integer not exceeding n. 


(IMO Shortlist 2014) If x is a real number, we denote by ||z|| the distance 
between x and the nearest integer. Prove that if a, b are positive integers, 
then we can find a prime p > 2 and a positive integer k such that 


b 


pk 


b 
= =i 
p 


a 


—|| + + 
pk 
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30. 


31. 


32. 


33. 


34. 


30. 


36. 


37. 


38. 
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(Erdds-Palfy-Szegedy theorem) Let a,b be positive integers such that 
the remainder of a when divided by any prime p does not exceed the 
remainder of b when divided by p. Prove that a = b. 


Estimates for binomial coefficients and the distribution 
of prime numbers 


Prove that there exist two consecutive squares such that there are at 
least 2000 primes between them. 


A finite sequence of consecutive positive integers contains at least one 
prime number. Prove that the sequence contains a number that is rela- 
tively prime to all other terms of the sequence. 


Prove that 2pn11 > Pn +Pn+2 for infinitely many n, where ppn is the nth 
prime. 


(AMM) Find all integers m,n > 1 such that 
1!-3!-..-(Q2n—1)!=ml. 


(EMMO 2016) Let a; < ag < ... be an infinite increasing sequence of 
positive integers such that the sequence (1+) is bounded. Prove that for 
infinitely many n the number an divides lem(a1, ..., @n_-1). 


Does the equation x! = y!(y + 1)! have infinitely many solutions in pos- 
itive integers? 


(Richert’s theorem) Prove that any integer larger than 6 is a sum of 
distinct primes. 


(China TST 2015) Prove that there are infinitely many integers n such 
that n? + 1 is squarefree. 


(USAMO 2014) Prove that there is a constant c > 0 with the following 
property: if a,b,n are positive integers such that gcd(a+7,b+ 7) > 1 
for all i, j € {0,1,...n}, then 


ae 
2 


min{a,b}>c"-n2. 
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39. (Mertens) Prove that for all n > 1 


| 
-~6< \o—*-Inn<4. 
pan 


40. (Mertens) Prove that the sequence (an)n>2 defined by 


i= yy + —Innn 


psn P 


is bounded, where the sum is over all primes not exceeding n. 


Chapter 7 


Congruences for composite 
moduli 


The goal of this chapter is to make a more detailed study of Euler’s totient 
function and its applications to congruences for composite moduli. The first 
section deals with the Chinese remainder theorem, which we use to explain 
how to reduce polynomial congruences for composite moduli to congruences for 
primes and powers of primes (which was the subject of the previous chapter). 
We then establish Euler’s theorem and give many applications. Finally, we 
discuss the important notion of order modulo n and that of primitive roots 
modulo n. 


7.1 The Chinese remainder theorem 


7.1.1 Proof of the theorem and first examples 


The Chinese remainder theorem is a very useful result allowing one to find 
solutions to systems of linear congruences whose moduli are pairwise relatively 
prime. It is a very powerful tool in constructive problems. Roughly speaking, 
it says that congruences modulo a and modulo b are unrelated as long as a 
and b are relatively prime. The precise statement is the following. 
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Theorem 7.1. Let m1,™o,...,.m, be pairwise relatively prime integers and 
let ay,...,a@,% be arbitrary integers. Then the system of congruences x = a; 
(mod m;), 1<1i<k has solutions, and these solutions form an infinite arith- 
metic progression with common difference m,...m, (in other words, any two 
solutions differ by a multiple of my...mx). 


Proof. For each i € {1,2,...,k} we have ged(mj, [ jz; m;) = 1, thus there is an 
integer k; such that k; -[],;,,;mj; = 1 (mod m;). Setting x; = ki -[[,z,m,, we 
have z; = ĝi; (mod m;) for 1 < i,j < k, where ĝi; = 1 if i = j and 6,; = 0 if 
i Æ j. But then z = a1zı + ... + ak£k satisfies z = a; (mod m;) for 1 < i < k, 
finishing the proof of the existence part. 

Next, fix a solution zo of the system. Any other solution x satisfies x = 
a; = Zo (mod m;) for 1 < i < k. Thus mı, ..., Mpk divide x — xo and since 
they are relatively prime, we deduce that m,...m,z | £ — zo. Thus any two 
solutions differ by a multiple of m1...mk. Conversely, if m1...Mk | £ — £o, then 
M}1,..-, Mp, all divide x — zo and so z is also a solution. Thus the solutions 
form an infinite arithmetic progression with common difference ™m ...m,z and 
the result follows. E 


We continue with a long series of examples illustrating the Chinese remain- 
der theorem. The condition that m1, ..., Mk are pairwise relatively prime may 
seem too strong in theorem 7.1. Note however that if x, a1, ..., ak, M1, ..., Mk 
are integers satisfying z = a; (mod m;) for 1 < i < k, then necessarily 
gcd(m;,m,;) divides a; — a; = (x — aj) — (x — a;i) for all 1 < i,j < k. The 
next example states that this necessary condition is also sufficient, thereby 
establishing the optimal form of the Chinese remainder theorem. 


Example 7.2. If a1, a2,...,a,% are integers and m1, M2, ..., Mk are positive inte- 
gers such that a; = a; (mod ged(mj;,m,;)) for all 1 < i,j < k, then there are 
integers x such that x =a; (mod m,) for 1< i< k. 


Proof. The result is clear if mjm2...mz, = 1, so assume that this is not the 
case and let p1, ..., Pn be the different prime factors of m mg2...mz. For each 2, 
choose j(i) such that 


Up, (™ 54) ) = Max(Up,(™M1), ..-, Up; (Mk)) 


7.1. The Chinese remainder theorem 395 


and let s; = Up, (Mji). 

By the Chinese remainder theorem we can find x such that £z = aj({i) 
(mod p; ) for alll <i < k. We claim that x is a solution, which comes down 
to proving the inequality 


Up; (x T aj) = Up; (mı) 


for 1 <1 <kand1<i<n. By hypothesis gcd(m,m,(;)) divides a; — aj), 
thus 

Up, (a1 — aj(4)) Z Up, (Scd(my, 54) )) = Up, (Mı). 
It follows that 


Up; (x = ar) > min(vp; (x = a;()), Up; (5 (4) = ay)) > min(s;, Up; (m1)) = Up; (mı) 
and we are done. O 


We continue with some constructive problems in which the Chinese re- 
mainder theorem plays a key role. 


Example 7.3. (Czech-Slovak 2008) Prove the existence of a positive integer n 
such that for all integers k, all prime divisors of k? + k + n are greater than 
2008. 


Proof. Let p1,...,p~ be all primes not exceeding 2008. We deal first with each 
Pi, proving that we can find n such that the congruence k? +k+n = 0 
(mod p;) has no solutions. If p; = 2, simply choose n = 1, so suppose that 
pi > 2. Choose a quadratic non-residue a modulo p; and pick n such that 
4n —1 = —a (mod p;) (which is possible since p; is odd). Then the congruence 
k? +k+n = 0 (mod p;) has no solutions, since any solution would satisfy 
(2k + 1)? = —(4n — 1) =a (mod p;i), contradicting the choice of a. Thus we 
can find for each i an integer n; such that the congruence k? + k + ni = 0 
(mod p;) is not solvable. The Chinese remainder theorem shows that we can 
find n congruent to n; modulo p; for all 1 < i < k, and such n satisfies all 
requirements by construction. E 


Example 7.4. (Russia 1995) Is there a permutation a1,a2,... of the set of all 
positive integers with the property that a; +a2 + ... + an is a multiple of n for 
all n > 1? 
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Proof. We will prove that the answer is positive by inductively constructing 
such a sequence. Define a; = 1 and assume that aj,...,a, have already been 
defined. We will define next az, ; and ak+2. Let ak+2 be the smallest positive 
integer different from a1, ..., ak. Next, choose az41 different from a1, ..., ak, ak+2 
such that ak+ı = — (a1 +... +ak) (mod k+1) and aga, = — (a1 +... +4ak +tak+2) 
(mod k + 2). The existence of such a number is a consequence of the Chinese 
remainder theorem. Note that by construction the sequence ay, ag, ... satisfies 
all requirements. E 


Example 7.5. (Baltic 2006) Is there a sequence a1, a2, a3,... of positive integers 
such that the sum of every n consecutive elements is divisible by n? for every 
positive integer n? 


Proof. We will construct the sequence inductively. Set a; = 1 and suppose 
that a1,...,a, have already been constructed. For 1 <i < k let b; = (i + 1)? 
and ci = —ak —Q@z_1—...—ax_i41. Note that if i < j, then c; — c; is the sum of 
j — i consecutive terms of the sequence a1, ...,a%, hence a multiple of (j — i)?, 
which itself is a multiple of gcd(b;,b;). By example 7.2 we can find a positive 
integer az41 such that ak+ı = c; (mod b;) for 1 < i < k. Now any sequence 
of j € {1,2,...,k +1} consecutive elements of the sequence a},...,a%41 is a 
multiple of j7, so the inductive step is proved. O 


We end this section with some more challenging examples. 


Example 7.6. (Russia 2008) Find all positive integers n with the following 
property: there are positive integers b1, b2,..., bn, not all equal and such that 
the number (b1 + k) (b2 + k)...(bn +k) is a power of an integer for each natural 
number k. Here, a power means a number of the form x¥ with x,y > 1. 


Proof. If n is composite, say n = ab with a,b > 1, then we can choose bı = 
bp =... = ba = 1, then ba+ı =... = bag = 2 and all the other b;’s equal to 1. 
Then for any k we have 


(bi + k) (b2 + k)...(bn +k) = (k +1)%(k + 2)%(k + 1922), 


which is a power. 
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Suppose now that n is a prime and that bı,...,bn satisfy the conditions 
of the problem. Let c1,c2,...,cw be the set of distinct numbers among 
b1, b2, ..., bn, with multiplicities m1, mo, ..., my. By assumption, we have N > 1 
and clearly n = mı +m2+...+ my. Moreover, for any k, the number 
(cy + k)™ (co + k)™2...(en + k)™N is a perfect power. The key point is to 
choose numbers k for which we can find distinct primes p1, p2, ..., pn such that 
Up, (cj +k) = 1 if i = j and 0 otherwise. In this case, if 


(c1 +k)™ (c2 + k)™...(ew +k) = x” 


for some x,y > 1, we have yv, (x) = mj, so that y divides all m;. But then 
y divides their sum, which is n and since n is a prime, it follows that n = y. 
Thus n = y will divide all m; and this obviously contradicts the fact that 
N>1landm+mo+t+...+my =n. 

Thus, we are done if we can find distinct primes p1, p2, ..., py and k such 
that vp; (cj + k) = 1 if i = j and 0 otherwise. This is very simple: first, we 
choose some distinct prime numbers p1, 2,...,pn, sufficiently large, say not 
dividing any of the numbers c; — c; with i # j and then choose k such that 
k+c; = p; (mod p?) for all i. Such k exists by the Chinese remainder theorem. 
Of course, vp; (k+ci) = 1 and for j 4 i we cannot have p;|c;+k, since otherwise 
pi would divide c; — c;, contradicting the choice of p;.Thus, such k satisfies all 
desired conditions and the answer to the problem is: precisely the composite 
numbers. L 


Example 7.7. (IMO Shortlist 2014) Let a, < ag < ... < an be pairwise 
relatively prime positive integers with aı being prime and aı > n+2. On the 
segment I = [0, a1a2 . . . an] of the real line, mark all integers that are divisible 
by at least one of the numbers aj, a2, ..., an. These points split I into a number 
of smaller segments. Prove that the sum of the squares of the lengths of these 
segments is divisible by ay. 


Proof. Let 0 = bo < bi < ... < bi = a1a2...an be all marked integers, thus we 
need to understand (bı — bo)? + (bo — by)? +... + (bı — bj_-1)?. We start by 
finding a more manageable expression. 

Call an interval J admissible if it is a closed (nontrivial, i.e. not re- 
duced to a point) sub-interval [a,b] of [0,a1...a,] and there are no marked 
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points in the open interval (a,b). Let N be the number of admissi- 
ble intervals. Consider now pairs (I,J), where I is an interval among 
[bo, b1], [b1, b2], ..., [b1—1, b1] and J is an admissible interval contained in J. Since 
the intervals [bg, b1], [b1, b2], ..., [bs-1, b1] have no common interior points and 
cover [0, a ...an], for each admissible interval J there is a unique pair (J, J) 
attached to J, thus there are N such pairs. On the other hand, if we fix an 
interval I among [bo, b1], [b1, b2], ..., [bx-1, bı], say Z = [b;, b:41] for some i, then 
clearly the admissible intervals contained in J are all intervals of the form |z, y] 
with b; < x < y < bj41, and there are Giger) such intervals. Therefore, a 
double count of the pairs (J, J) reveals the crucial identity 


> m Pai _wN 
i=0 2 
or equivalently 

l—1 

N (biyi = bi)? = 2N — A1. an. 

i=0 
It is therefore sufficient to prove that N is a multiple of aı. The advantage is 
that N is rather easily understood. 

Since an admissible interval contains no multiple of aı in its interior, the 
length of the interval cannot exceed a. Let us fix now d € {1,2,...,a1} and 
count the admissible intervals of length d. In other words, we need to find the 
number of integers x € {0, 1, ...,a1...an — d} such that (z,x + d) contains no 
multiple of any of the numbers a1, ...,an. Note that this is the same as the 
number of x € {0, 1, ...,a1...an— 1} with the same property. Such z is a solution 
if and only if its remainder when divided by a; belongs to {0, 1, ..., a; — d} for 
all 7. Since the numbers aj,...,a,, are relatively prime, the Chinese remainder 
theorem implies that the number of such z is 


#(@ =] (a: -d +1). 
4I=1 
Thus 


N= we + 1 — d)(a2 + 1 — d)...(an + 1 — d). 
d=1 
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Since the polynomial [];"_,(a;+1—X) has degree n < aı— 1 and a, is a prime, 
corollary 5.77 yields 

ay 

X (a +1-—d)(ag+1-—-d)...(a,+1—d)=0 (mod a), 

d=1 


proving therefore that a; | N and finishing the proof. O 


Example 7.8. (USA TST 2012) A function f : N — N has the property that 
gcd(f(m), f(n)) = 1 whenever gcd(m,n) = 1, and n < f(n) < n+ 2012 for all 
n. Prove that if n > 1 then any prime divisor of f(n) is a prime divisor of n. 


Proof. We start by proving that f has many fixed points, more precisely we 
prove the existence of an infinite sequence 1 < 7, < jo < ... of pairwise rela- 
tively prime integers such that f(7,) = jx for all k. Consider the sequence (an) 
defined by a; = 2013! + 1 and aj41 = a;!+1 for i > 1. Then clearly aj, ag,... 
are pairwise relatively prime, so f(a,), f(a2),... are also pairwise relatively 
prime. Since 0 < f(a;)—a; < 2012 for all i, there is k € {0,1,...,2012} and an 
infinite sequence i; < ig < ... such that f(a,) — ai, = f(a.) — lig =... =k. 
Since k +1 | a; — 1 = ay_! for i > 2 (note that a; > 2013 for all 7), we have 
k+1|a,+k = f(a) for all j > 2. Since f(a;.) and f(a) are relatively 
prime, this forces k = 0 and so we can take 71 = ai, j2 = Qiz,..., establishing 
the desired result. Note that since 71, jo,... are pairwise relatively prime, for 
any N > 1 there are infinitely many k such that gcd(jz, N) = 1. 

Let now n > 1 and let p be a prime factor of f(n). Suppose that p does 
not divide n. By the previous paragraph we can find pairwise relatively prime 
numbers qı < ... < q2012 which are relatively prime to pn - 2012! and satisfy 
f(qi) = qi for 1 < i < 2012. By the Chinese remainder theorem there is an 
integer a > 1 such that a = 0 (mod p), a= 1 (mod n) and a = —i (mod qi) 
for 1 < i < 2012. Since gcd(a,n) = 1 and p | gcd(a, f(n)), we cannot have 
f(a) =a, thus f(a) = a+ i for some 1 <i < 2012. Then 


gcd( f(g), f(a)) = ged(qi,a + i) > 1, 
which gives gcd(q;,a) > 1. Combined with the congruence a = —i (mod qi), 
this yields gcd(q;,2) > 1, which is impossible since gcd(q;, 2012!) = 1. Thus p 
must divide n and the result follows. oO 
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7.1.2 The local-global principle 


The next theorem is very useful in practice: it shows that in order to solve 
polynomial congruences f(x) = 0 (mod n) it suffices to understand the case 
when n is a power of a prime, which we have already dealt with in chapter 4. 


Theorem 7.9. Let f be a polynomial with integer coefficients. Ifn is a positive 
integer, let 


A(n) = {x € {0,1,...,.n-—1}| f(x) =0 (mod n)}. 
If m1,..., Mmg are pairwise relatively prime positive integers, then the map! 
A(m ...Mp) > A(mı) x... x A(mz), 2H (x (mod m)),...,2 (mod mk)) 


is bijective. In particular, A(m ,...mxz) is nonempty if and only if A(m,) are 
nonempty for 1 <i < k, in which case 


|A(m1..mp)| = |A(m)|- ». - |A(me)]. 


Proof. Let n = m...mx. Note that if f(z) =0 (mod n) and r; = x (mod mi) 
then 0 = f(z) = f(ri) (mod m;), thus r; € A(m;) and the map, call it f, 
from the statement of the theorem is well-defined. Let us prove its injectivity. 
If x,y € A(n) have the same image through f then x = y (mod m;) for 
1<i<k. Since m,...,m, are pairwise relatively prime, we deduce from the 
Chinese remainder theorem that x and y are congruent modulo n = mj...m . 
Since x,y € {0,1,...,2 — 1} we conclude that x = y. 

Let us prove now surjectivity. Let x; € A(m,;), we need to prove the 
existence of x E€ A(n) such that x (mod m;) = x; for 1 < i < k. By the 
Chinese remainder theorem we can find x € {0,1,...,n — 1} such that x = zi 
(mod m;), thus z (mod m;) = a; for 1 < i < k. Since x = 2; (mod m) 
and x; E€ A(m;) we have f(x) = f(z;) = 0 (mod m;) for 1 < i < k. Using 
again that mı, ..., Mz are pairwise relatively prime, we deduce that f(x) = 0 
(mod n) and so x € A(n), as desired. O 


The following result is an immediate consequence of the previous theorem, 
but we state it explicitly since it is very important in practice. 


*Here x (mod N) denotes the remainder of x when divided by N 
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Corollary 7.10. Let f be a polynomial with integer coefficients and let n > 1 
be an integer, with prime factorization n = pi ps, The number of solutions 
of the congruence f(x) =0 (mod n) is the product of the number of solutions 
of the congruences f(x) =0 (mod po), Lats: 


Example 7.11. Let n be an integer greater than 1. Find the number of integers 
x € {0,1,... n — 1} such that 

a) z? = x (mod n). 

b) z? = 1 (mod n). 

Proof. a) We first consider the case when n is a power of a prime, say n = p" 
for some prime p and some k > 1. Then x? = z (mod n) is equivalent to 
p? | z(x— 1). Since x and g — 1 are relatively prime, this can only occur when 
either p? | x or pë | £x — 1. In other words, in this case the congruence has 
exactly two solutions: 0 and 1. Corollary 7.10 then shows that in general the 
congruence z? = x (mod n) has 2° solutions, where s is the number of distinct 
prime factors of n. 

b) Similarly, we start with the case n = pë, in which case we need to 
understand the divisibility p* | (x — 1)(x + 1). If p > 2 then p cannot divide 
both z — 1 and x + 1 thus we must have p* | x — 1 or p? | x + 1, giving two 
solutions (x = 1 and x = pë — 1) of the congruence. Suppose now that p = 2. 
If k = 1 then we have one solution, x = 1, if k = 2 we have two solutions 
xr = 1 and x = 3, so assume that k > 3. Then x must be odd and one of x — 1, 
+1 must be a multiple of 2’! since gcd(x —1,2+1) = 2. We then obtain 4 
solutions: z = 1,2%-71 +1,2% —1,2*-1~—1. In conclusion, using corollary 7.10, 
we deduce that for n = 2% py ..pk* with p1, ...,Ds pairwise distinct odd primes 
and k; > 1 (but we allow s = 0) 

e if œ < 1 then the congruence has 2° solutions. 

e if œ = 2 the congruence has 2°+! solutions. 


o if a > 3 the congruence has 2°*? solutions. £ 
Example 7.12. Prove that the number of solutions of the congruence z? = —1 
(mod n) is 


a) 0 if 4 | n or if p | n for some prime p = 3 (mod 4); 
b) 2° otherwise, where s is the number of different odd prime divisors of n. 
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Proof. Part a) follows directly from corollary 5.28. For part b), by corollary 
7.10 it suffices to deal with the case n = p* for some prime p = 1 (mod 4) and 
some k > 1. In this case we need to prove that the congruence has exactly two 
solutions. The case k = 1 follows easily from theorem 5.55, and the general 
case follows from Hensel’s lemma: each solution of the congruence x? = — 


(mod p) uniquely lifts to a solution of the congruence z? = —1 (mod p*). O 


Example 7.13. Find all integers n > 1 for which we can find integers a,b such 
that 


a*+b*+1=0 (mod n). 


Proof. Since z? = 0,1 (mod 4) for any integer z, the number a? + b? + 1 is 
never divisible by 4. Thus a solution n of the problem is not divisible by 
4. Conversely, we will prove that if n > 1 is not a multiple of 4, then the 
congruence a? +b? + 1=0 (mod n) has solutions. Write n = 2° - pj'...p® for 
some e € {0,1}, some pairwise distinct primes 2, p1, ..., Ps and some integers 
€1,...,€,; > 0. If there are integers ao, bo, ...,@s,bs such that az + bg +1=0 
(mod 2°) and a? + b? +1 = 0 (mod pft) for 1 < i < s, then the Chinese 
remainder theorem gives us integers a,b such that a = ag (mod 2°),a = a; 
(mod p;*) for 1 < i < s and similarly b = bo (mod 2°), b = b; (mod p;*) for 
1<i<s. Then clearly a? +b? +1 = 0 (mod n). Thus we may assume that 
n is a power of a prime p, and n € {1,2} if p = 2. The case p = 2 being clear, 
assume that n = pë with p > 2 and k > 1. We can find a,b € {0,1.,..., ES 

such that a? = —(b? + 1) (mod p) (since the sets {a? (mod p)|0 < a < 23} 
and {(b? +1) (mod p)|0 < b < p>} have P+ elements each, and there are 
p < PHI + PI remainders modulo p). Thus the congruence a? + b?+1=0 
(mod p) has solutions. Choose a solution (ag, bo) with gcd(p, ao) = 1 (we may 
always achieve this, possibly by permuting ap and bo). Choose any integer b 
that is congruent to bọ modulo p. Hensel’s lemma applied to the polynomial 
f(X) = X? +b? +1 shows that the solution aj modulo p of the congruence 
f(x) = 0 (mod p) lifts uniquely to a solution a modulo p* of the congruence 
f(x) = 0 (mod p). Thus the congruence a? + b? + 1 = 0 (mod p*) has 
solutions, and we are done. O 
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Example 7.14. (generalization of IMO Shortlist 1997) Let m,n > 1 be rela- 
tively prime integers. An infinite arithmetic progression of integers contains 
an mth power and an nth power. Prove that it also contains an mnth power. 


Proof. Let (a + jd);>9 be the arithmetic progression. By assumption the 
congruences x” = a (mod d) and y” = a (mod d) have solutions, and we 
need to prove that the congruence z”” = a (mod d) also has solutions. Using 
theorem 7.9, we may assume that d = p? for some prime p and some positive 
integer k. Choose integers x,y such that 2” = a (mod p*) and y” = a 
(mod p*). If a is a multiple of p, simply take z = 0, so assume that v,(a) < k. 
Since 2” = a (mod p*), it follows that mvp(x) = vp(z™) = vp(a). Similarly 
NUp(y) = Up(a). Thus m and n divide vp(a) and hence mn also divides vp(a) 
(as m and n are relatively prime). 

Write vp(a) = mnt for some integer t, thus vp(x) = nt and up(y) = mt. 
Since x” = a (mod pë), we deduce that pint is an mth power modulo p*-™”, 


Similarly, print is an nth power modulo p*-™™. So, it suffices to prove the 
following lemma in order to conclude. 


Lemma 7.15. Let m,n be relatively prime, let p be a prime number and let 
N > 1. If x is relatively prime to p and is an mth power and an nth power 
modulo p™ , then it is also an mnth power modulo p”. 


The proof of the lemma is very simple: choose integers a,b such that 
r = a™ (mod p) and x = b” (mod p). Now a™ = b” (mod p™), hence 
av™ = bY” (mod p™) for all u > 1. By Bezout’s lemma we can find u such 
that un = 1 (mod m). The previous congruence shows that b must be an mth 
power modulo p™, and so z =b” (mod pN ) is an mnth power. E 


Example 7.16. Consider the polynomial f(X) = (X? + 3)(X? — 13)(X? + 39). 
Prove that the congruence f(x) = 0 (mod n) has solutions for all integers 
n >l. 


Proof. By corollary 7.10 we may assume that n is a power of a prime, say 
n = pë. Assume first that k = 1 and let us prove that at least one of the 
congruences z? = —3 (mod p), z2 = 13 (mod p) and z? = —39 (mod p) has 
solutions. This is clear if p = 3 or p = 13, so assume that gcd(p, 39) = 1. If 
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neither of these congruences has solutions, we obtain (2) =c (23) = —1 
and (=) = —], contradicting the multiplicative character of Legendre’s 
symbol (theorem 5.101), which gives (=22) = (2) . (28). This settles the 


case k = 1. 

Assume now that k > 1 and p # 2,3,13. By Hensel’s lemma any solution 
to of the congruence z? = a (mod p) with a € {—3, 13, —39} lifts uniquely to 
a solution of the congruence z? = a (mod p) (note that 2z9 is not divisible 
by p by our hypothesis on p). Thus we are done in this case. It remains to 
deal with the cases p = 2,3,13. If p = 3 we can use Hensel’s lemma to lift 
the solution x = 1 of the congruence x” = 13 (mod 3) to a solution of the 
congruence z? = 13 (mod 3*). We deal similarly with the case p = 13, by 
lifting via Hensel’s lemma the solution x = 6 of the congruence z? + 3 = 0 
(mod 13). Finally, we have to deal with the case p = 2. We prove by induction 
the existence of a sequence zp such that 2”|r2 + 39. Take zı = 1, x2 = 1 and 
z3 = 1. Assuming that x2 + 39 = 2” . k for some integer k and n > 3, we have 
(2071x + £n)? + 39 = 2"(2rpn +k) (mod 2"*1). If k is even set tn41 = Tn, 
otherwise set x = 1 and so £tn+1 = £n +k. Note that the case p = 2 could also 
have been treated using example 5.170(b), where we saw that the congruence 
r? = a (mod 2”) has solutions for all n if a = 1 (mod 8). Applying this to 
a = —39 solves this case. O 


The next example is a variation on the proof of theorem 7.9. 


Example 7.17. (AMM E 2330) Let f : N — Z be a function such that a — b | 
f(a) — f(b) for all positive integers a,b. Let a(n) (respectively b(n)) be the 
number of terms of the sequence f(1), f(2),..., f(n) which are multiples of n 
(respectively relatively prime to n). Prove that a,b: N — Z are multiplicative 


functions and 
b(n) = n|] (1 — 2e ) 
p|n P 


Proof. We start with a simple but crucial observation. Let m,n be rela- 
tively prime integers and consider j € {1,2,...,mn}. Let u E€ {1,2,...,n} 
and v € {1,2,...,m} be the unique integers for which j = u (mod n) and 
j =v (mod m). Then mn divides f(7) if and only if n | f(u) and m | f(v). 
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Indeed, mn divides f(7) if and only if m | f(j) and n | f(j), which happens if 
and only if m | f(v) and n | f(u) (since f(j) = f(v) (mod m) and f(7) = f(u) 
(mod n) by assumption). 

Next, let 


A= {u E {1,2,...,n}|n| f(u)}, B= {ve {1,2,...,m}| m| fw). 


For each (u,v) € A x B there is a unique integer j(u,v) € {1,2,...,mn} such 
that j(u,v) =u (mod n) and j(u,v) =v (mod m), by the Chinese remainder 
theorem. By the previous paragraph, the numbers j(u,v) with (u,v) running 
through A x B are exactly the integers j € {1,2,...,mn} such that mn | f(j), 
yielding a(mn) = a(m)a(n). | 

Next, for each prime divisor p of n let Ap be the set of numbers j € 
{1,2,...,n} such that p | f(7). The inclusion-exclusion principle yields 


b(n) =n —-| Upin Ap =n- ` | Apl + ` |Apg| +- 
p\n p#q|n 


If d is a positive divisor of n, then for each s > 0 there are a(d) integers k 
between sd+ 1 and (s + 1)d for which d | f(k) (this follows from the definition 
of a(d) and the fact that d | f(j) if and only if d | f(u;), where u; € {1,2,...,d} 
is the unique integer congruent to j modulo d). Thus there are 4a(d) integers 
j € {1,2,...,n} such that d | f(j). Thus if pj, ...,p; are pairwise distinct prime 
divisors of n then 





|Api..ps| = ——(p1--Ps) = a(p1).-.a(ps) 


n 
P1---Ps P1---Ds 
which combined with the previous formula for b(n) yields 
b(n) = nT] (1 2 oo | 
pin x 
It is clear from this last formula that n +> b(n) is multiplicative. O 


The result established in the previous example is fairly useful, as the fol- 
lowing two examples show. 


406 Chapter 7. Congruences for composite moduli 


Example 7.18. Prove that for any integer n > 1 the number of integers a € 
{1,2,..,n} such that a and a+1 are both relatively prime to n is n ITp|n (1 — 2). 


Proof. Take f(x) = x(a +1) and apply example 7.17. For each prime p there 
are exactly 2 integers k € {1,2,...,p} such that p | f(k), namely k = p—1 and 
k = p, thus with the notations of example 7.17 we have a(p) = 2 for all primes 
p. The result follows. O 


Example 7.19. (Menon’s identity) Prove that for any integer n > 1 


y gcd(n, k — 1) = d(n)r(n). 
1<k<n 
(k,n)=1 


Proof. Using Gauss’ theorem 4.112 we obtain 


3 ged(n, k — 1) = ` > y(e)=S— yle) >. 1=0_g(e)|S(e 


1<k<n 1<k<n elgcd(n,k—-1) eln keS(e) eln 
(k,n)=1 (k,n)=1 


where S(e) is the set of integers k € {1,...,n} which are relatively prime to 
n and satisfy k = 1 (mod e). It suffices to prove that S(e) has on elements 
for all e | n. Fix such e and note that S(e) is in bijection with the set of 
x € {0,1,...,3 —1} for which 1 + ze is relatively prime to n (simply set k = 
1+ ze) or equivalently 1 + ze is relatively prime to Ž. Applying example 7.17 
to f(x) =1+ ze with ¢ instead of n and noting that the number of multiples 
of p among f(1),..., f(p) is 1 when p does not divide e and 0 otherwise, we 


obtain 








=l 
sol=? II (0-3) =2 Teed a 


|= 


gcd(p,e)=1 
as desired. O 


We end this section with a more difficult result, which is also quite useful 
in practice. 
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Theorem 7.20. If an integer a is a quadratic residue modulo all sufficiently 
large primes, then a is a perfect square. 


Proof. First note that if p? divides a for some prime p, then a/p? will also be a 
quadratic residue modulo all sufficiently large primes. Thus we may assume a 
has no repeated prime factors and hence a = +pip2...ps for pairwise distinct 
primes p1,...,Ds- 

Suppose ps is odd. Let r be a quadratic non-residue modulo ps. By the 
Chinese remainder theorem the solutions of the simultaneous congruences 


q=1 (mod 8p...ps-1), and q=r (mod ps) 


form an infinite arithmetic progression 7+8p...p,Z for some integer x. Clearly 

gcd(x, 8p1...ps) = 1 and so by Dirichlet’s theorem this arithmetic progression 

contains infinitely many primes q. Since such a prime q is 1 modulo 8 by 
£2 


construction, we have (#2) = 1. Also (—1)-D/ 2 = 1, so the quadratic 


reciprocity law gives (2) = (+), which equals 1 if i Æ s and —1 for i = s. 


Thus 
ee)! a 
q GJ 25 
contradicting the choice of a. 
Thus a has no odd prime factors and hence a = +1 or +2. However if q 
is a large prime congruent to 3 modulo 8, then (+) = (2) = —], and if q 
is 5 modulo 8, then (=) = —1. Thus the only possibility is a = 1. Since we 
only cancelled off squares of primes, it follows that our original a was a perfect 


square. E 


Example 7.21. A quadratic polynomial f with integer coefficients has the prop- 
erty that for any prime p the congruence f(n) = 0 (mod p) has at least one 
solution. Prove that f has a rational root. 


Proof. Writing f(X) = aX? +bX +c, we need to prove that A := b? — 4ac is a 
perfect square. Let p be any prime and let n be an integer such that f(n) = 0 
(mod p), then 

A = 4af (n) +A = (2an +b)? (mod p) 
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and so A is a quadratic residue modulo p. The result follows then from theorem 
7.20. O 


Example 7.22. (Mathlinks Contest) Nonnegative integers a1, a@2,...,@2004 have 
the property that af +a3 +: :+4a50o04 is a perfect square for all positive integers 
n. What is the least number of terms of the sequence aj, a2, ..., @2004 that are 
equal to 0? 


Proof. Suppose that b1, ..., bk are positive integers such that b? +65+...+0% is 
a perfect square for all n. If p is a prime not dividing b1b2...bg, then Fermat’s 
little theorem gives 


oe e+... +R =k (mod p) 


and the left-hand side is a perfect square, thus k is a quadratic residue modulo 
p. It follows from theorem 7.20 that k is a perfect square. Since the greatest 
perfect square smaller than 2004 is 442 = 1936, there must be at least 2004 — 
1936 = 68 zeros in the sequence a1, ...,@2994. To see that this is optimal, simply 
take a, = ... = @1936 = 1 and the other terms equal to 0. 0O 


7.1.3 Covering systems of congruences 


We discuss in this section a topic closely related to the Chinese remainder 
theorem, that of covering systems of congruences. These were introduced 
by Erdös in order to give an explicit construction of an infinite arithmetic 
progression of positive integers none of whose terms can be written in the 
form 2% + p with k > 0 and p a prime number. This problem has a quite 
long history: de Polignac conjectured in 1849 that any odd integer n > 1 
can be written n = 2: + p with k > 0 and p either a prime number or equal 
to 1. This conjecture turns out to be false, for instance 127 and 905 are 
counterexamples. Using covering systems of congruences and a very clever 
application of the Chinese remainder theorem, Erdös constructed an explicit 
infinite arithmetic progression all of whose terms are counterexamples to de 
Polignac’s conjecture (it was known previously, thanks to work of van der 
Corput, that a positive proportion of the odd integers are counterexamples). 
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We will discuss his construction in this section, as well as some other results 
related to covering systems of congruences. 
If a and n are integers with n > 1, we write 


a+nZ={a+nz|z € Z} 


for the infinite arithmetic progression consisting of numbers congruent to a 
modulo n. In other words a + nZ is the residue class of a modulo n. 


Definition 7.23. A covering system is a finite collection of arithmetic pro- 
gressions a1 + n12, ... ak + NkA, with aj,...,a, E Z and ni,..., Nk > 1, such 
that 

Z = U$ (ai + ni2). 


The numbers nı, ..., nk are called the moduli of the covering system (note that 
we impose the condition n1,..., ng > 1 to avoid trivial considerations in the 
sequel). 


A trivial covering system of congruences is obtained as follows: choose 
any N > 1 and consider the arithmetic progressions (i + NZ)i<i<n. This is 
certainly not very impressive, so let us give a few other examples: 

a) An interesting covering system with distinct moduli (and smallest mod- 
ulus 2) is 

2Z,3Z,1+4Z,5+ 62,7 + 12Z. 


The reader will easily convince himself that this is indeed a covering system. 
b) Erdés’ construction (to be given below) uses the covering system given 
by 
22,32, 1 + 4Z,3+ 8Z, 74+ 12Z, 23 + 242. 


It is not difficult, although a bit tedious, to check that this is indeed a covering 
system. 

c) A covering system, due to Davenport and Erdés, with smallest modulus 
3 and distinct moduli is given by 


3Z,,4Z,5Z,1+6Z,6+8Z,3+10Z,5 + 12Z,11 + 15Z, 


7+ 20Z, 10 + 24Z, 2 + 30Z, 34 + 40Z, 59 + 60Z, 98 + 120Z. 
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d) Here is yet another example, due to Erdés: 
27, 3Z,5Z,1+6Z,7Z,1+10Z,1+14Z,2+15Z,2+4 212, 
23 + 30Z, 4 + 35Z, 5 + 42Z, 59 + 70Z, 104 + 105Z. 


As the reader has already guessed, it takes a bit more work to check that these 
last two examples are indeed covering systems. 

Probably influenced by the previous examples, Erdös conjectured that for 
any N one can find a covering system of congruences with distinct moduli 
and in which the smallest modulus is greater than N. Choi constructed in 
1971 a covering whose smallest modulus is 20, and one had to wait until 2006 
for the construction (by Gibson) of a covering system with smallest modulus 
25. In 2009 Nielsen proved the existence of a covering system with smallest 
modulus 40. All this suggested that Erd6s’ conjecture is true. In a spectacular 
work, Bob Hough proved in 2015 the following result, which disproves Erdös’ 
conjecture. 


Theorem 7.24. (Bob Hough) In every covering system with distinct moduli, 
the smallest modulus cannot exceed 10°. 


There are many open problems concerning covering systems, some of which 
look surprisingly innocent. For instance, the Erd6és-Selfridge conjecture states 
that there is no covering system whose moduli are distinct odd integers (greater 
than 1). 

We are now ready to present Erdos’ clever argument. 


Theorem 7.25. (Erdös) There is an infinite arithmetic progression consisting 
of odd positive integers n which cannot be written as the sum of a power of 2 
and of a prime number. 


Proof. We will use the covering system 
22,32, 1 + 42,3 + 8Z, 7+ 12Z, 23 + 24Z, 


which we represent as (a; + n;Z)ı<i<k (SO a1 = 0, ag = 0, a3 = 1, nı = 2, 
n2 = 3, ng = 4, etc). Next, choose pairwise distinct primes pj, ..., pg such that 
pi | 2" — 1 for all i. This is possible, for instance by using the fact that 


32S A aT | a a 
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we can choose 
Pı = 3, P2 = 1, D3 = ð, P4 a 17, ps5 = 13, D6 = 241. 


Using the Chinese remainder theorem, we can find an infinite arithmetic pro- 
gression of (odd and positive) integers n such that 


n=1 (mod 2%41), n=2% (mod pj), 1<i<6. 


We claim that any such integer n which is greater than 274! + 241 is not of the 
form 2* +p with k > 0 and pa prime number. Indeed, suppose that n = 2* +p 
and choose i such that k = a; (mod n;). Then 2* = 2% (mod 2™ — 1), thus 
2k = 2% (mod p;). Since n = 2% (mod p;), we deduce that p = 0 (mod p;) 
and so necessarily p = p;. Since n > 2%% +241 and p; < 241, we have k > 241. 
But then taking the equation n = 2*+p; modulo 24! yields 1 = p; (mod 2744), 
which is certainly impossible since p; < 241. O 


The next example uses a very similar argument. 


Example 7.26. (Sierpinski-Selfridge) Prove that there is a positive integer k 
such that k - 2” + 1 is composite for all positive integers n. 


Proof. Let Fa = 22° +1 be the nth Fermat’s number. Write F; = ab with 
a,b > 1 (one can take a = 641, see example 2.12). Since the Fermat numbers 
are pairwise relatively prime, (example 3.12), the Chinese remainder theorem 
yields infinitely many positive integers k such that 


k=2 (mod FoF, FoF3F4a), and k = —2 (mod b). 


We will prove that for each n > 0 one of the numbers a, b, Fo, ..., F4 divides 
k-2%41. Let j = ve(n+1) and write n = s- 2f — 1 for an odd number s. 
We will discuss three cases. If j > 5, then k- 2” +1 = —2"*!4 1 (mod b) 
and b divides Fs, which divides 22° _ 1, which finally divides 2”+! — 1, hence 
b|k-2"+1. If 7 =5, then since a | F5, we have 


k-2"41=2"141=27°°41=0 (moda). 
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Similarly, if j < 4, then 
k-2"+1=2"t'4+1=22)s+1=0 (mod Fj). 


We are now done: simply choose k > Fs satisfying the previous congru- 
ences. Then for all n > 0 the number k- 2” + 1 is greater than each of the 
numbers Fo,..., F4,a,b, and divisible by at least one of them. Hence k- 2” +1 
is composite for all n and we are done. oO 


Remark 7.27. a) The result established in the previous example was obtained 
by Sierpinski in 1960. His approach (which is the one explained above) gave 
an infinite family of solutions, namely all 


k = 15511380746462593381 (mod 2-3-5-17- 257 - 65537 - 641 - 6700417). 


In 1962 Selfridge found that 78557 - 2” + 1 is composite for all n > 1, being 
always a multiple of one of the numbers 3,5, 7,13,19,37 or 73. This is based 
on the fact that 


27,1 +4Z,3+9Z, 15+ 18Z, 27 + 36Z,14+3Z,114 122 


is a covering system, and on the fact that x = 78557 is a solution of the 
following congruences 


r=2 (mod 3),xz=2 (mod 5),z2=9 (mod 73),2=11 (mod 19), 


z=6 (mod 37),2=3 (mod7),z=11 (mod 13). 


For instance, if n € 2Z then x- 2" + 1 is a multiple of 3, ifn € 1 + 4Z then 
x:2” +1 is a multiple of 5,..., ifn E€ 11+12Z then x-2"+1 is a multiple of 13. 
Conjecturally, 78557 is the smallest positive integer k for which k- 2” + 1 is 
composite for all n (it is known that there can be at most five possible smaller 
numbers). 

b) We could also have proved this result using the covering system from 
the proof of Erdés’ theorem and a similar argument. Reversing the signs of 
the congruences would yield infinitely many n such that for all k the number 
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n + 2* is divisible by one of the primes 3,5,7,13,17,241. But then for any 
such n and any k the number 


n + Qh((8-1)(5-1) (7-1) (13-1) A7-1)(241-1)-1) 


is divisible by some prime p € {3, 5,7, 13,17, 241}, and Fermat’s little theorem 
yields p|n-2* +1. 


Example 7.28. Let (a; + nZ) be a covering system with pairwise distinct 
moduli n1,...,.n, > 1. Prove that the arithmetic progressions a; + nıZ, a2 + 
noZ,..., ar + NkA are not pairwise disjoint. 


Proof. Assume that the progressions are pairwise disjoint and let 


217 


N = lcm(n1,... nk) and (yw =e. 


For each 1 < j < k let 
2intaj 


"9 


Zj 5e 
It is not difficult to check that the solutions of the equation 
N 


LI = 24 


are precisely the numbers Cy, with u € aj +n,;Z. Since the arithmetic progres- 
sions Q1 + n12, a2 + n24, ..., ák +n,Z are pairwise disjoint and their union is 
Z, we deduce that 


N 
X“ —-1=P,P>...Py, where P;(X)=X" —zj. 


Indeed, it follows from the above description of the roots of P4, ..., Pk that 
XN —1 and P,...P, have exactly the same roots, with the same multiplicity, 
namely 1. 

By symmetry, we may assume that nz >... > nı, so that N ae ae 


N 
The coefficient of X ”x in the right-hand side of the equality 


XN —1=(X™ —2)-...-(X™ — z) 


414 Chapter 7. Congruences for composite moduli 


N 
is (—1)*-12z,...z4_1, while the coefficient of X”* in the left-hand side is 0. 
We obtain (—1)*—+2z1...z,_1 = 0, which is obviously impossible. The result 
follows. O 


The reader will compare the next result with the one established in example 
tad: 


Example 7.29. (AMM 5747) Let 1 < nı < ... < nx be integers and let 0 < b; < 
ni be integers for all 1 < i < k. Assuming that gced(n;,n;) does not divide 
bi — b; for all i Æ j, prove the existence of an integer x which is not congruent 
to b; modulo n; for all 1<i< k. 


Proof. Assume that this is not the case, so any integer x satisfies one of the 
congruences z = b; (mod n;), in other words (b; + n;Z)ı<i<k define a covering 
system. Note that if i Æ j, then x cannot satisfy simultaneously x = b; 
(mod n;) and z = bj (mod n,), for otherwise we would obtain ged(n;, n;) | 
6; —b;, contradicting the hypothesis. The result follows then immediately from 
the previous example. E 


Example 7.30. (Erdös-Sun) A family of k arithmetic progressions 

(ai + niZ)i<i<k 
(with a;, ni integers and n; > 1) has the property that UÉ- (ai + n;Z) con- 
tains 2" consecutive integers. Prove that this family is a covering system of 
congruences. 
Proof. The key observation is that an integer x belongs to es (a; + n;Z) if 


and only if 
z 2in (ng, 
II (1-e% z 3 =0. 
j=1 


A brutal expansion of the left-hand side yields 


k 2in (x—a;) ; 
II (1 —e% j ) = » Cr: entre 


j=1 IC{1,2,...,k} 
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where 


mal 


_ fair — 207 z _ 1 
cr = (—1) Ile a d= Dre 


jel jel J 
the sum being taken over all subsets J of {1, 2, ..., k} (with the convention that 
the product over the empty set is 1). Note that cr,dr are complex numbers 
depending only on the family of arithmetic progressions and not on x. Letting 
zy = e*41, the hypothesis says that the relation >, crz? = 0 holds for 2% 
consecutive integers x, and we need to prove that it holds for all integers zx. 


Letting 
th a ` CI2Z7 
I 


it follows that 2* consecutive terms of this sequence vanish. On the other 
hand, the sequence (un)n satisfies a linear recurrence relation with constant 
coefficients, of order 2%. Indeed, writing 


I] (X — zz) = x? + Asr X2! + ... + A,X + Ao, 
I 


we have the recurrence relation 
Un+ak F Agk_1Un42k—1 +... + Ao = 0. 


Since Ag Æ 0 and since by assumption 2% consecutive terms of this sequence 
vanish, it follows immediately that all terms vanish, which is what we needed. 


O 
Example 7.31. (Zhang’s theorem) Prove that for any covering system of con- 
gruences (a; + n;Z)ı<i<k there exists a nonempty subset I C {1,...,k} such 
that 
1 
S — ez 
icr i 


Proof. An argument identical to the one used in the proof of example 7.30 
yields for all integers n 


ie ` cr: e2inndy = 0, 
IC{1,2,...,k} 
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where now the sum is over the nonempty subsets J of {1,2,...,k} and 


CI = (a1) lI Pa dy = ` on 


jel jel 
We need to prove that at least one of the numbers dy is an integer. The key 


observation is the following 


Lemma 7.32. Suppose that x E€ R is not an integer. Then the sequence 
(Qn)n>1 defined by 
= . e2inak 

k=] 


is bounded. 


Proof. Write z = e?*"* and observe that z Æ 1 since z is not an integer. Then 


l-z” 





i= E E E 3 
l-z 


and since |z| = 1 it is clear that 


2 
< ——. 
lanl S T3 


The result follows. 0O 


Assuming next that none of the numbers dz is an integer, we obtain a 
contradiction using the lemma and the following relation, which follows by 
adding the previous ones for n = 1,2, ..., N: 


—N = > CI: > ectmndy | 
n=1 


IC{1,2,...,k} 


Indeed, the left-hand side is obviously unbounded as N — oo, while the right- 
hand side is bounded thanks to the lemma and our assumption. The result 
follows. O 
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7.2 Euler’s theorem 


7.2.1 Reduced residue systems and Euler’s theorem 


We start by introducing some useful terminology. Recall that integers 
Q1,.-.,@n form a complete residue system modulo n if their remainders when 
divided by n are a permutation of 0,1,...,2 — 1. Considering the totatives” of 
n instead of 0,1,...,n — 1 naturally yields the following definition. 


Definition 7.33. Integers aj, ...,a, form a reduced system of residues mod n 
(or a reduced residue system mod n) if every integer relatively prime to n is 
congruent modulo n to exactly one of a1, ..., az. 


Before moving on, let us make the following simple remarks, which are 
direct consequences of the definition of a reduced system of residues mod n. 


Remark 7.34. Clearly aj, ...,a, form a reduced residue system modulo n if and 
only if their remainders when divided by n are a permutation of the totatives 
of n. In particular every reduced system of residues mod n has precisely 
y(n) elements. Moreover, if a1, a2,...,a% and 6j,...,b, are reduced systems of 
residues mod n, then there is a permutation o of 1, 2, ..., k such that a; = 6,(;) 
(mod n) for all ż. 


If aj, ..., an is a complete residue system modulo n, then for any integer a 
relatively prime to n the numbers aaj,...,aa, form a complete residue system 
modulo n. The next proposition establishes a similar result for reduced residue 
systems. 


Proposition 7.35. If a1,...,az is a reduced system of residues mod n and if 
a is an integer relatively prime to n, then aaj, aaz,...,aa,z is a reduced system 
of residues mod n. 


Proof. First, aa; is relatively prime to n, since a and a; are so. Next, by 
remark 7.34, it suffices to prove that aaı, aaz, ..., aak are pairwise incongruent 
mod n. If aa; = aa; (mod n), by Gauss’ lemma we have a; = a; (mod n), 
hence i = j. The result follows. oO 


? Recall that an integer a € {1,2,...,n} is called a totative of n if gcd(a, n) = 1. 
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We are now ready to state and prove the following important theorem, 
which generalizes Fermat’s little theorem. 


Theorem 7.36. (Fuler’s theorem) If n is a positive integer, then for all in- 
tegers a relatively prime to n we have 


a?) =1 (mod n). 


Proof. Let aj,...,a@% be a reduced system of residues mod n. By proposition 
7.35 the numbers aaj,...,aa, form a reduced residue system modulo n, thus 


a1a2...ak = (aa) - (aaz): ...- (aak) (mod n), 
by remark 7.34. This congruence can be rewritten as 
a1a9...a,(a?™ —1)=0 (mod n). 


Since gcd(n,a;) = 1 for all 7, it follows that gcd(n, a1az2...ak) = 1, hence the 
previous congruence simplifies to a?) — 1=0 (mod n), as needed. O 


We can also prove Euler’s theorem as follows. Let p be a prime divisor of 
n, so that p—1 | y(n). By Fermat’s little theorem and the lifting the exponent 
lemma (more precisely theorem 6.22) we have 


p(n) 


Up(a?) — 1) = wp (ey — 1) > Up(aP-* — 1) + dy (22) i 


We conclude that vp(a?™ — 1) > vp(n), since vp(a?-1 — 1) > 1 and 
y(n 
Up (2) = Up(y(n)) = vp(n) — 1. 


We illustrate Euler’s theorem with some simple examples, the more chal- 
lenging ones being kept for the next section. 


Example 7.37. Prove that for all a > 2 and n > 1 we have n | y(a” — 1). 


Proof. By Euler’s theorem we have a?("—-)) = 1 (mod a” — 1). Thus a” — 1 | 
a(2"—1) _ 1. We conclude that n | y(a™ — 1) using corollary 3.36. o 
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Example 7.38. Prove that n? — 1 | 2™' — 1 for all even integers n > 0. 


Proof. Since n is even, n — 1 and n + 1 are relatively prime, thus it suffices to 
prove that n — 1 and n + 1 each divide 2” — 1. By Euler’s theorem n 1 | 
2?(n+1) _ 1 and so it is enough to prove that y(n 1) | n!. This is clear, since 
yp(n+1)<(n4+1)-1l<n. oO 


Example 7.39. Let p be prime number. Given an integer a such that 
gcd(a, p!) = 1, prove that a'P-1)! _ 1 is divisible by pl. 


Proof. By Fermat’s little theorem a—)! — 1 is a multiple of p, thus it suffices 
to prove that (p — 1)! | a?! — 1. If q < pis a prime and k = va((p — 1)!), 
then y(q*) = g*-1(q — 1) | (p —1)!, and Euler’s theorem yields the desired 
result. a 


Example 7.40. Find all positive integers dividing infinitely many numbers in 
the sequence 1,11,111,1111,.... 


Proof. Clearly none of the numbers 1,11, 111,... is even or a multiple of 5, so 
any solution of the problem is relatively prime to 2 and 5. Conversely, let n be 
a positive integer relatively prime to 10. We will prove that for infinitely many 





k we have n | ue or equivalently 9n | 10% — 1. Simply take k = My(9n) 
for any M > 1 and use Euler’s theorem to conclude. E 


We end this section with two more results concerning reduced residue sys- 
tems. The following theorem relates reduced systems of residues modulo m,n 
and mn, if m and n are relatively prime positive integers. Note that it imme- 
diately implies that Euler’s totient function » is multiplicative, a result that 
has already been obtained as a consequence of the explicit formula for y(n). 


Theorem 7.41. Let aj, Q2,...,a, be a reduced system of residues mod n and 
let bı, bo, ...,b; be a reduced system of residues mod m. If gcd(m,n) = 1, then 
(ma; + nb; )i<i<ki<j<i is a reduced residue system mod mn. 


Proof. First, we check that gcd(ma; + nbj, mn) = 1 for all i,j. If a prime p 
divides mn and ma;+nb;, we may assume that it divides m. Then p | nb; and 
since gcd(m,n) = 1 we have p | bj, contradicting the equality gcd(b;,m) = 1. 
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Next, we prove that ma; + nb; are pairwise incongruent mod mn. Suppose 
that ma; + nb; = mak + nb; (mod mn). Then nb; = nb; (mod m) and since 
gcd(n,m) = 1, we must have b; = b; (mod m), thus j = l. We obtain similarly 
1 =k. 

We prove finally that for any x relatively prime to mn we can find i,j 
such that x = ma; + nbj (mod mn). Pick an integer m’ such that mm’ = 
(mod n) (possible since ged(m,n) = 1). Then gcd(m’z,n) = 1, hence there 
is į such that m’x = a; (mod n). Then x = ma; (mod n), and we can write 
x = ma; + nc for some integer c. Since gcd(xz,m) = 1, we have gcd(c,m) = 1, 
thus there is j such that c = bj (mod m). Then xz = ma;+nb; (mod mn), as 
desired. O 


Remark 7.42. The proof of the previous theorem can be shortened using the 
equality y(mn) = y(m)y(n) combined with remark 7.34. Indeed, using these 
observations one can simply delete the third paragraph in the above proof. We 
preferred to give the previous longer proof since it gives an alternative proof 
of the formula y(mn) = y(m) y(n). 


Finally, we describe the remainder modulo n of the product of the elements 
of a reduced residue system. The next theorem is due to Gauss. 


Theorem 7.43. Let a1, a2, ...,Ay(n) be a reduced residue system modulo n > 2 
and let N be the number of solutions of the congruence x? =1 mod n. Then 


y(n) R 
I] a; =(—1)2 (mod n). 
i=1 


Proof. If an integer r is relatively prime to n, then so is its inverse r~! modulo 
n. It follows that we can make pairs of the form (r,r~') out of the numbers 
Q1,---yAy(n), Such that the product of the elements in each pair is 1 modulo 
n. We have to be a little bit careful, however, since we may have r = r—+ for 
some r, which happens if and only if r? = 1 (mod n). Hence we can pair all 
a;’s but those which satisfy the congruence z? = 1 (mod n), and so 


p(n) 


I] Qi = Il z (mod n). 
i=] 


x2=1 (mod n) 
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It remains to see that the last product is (—1)%/2 modulo n. We use a 
similar argument: if z is a solution of the congruence z? = 1 (mod n), then 
so is —x, and moreover x is not congruent to —x modulo n (as otherwise n 
would divide 2, which is excluded by hypothesis). Thus the solutions of the 


congruence x? = 1 (mod n) can be partitioned into N/2 pairs of the form 
(x,—x), and the product of the elements in each pair is —z* = —1 (mod n). 
Thus 


t=(-1)%/? (mod n) 


x?=1 (mod n) 
and we are done. O 
Remark 7.44. The precise value of N was found in example 7.11, using the 
Chinese remainder theorem. We conclude that 


k 
[| a: =1 (mod n) 


i=1 


unless n = 4 or n is of the form pë or 2p! for some odd prime p and some 
k > 1, in which case [$] a; = —1 (mod n). 


7.2.2 Practicing Euler’s theorem 


In this section we give several less straightforward examples in which Eu- 
ler’s theorem is the key ingredient. We start with a very short proof of the 
existence part of the Chinese remainder theorem. 


Example 7.45. Prove the existence part of the Chinese remainder theorem 
using Euler’s theorem. 


Proof. Let m1, ..., Mn be pairwise relatively prime integers and let aj,..., an 
be arbitrary integers. We need to find x such that x = a; (mod m,) for all i. 
Simply take 


T = Q] (ma...Mn)? 0) + ao(mımg...Mp)P™2) +... + On(M1...My—1)PO™), 


By Euler’s theorem z satisfies the desired congruences. O 
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We continue with three rather remarkable congruences. 


Example 7.46. Prove that for all positive integers n and all integers a 


Ss" y(djad =0 (mod n). 
d\n 


Proof. Let . 
Ln(a) = > v(d)ae 


din 


and let P(n) be the following statement: n | £n(a) for all integers a. First, 
let us check that if gcd(m,n) = 1 and if P(m) and P(n) are true, then so 
is P(mn). Let a be an integer. Since gcd(m,n) = 1, it suffices to show that 
M | Zmn(a) and n | Zmn(a). By symmetry, it is enough to prove the divisibility 
m | Zmn(a). Note however that since gcd(m,n) = 1 and ọ is multiplicative, 
we have 


m; 


Imala) = >> pda = Y ole)y(f)ac t 


d|mn elm,f|n 
=F 9(f) X ple) lat)” =Y ol f)am(a’). 
fin elm fin 


Since P(m) holds, each of the numbers Lm(as ) is a multiple of m, so we are 
done. 

Taking into account the previous discussion, it suffices to prove that p” | £pn (a) 
for all a, n > 1 and primes p. Note however that 


Zpn(a) = aP” + (p — 1)aP™? + p(p—1)aP” +... + p7 (p — 1)a 
= a” — aP” + (a? + (p— 1)a””™ +... tp” 2(p — 1)a) 
= a” — aP" + PL yn-1(a). 
Thus, arguing by induction on n, it suffices to prove that p | £p(a) (which is 
equivalent to a? = a (mod p), i.e. Fermat’s little theorem) and p” | aP” —aP" 


This last divisibility is clear if p | a, and otherwise it follows from Euler’s 
theorem. 0O 
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Example 7.47. Prove that, for all positive integers n and all integers a, 


n 
n | 5 again) 
i=1 


Proof. If d is a positive divisor of n, then the integers i € {1, 2, ..., n} for which 
gcd(i,n) = d are precisely the numbers dj with j a totative of 4, thus there 
are (5) such integers 7. We deduce that 


n 


Dain = SY p(F at = J oldja? 


i=1 d|n d|n 
and the result follows then from example 7.46. m 


Example 7.48. (IMO Shortlist 1987) Let (an)n>1 be a sequence of integers 


satisfying 
x. ad = 2 
d|n 


for all n. Prove that n divides an for all n. 


Proof. It is immediate to check the property for n = 1 and n = 2. Assume, 
by strong induction, that n > 2 and that a, is divisible by k for all k < n. It 
suffices to prove that if p is a prime and m = vu,(n), then p™ divides an. By 


hypothesis 
i=) = ` ad. 
d|n,d<n 


If d < n is a divisor of n for which p™ | d, then p™ |d | ag. Thus 


An = 2” — oe ag =2"-—2"/P (mod p™). 
d|n/p 


It suffices to prove that 2” — 2”/? is a multiple of p™. If p = 2, this is clear, 
since n/p > m (because p™ divides n, we have n/p > p™ 1 = 2™ 1! > m). So 
assume that p > 2. By Euler’s theorem, it is enough to check that n — > is a 
multiple of y(p™) = p™—1(p — 1), or equivalently that n is a multiple of p”, 
which holds by definition of m. O 
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The next examples have a more combinatorial and constructive nature. 


Example 7.49. Let a1, ...,an be rational numbers such that a¥ + a& + ... + a£ 
is an integer for all k > 1. Prove that aj,...,a, are integers. 


Proof. Let d be the product of the denominators of a1, ...,an and write z; = 
da;, then £1, ...,£n are integers and by assumption d* | rë +... + ak for all 
k > 1. We want to prove that d | x; for all i. Using the prime factorization of 
d, we may assume that d is a power of a prime p, say d = p’. By an immediate 
induction on j, we may assume that j = 1. Thus p% | z8 +...+ x£ for all k > 1 
and we want to prove that p | £1, ..., £n. Assume that this is not the case and 
let I be the set of those i € {1,...,n} for which p does not divide x;. Using 
Euler’s theorem we obtain 


el") +... + re") =|I| (mod pf). 


On the other hand, by assumption peP") (and thus p*) divides the left-hand 
side. We deduce that p* | |I| and since k > 1 was arbitrary, it follows that 
|I| = 0, a contradiction. The result follows. O 


Remark 7.50. ‘The conclusion is trivially false without the assumption that 
@j,...,@n, are rational numbers (consider for instance ay = 1 + /2 and az = 
1— v2). The most general result (whose proof is outside the scope of this book) 
is the following: for complex numbers a1, ..., an the numbers a} +... + ak are 
integers for all k > 1 if and only if []}_,(X — a;i) has integer coefficients. 


Example 7.51. (China TST 2006) Prove that for any positive integers m,n 
there is a positive integer k such that 2* — m has at least n different prime 
divisors. 


Proof. By replacing m with its largest odd divisor, we may assume that m is 
odd. Let w(x) be the number of different prime divisors of x > 1. It suffices to 
prove that if 2’—m > 1 then we can find | > k such that w(2'—m) > w(2*—m). 
Let 2% — m = pi -pa be the prime factorization of 2k — m and note that 
pi > 2 for all i, since m is odd. Choose l = k + JIA; v(poit*) and note that 
by Euler’s theorem we have 


2l- m=2*—m (mod ptt) 
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in particular v,,(2' — m) = ai = vp,(2* — m) for all 1 < i < N. Since 
2l — m > 2*—m, it follows that 2X —m must have a prime factor different from 
P1,---,PN, thus w(2! — m) > w(2* — m) and we are done. O 


Example 7.52. Let y be a positive integer. Prove that there are infinitely many 
primes p such that p = —1 (mod 4) and p|2”y+1 for some positive integer n. 


Proof. We may assume that y is odd, so that 2y + 1 = —1 (mod 4). Suppose 
that pı, ..., pk are all primes of the form 4m +3 which divide at least one of the 
numbers 2y + 1, 4y + 1, 8y + 1,.... Set n = y((2y + 1)p1...p,) + 1. By Euler’s 
theorem we have 


2”y+1=2y+1 (mod (2y + 1)p1...pk). 


Hence we can write 2”y +1 = (2y + 1)(spı1...pk +1) for some positive integer s. 
Since 2”y+1 = 1 (mod 4) and 2y+1 = 3 (mod 4), we must have sp1...pk +1 = 
—1 (mod 4), hence there is a prime q = —1 (mod 4) such that q | sp1...Pk +1. 
But then q | 2”y + 1, so q € {pi,..., px}, obviously impossible. The result 
follows. O 


Example 7.53. (IMO Shortlist 2012) Let x and y be positive integers. If x? —1 
is divisible by 2”y + 1 for every positive integer n, prove that x = 1. 


Proof. Suppose that there is a prime q such that q|2”y+1 and q = —1 (mod 4), 
then we get that g|x2” — 1 = (x — 1)(x + 1)(a? + 1)(24 +1)...(a”” +1). But 
q cannot divide z?” +1 for any positive integer m (see corollary 5.28), so 
qlz? — 1. We conclude using the previous example. O 


Example 7.54. Let a1,...,@n be positive integers, not all equal. Prove that the 
set of prime numbers dividing at least one of the numbers af + af +... + a£ 
with k > 1 is infinite. 


Proof. We may assume that gcd(a1, ...,@n) = 1. Write f(k) = af +... +aE for 
k > 1 and suppose that all prime divisors of f(1), f (2), ... belong to {p1, ...,pn} 
for some primes pı, ..., py and some N > 1. For each 1 < i < N, let b; be the 
number of terms of the sequence a1, ..., an which are not divisible by p;. Since 
gcd(aj,...,@n) = 1, we have b; > 1 for alll <i<n. 
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Note that for X 
k=a [ep a) 
i=1 


we have f(k) = b; (mod p aeut for alll < i < N, since for any 1 < j < n we 
7 Aa if p; does not divide a; (by Euler’s theorem) and 
ay = 0 (mod p;” Oey otherwise (since k > 1+ vp(b;)). Therefore up,(f(k)) = 
Up; (bi) for all ¿ and since all prime divisors of f(k) belong to {p1, po,...,pn}, 
we conclude that f(k) = pı” (Pr) era (ba) ven On) Since max(a1,...,@n) > 2, 


we have 


have at = 1 (mod p 


N 
f(k) > ok >k> Tle, 
i=1 


a contradiction. The result follows. 0O 


Example 7.55. (USA TST 2007) Are there integers a,b > 1 such that a does 
not divide b” — n for all n > 1? 


Proof. The answer is negative. We will prove by strong induction on a the 
following: for all b > 1 there are infinitely many n such that a | b” — n. This 
is clear for a = 1, so assume that it holds up to a — 1 and let us prove it for 
a. Since y(a) < a, the inductive hypothesis yields the existence of infinitely 
many n such that y(a) | b” — n. We claim that if y(a) | bẹ” — n and n is big 
enough, then a | b” — b”, which is enough to conclude. To prove the claim, 
write b” — n = cy(a), then 


Bo” apra G eLa) = b” ((b°) PC) = 1). 


Take now any prime factor p of a and let k = vp(a). If p does not divide b, 
then Euler’s theorem gives p* | (b°)?") — 1 | (b°)¥@ — 1. On the other hand, 
if p | b and n > k, then certainly p* | b”. Thus if n > maxpj, vp(a), then 
a | b"((b°)?%) — 1), finishing the proof. O 


Example 7.56. (Russia 2004) Is there an integer n > 101000 which is not di- 
visible by 10 such that one can exchange two distinct non-zero digits in its 
decimal representation without changing the set of prime divisors of n? 
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Proof. Yes, there is such a number, actually there are infinitely many of them! 
For each positive integer k let 


360k _ 
ny = 13-— = 144.. . 43. 


10360k—1 L 


Exchanging the digits 1 and 3 we obtain the number 344. ..41 = 31. 4 
which has the same prime divisors since 10°©°* — 1 is divisible by both 13 ‘aid 
31 by Euler’s theorem (because 360 = y(13 - 31)). oO 


7.3 Order modulo n 


7.3.1 Elementary properties and examples 


Let n be a positive integer and let a be an integer relatively prime to n. By 
Euler’s theorem there are infinitely many positive integers k such that a* = 1 
(mod n), for instance all multiples of y(n). In this section we study in more 
detail the congruence a? = 1 (mod n). We will see that all solutions of this 
congruence are determined by the smallest positive solution. The following 
definition is therefore rather natural. 


Definition 7.57. If n is a positive integer and a is an integer relatively prime 
to n, the smallest positive solution of the congruence a” = 1 (mod n) is called 
the order of a modulo n and denoted ord,(a). 


Note that ord,(a) is not defined when a is not relatively prime to n. Also, 
the sequence of remainders mod n of the numbers 1, a,a?,... is periodic with 
(minimal) period ord,(a). This follows from the fact that at = atti (mod n) 
is equivalent (by Gauss’ lemma) to a? = 1 (mod n) for all positive integers 
i,j. For pastene consider a = 3 and n = 17, then the sequence of remainders 
of 1,a,a”,... when divided by n is 


1,3, 9,10, 13,5, 15, 11, 16, 14,8, 7,4, 12, 2,6,1,3,9.... 


and the length of the period is 16 hence ord,7(3) = 16. 
The following fundamental theorem summarizes the most important prop- 
erties of ord,(a). 
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Theorem 7.58. Leta be an integer relatively prime to n > 1. 

a) The positive solutions of the congruence a” = 1 (mod n) are exactly the 
multiples of ordn (a). 

b) ord,(a) divides y(n). 


Proof. Note that b) follows from a) and Euler’s theorem, so it suffices to prove 
part a). Let d = ord,(a). Since af = 1 (mod n) we have a™ = 1 (mod n) 
for all m > 1, so all multiples of d are solutions of the congruence a” = 1 
(mod n). Conversely, let k > 0 be such that aë = 1 (mod n) and consider the 
Euclidean division k = q-d+r, with 0 < r < d. Then 


1 =a* =a% .a" =a" (modn), 


thus a” = 1 (mod n). Since r < d, the minimality of d forces r = 0 and so 
d | k, finishing the proof. O 


Part b) of the previous theorem is very useful especially when y(n) has 
a simple form. Here are a few relatively simple examples that illustrate this 
result (the reader will find more challenging examples in the next section). 


Example 7.59. Determine ordn(a) in the following cases: 
a) a= 2 and n €E {7,11, 15}. 
b) a = 5 and n € {7, 11, 23}. 


Proof. In all cases we let d = ordn (a) and we use that d | y(n). 

a) Suppose that n = 7, so y(7) = 6 and d | 6. Checking successively 
divisors of 6 yields d = 3. Suppose that n = 11, then d | 10. Again, checking 
the divisors 1,2,5,10 of 10 yields d = 10. For n = 15 we have y(n) = 8 and 
d | 8. Since 24 = 1 (mod 15) and 2? is not congruent to 1 mod 15 we deduce 
that d = 4 in this case. 

b) For n = 7 we have d | 6 and since 7 does not divide 5? — 1 and 5° —1 we 
deduce that d = 6. For n = 11 we have d | 10 and 11 does not divide 5? — 1. 
Next 5° = 25-125 = 3-4 = 1 (mod 11), so d = 5. Finally, for n = 23 we have 
d | 22 and 23 does not divide 5? — 1. Also, 


5h 5-95? =5+ 2? =5-9=-—1 (mod 23) 
hence d = 22. O 
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Example 7.60. Let n be an integer greater than 1. 
a) Compute ordgn(5) and prove that 


lo 


DE Bago 
form a reduced residue system modulo 2”. 
b) Prove that for any a = 1 (mod 4) there is a uniquei € {0, 1, ..., 2”72—1} 
such that a = 5° (mod 2”), and for any a = —1 (mod 4) there is a unique 
i € {0,1,...,2%-2 — 1} such that a = —5* (mod 2”). 


Proof. a) Let d = ordgn(5), then d | y(2") = 2"-!, so d = 2* for some 
0<k<n. Thus we need to find the smallest k > 0 for which 2” | 52 1, i.e. 
such that v2 (52° — 1) > n. Using either (and preferably!) the factorization 


52" — 1 = (5 — 1)(5 + 1)(52 + 1)...(5% 7 + 1) 


or the lifting the exponent lemma, we obtain v2(52 —1)=k+2. Thus the 
inequality v2(5" — 1) > n is equivalent to k > n — 2 and so d = 2”-2. 

Since y(2”) = 2”-1, any reduced residue system modulo 2” has 2”~! el- 
ements. It suffices therefore to prove that the numbers 1, 5, 5%,..., 52772-1 
—1, —5,..., 52" -2-1 give different remainders when divided by 2”. Since 
ordgn(5) = 272, the numbers 1, 5, 52,..., 527-1 give different remainders 
mod 2”, and similarly for the numbers —1, —5.,..., 52771 Finally, we can- 
not have 5’ = —5 (mod 2”), for some 0 < i,j < 2%-? — 1, since this would 
imply that 1 = —1 (mod 4), a contradiction. The result follows. 

b) This is an immediate consequence of part a) and of the fact that 5* = 1 
(mod 4) for all k, while —5* = 3 (mod 4) for all k. E 


The result established in part a) of the next example is very important. 


Example 7.61. (Lucas, 1878) Let n > 1 be an integer and let p be a prime 
divisor of F, = 27” +1. 

a) Prove that the order of 2 modulo p is 2"*+ and deduce that 2”*! | p—1. 

b) Prove that a = 92”? (2207 — 1) has order 2"*? modulo p and deduce 
that 2”+2 | p- 1. 

c) Prove that if p? | Fn, then p? | 2?-! — 1. 
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d) Prove that p | os — 1 and deduce a new proof of the fact that 2"*? | 
p—l. 


Proof. a) Let d be the order of 2 modulo p. Since 2?” = —1 (mod p), we 
have 22""" = 1 (mod p), thus d divides 2"+1. If d divided 2", then 22” = 1 
(mod p) and since 22” = —1 (mod p), we would obtain 2 = 0 (mod p), a plain 
contradiction. Thus d divides 2”t+! and does not divide 2”, which means that 
d= 2"+1, Since d divides y(p) = p — 1, we are done. 

b) Note that 


a? OF OF ao 4) Sg ae (1: (mod p), 


since p | 22” +1. We deduce that a2". = 22” = —1 (mod p). Arguing as in 
a) we deduce that the order of a modulo p divides 2"*? and does not divide 
2+1 thus it equals 2”**. Since the order divides y(p) = p — 1, we deduce 
that 2”+2 | p— 1. 

c) Since p = 1 (mod 2”+!) by part a), we obtain 


gnt+ 1 


DED Pt 1. 
as needed. = 

d) The divisibility p | 2 7 — 1 is equivalent, by Euler’s criterion (theorem 
5.99) to (2) = 1, which is equivalent (by theorem 5.125) to p = +1 (mod 8). 


Since p = 1 (mod 8) by part a), we obtain p | er ee Next, since the order 


of 2 modulo p is 2"*! (again by part a)) and since 27 =1 (mod p), we 
obtain 2”+1 | 2=* and so p = 1 (mod 2"+”). 


Remark 7.62. The only known primes p satisfying p | 2?-' — 1 are 1093 and 
3511, discovered in 1913 and 1922 by Meissner and Beeger. These primes are 
called Wieferich primes and it is an open problem whether there are infinitely 
many such primes. Note that 1093 and 3511 cannot divide any Fermat number, 
since 2’ does not divide 1092 or 3510, while by Lucas’ theorem any prime factor 
of 22" +1 with n > 5 is congruent to 1 modulo 2’. Therefore not a single 
Fermat number which is not squarefree is currently known! 
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Combining the next example and the previous remark shows that 2? — 1 
is quite likely squarefree when p is a prime (again, no counterexample to this 
assertion is known). 


Example 7.63. Suppose that p, q are primes and p? | 27—1. Prove that 2?-! = 1 
(mod p°). 


Proof. Let d be the order of 2 modulo p°. Then d | y(p?) = p(p — 1) and the 
hypothesis yields d | q. Clearly d Æ 1, thus necessarily d = q and so q | p(p—1). 
If q = p, we obtain p | 2? — 1, clearly impossible by Fermat’s little theorem. 
Thus q | p — 1. But then p | 29 — 1 | 2?-1 — 1, as needed. o 


Example 7.64. Let n > 1 be an integer such that a = 2” + 1 is pseudo-prime, 
i.e. a | 2° — 2. Prove that n is a power of 2. 


Proof. The hypothesis yields 2” + 1 | 2?” — 1. Let d be the order of 2 modulo 
2” +1. Since 2?” = 1 (mod 2” + 1), we have d | 2”, so d is a power of 2. On 
the other hand, 2” = —1 (mod 2” +1), thus 22” = 1 (mod 2” +1) and d | 2n. 
If d £ 2n, then d < n and so 2” +1 < 2% — 1 < 2”, impossible. Thus d = 2n 
and since d is a power of 2, it follows that n is a power of 2. oO 


Example 7.65. (Kvant M 1355) Let n be a positive integer such that 2°” +2” +1 
is a prime. Prove that this prime is a divisor of 2?" ++ — 1. 


Proof. Let p = 22” + 2” + 1 and note that p | 2°” — 1. Thus in order to show 
that p | 27°+! — 1 it suffices to prove that 3n | 2” + 1. Let d = ord,(2). Since 
23” = 1 (mod p) we have d | 3n. Next, we have d > 2n > % since 24 = 1 
(mod p) (thus 27 > p > 2”), which combined with d | 3n yields d = 3n. 
Since d | p — 1, we conclude that 3n | p—1 = 2"(2" +1). Finally, note that 
n is odd (if n is even then p > 3 and p = 0 (mod 3), a contradiction) hence 


gcd(3n, 2”) = 1 and so 3n | 2” + 1, as desired. O 


We present a few more theoretical results that can be very helpful when 
dealing with orders modulo n. The first one says that if one knows how to 
compute ord,(a), then one can also easily compute ord,(a*) for all k > 1. 
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Proposition 7.66. Let a,n be relatively prime integers, with n > 1, and let 
d=ord,(a). Then for any positive integer k 


d 


ky _ 
ord, (a”) = acre 


In particular 
a) We have ord,(a*) = d if and only if gcd(d,k) = 1. 
b) If k | d, then ord,(a*) = ¢. 


Proof. Let m = gcd(d, k) and write d = mdi, k = mk, with gcd(d,, k1) = 1. 
Setting t = ord, (a”), we have 


(af) = amd — (af) =1 (mod n), 


hence t | dı. On the other hand, since a* = (af)t = 1 (mod n) we must have 
d | kt, thus dı | kıt. As dı and kı are relatively prime, we have dı | t. We 
conclude that t = dı, as desired. E 


The next result reduces the computation of ord (a) to the case when n is 
a power of a prime. 


Proposition 7.67. Let a,n be relatively prime integers, with n > 1. Let 
n = p+ p3’ ... pp” be the prime factorization of n. Then 


ordn (a) = lem(ord a1 (ahas ordez (a)). 


Proof. To simplify notations, let d = ordn(a) and d; = ord ei (a) forl <i<k. 
Finally, let M = Icm(dj,...,d,). Since a% = 1 (mod p;*) and d; | M, we have 
aM = 1 (mod p%*) for all 1 <i < k and so a™ =1 (mod n). It follows that 
d | M. On the other hand af = 1 (mod n), thus a? = 1 (mod p%*) for all 
1 <i < k and so d; | d for all 1 < i < k. It follows that M | d and then 
d = M, as desired. O 


Finally, the following rather technical result reduces the computation of 
ord,» (a) to computing ordp(a) and Vp(a°de(2)_1). It is a simple consequence of 
the lifting the exponent lemma (which has already been used when discussing 
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example 7.60). We strongly advise the reader to repeat the proof every time 
he needs to compute expressions of the form ord, (a), instead of memorizing 
the rather messy formulae. 


Proposition 7.68. Let p be a prime, a a positive integer anda > 1 an integer 
relatively prime to p. Let d = ord,(a) and let v = v(a? — 1) > 1. 
a) Suppose that p > 2. If v > a then ordpa (a) = d, otherwise 


Qa—U 


ordpe (a) =d-p 
In particular, if Up(arrdr(a) — 1) = 1, then 
1 


ordpe (a) = ordy(a) - p*~. 


b) Suppose that p = 2 and a > 1. Ifa = 1 (mod 2%) then ordge(a) = 1 
and if a= —1 (mod 2%) then ordge(a) = 2. In all other cases 





ordga(a) = go (SF) 


Proof. a) Let k = ordpe (a). Then p% | aë — 1, thus p | aë — 1 and so d | k. 
Clearly, if v > a then p | af — 1 thus k | d and then k = d. Assume now 
that v < a and write k = dl for some positive integer l. Since p® | af — 1 and 
p | a? — 1, the lifting the exponent lemma yields 


a < v(a" — 1) = vp(a® — 1) = vp(a4 — 1) + vp(l) = v + vp(l). 


It follows that vp(l) > a — v and so p™™” |l, thus d- p®~” | k. Conversely, the 
same calculation shows that p% | a“? © — 1 and so k | d- p%®. The result 
follows. 

b) The first part is clear, so assume that a is not congruent to +1 modulo 
2°, so that a > v2 (5+). Let k = ordga(a), then k | 2°~1 and so k = 2” for 
some r > 0. Moreover, using the lifting the exponent lemma yields 





2 
=d 
a < vo(a* — 1) =v (+) = 
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—yo{ 2 =1 
thus r > a— v9 (S L) and 2° v( z ) | k. A similar computation shows 
a*—1 


a—va( 2 ) Z 
that for n = 2 we have a” = 1 (mod 2%) and the result follows. O 





Remark 7.69. If vp(a°4?(%) — 1) > 1, then p? | a?-! — 1 (since ordp(a) | p — 1, 
hence adp(2) — 1 | a?-' — 1). For any a, this happens for very few primes p 
(see remark 7.62 for the case a = 2). 


Example 7.70. Prove that if n is a positive integer, then the order of 2 modulo 
5” is equal to 4-577}. 


Proof. We clearly have ords(2) = 4 and vs(2* — 1) = 1. Using part a) of the 
proposition, we obtain 
ordsn(2) = 4-5"-1, 


as needed. O 


Example 7.71. Prove that if p is an odd prime and n is a positive integer, then 
the order of 1 + p modulo p” is p”“!. 


Proof. The order of 1 +p modulo p is clearly 1 and vp((1 +p)! — 1) = 1. Thus 
the result follows directly from proposition 7.68. O 


Example 7.72. (China Western Olympiad 2010) Let m,k be nonnegative in- 
tegers and suppose that p = 2?” +1 is a prime number. Prove that the order 
of 2 modulo p*t! is 27+! p*. 


Proof. For k = 0 we need to prove that ord,(2) = 2M+1 which has already 
been established (see example 7.61). Next, using part a) of proposition 7.68 


we obtain 
(2) = gmt, ght?" 1) 


ord +1 
Since we clearly have Up(2?”""" — 1) =v,((p — 2)p) = 1, we obtain 


ordpe+1 (2) = 2", 


as desired. G 
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We end this rather long section with a rather surprising and very useful 
connection between order and decimal expansions. This requires some pre- 
liminary discussion. If x € [0,1) is a real number, then we can attach to x 
a sequence of digits a1, a2,... E {0,1,...,9} as follows: define a; = [10z] and 
bı = 10x — a, € [0, 1), then ag = [1001] arid bə = 10b; — ag, and so on. It is an 
easy exercise to check that for all n > 1 we have 


ai 1 
Ze a oe aoe, cai 
Ose (212+. +) < Io’ 


thus the sequence of rational numbers (4 Pe Fet im) approximates 


x to arbitrary precision. The expression 0.a14@2... is called tne. decin expan- 
sion of x. If x is an arbitrary real number, we can write |z| = tr = N +z 
with N a non-negative integer and z € [0,1). If N = bp -10* + ... + bı - 10 + bo 
is the base ten expansion of N and 0.aia2... is the decimal expansion of z, 
we call -+b,z...b9.a1a9... the decimal expansion of x. We say that this decimal 
expansion is periodic if the sequence (an)n>1 is eventually periodic, i.e. there 
is T > 1 such that for all sufficiently large n we have an = anr. The decimal 
expansion is called purely periodic if it is periodic starting from the decimal 
point, i.e. there is T > 1 such that an = an +r for all n > 1. 


Theorem 7.73. Let x be a real number. 

a) The decimal expansion of x is periodic if and only if x is rational. 

b) The decimal expansion of x is purely periodic if and only if x is rational 
and the denominator of x (when written in lowest terms) is relatively prime 
to 10. 

c) If x is rational and the denominator of x is of the form 2”5”q with 
gcd(q,10) = 1, then the minimal length of a period of the decimal expansion 
of x is the order of 10 mod q. 


Proof. Suppose that the decimal expansion of x is periodic, say 
t= N.Q1...A561...6461...6,67...bp... 
for some integer n and some digits aj,...,@s, b1, ---, bk- Then 


Q1...As b1...bk bk b1...bk 
10s 10k+s 102k+s 








L =n + +... 
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thus 


T=" “Tos t T08(10F — 1)’ 

which is clearly a rational number. Moreover, this formula shows that if the 
decimal expansion of x is purely periodic (thus we can take s = 0), then z 
is a rational number whose denominator is relatively prime to 10 (since the 
denominator divides 10% — 1). This already shows one implication in both a) 
and b). 

Let now x be a rational number and choose a large enough s so that the 
denominator of 10°z is relatively prime to 10. Using the Euclidean division 
we can write 5 

Syp — 
10°x = y + ; 


for some integers y, z,q with 0 < z < q. Let k = ord,(10) be the order of 10 
modulo q, thus 
ja 10%—1 
10°s = y + —+_ = 
der Greg, oe 


where 0 < N < 10* — 1 is some integer. Writing 


10* — 1 


y = 10°n +ar-ās, N = by...b, 


for some integer n and some digits a;, bj, we obtain 


ūi...ð; bi.bk 
105 108(10 —1) — 





L=n+ .01...A561...6461...0461...bp... 

This shows that the decimal expansion of x is periodic, a period being given 
by k = ordg(10). Moreover, if the denominator of x is relatively prime to 10, 
then we can take s = 0 in the previous argument and deduce that the decimal 
expansion of x is purely periodic. This finishes the proof of parts a) and b) 
of the theorem, and it also shows that the minimal length of a period of the 
decimal expansion cannot exceed k = ord,(10). On the other hand, if k is 
some period of the decimal expansion of x, then the previous arguments show 


that we can write B 
10°x = A+ —_— 
O°x + Ior] 
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for some integers s, A, B. If the denominator of x is 2“5"’q with gcd(q, 10) = 1, 
this shows that q | 10* — 1 and so ord,(10) | k. Thus the period k must be at 
least ord,(10), which finishes the proof of the theorem. E 


Here is an explicit example. Consider x = 2 then one easily checks that 
ord7(10) = 6 and 
10° — 1 = 7 - 142857. 


Thus 
1 142857 142857 142857 


=z3 7i 106 102 


+... = 0.142857142857... 











Example 7.74. (Moscow 1990) The decimal representation of a rational number 
A is purely periodic with period n. What is the longest possible length of the 
period of A?? 


Proof. Letting A = ¢, the hypothesis becomes ord,(10) = n and we need to 
find the maximal value of ord,2(10). Write 10” = 1+ kb and observe that by 
the binomial formula we have 


10% = (1 + kb)? = 1+ kb? +...=1 (mod b°). 


Since b? | 10%” — 1, it follows that ord,2(10) | bn, in particular ord,2(10) < bn < 
n(10”— 1). To see that this is the answer, it remains to prove that we can find 
A for which ordy(10) = n and ord;2(10) = n(10” — 1). Take A = pe, © b = 
10” — 1. Let k = ordz (10), then clearly n | k and so k = nc for some positive 
integer c. Moreover (10” — 1)? | 10”° — 1, thus 10” — 1 | 1+10"+4+...+10¢-)), 
which yields 10” — 1 | c and finally ord,2(10) = n(10” — 1). O 





Example 7.75. (USAMO 2013) Let m and n be positive integers. Prove that 
there is a positive integer c such that the numbers cm and cn have the same 
number of occurrences of each non-zero digit when written in base ten. 


Proof. Start by choosing a positive integer k such that 10*m—n can be written 
10°m — n = 275¥%z with x,y > 0, z relatively prime to 10 and z > max(m,n). 
This is possible, since for k > max(v2(n), vs(n)) we have vp,(10"*m—n) = vp(n) 
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if p € {2,5}, thus z > a and this last quantity exceeds max(m, n) for 
k large enough. 

Next, let b be the order of 10 modulo z and write 10? — 1 = zc for some 
positive integer c. We claim that this c is a solution of the problem. First, 
observe that b is the number of digits in the period of L, and this period is 
the b-digit decimal representation of c (with possibly some extra zeroes added 
to the left of the usual decimal representation of c). Since z > max(m, n), the 
decimal expansions of % and + consist of repeated b-digit representations of 
cm and cn. Since 

10° = * 4 or 5y, 
GB 


the decimal expansion of = is obtained from that of % by shifting the decimal 
to the right k places and removing the integer part. It follows that the b-digit 
representations of cm and cn are cyclic shifts of one another, which shows that 
c is a solution of the problem. oO 


Example 7.76. (IMO Shortlist 1999) a) Prove that there are infinitely many 
primes p such that the length of the period of 5 is a multiple of 3. 


b) If p is such a prime number, write : = 0.4102...03,0102...a3,..... What 


is the maximal value of max,<;<,(a; + Qi+k + @i42%) over all such primes p? 


Proof. a) We need to ensure that the order of 10 modulo p is a multiple of 
3. If this order is 3d, then p divides 1074 + 10% + 1, which suggests looking 
at divisors of 1077 + 10% + 1, with q a prime (so that 3q has few divisors). 
More precisely, we will prove that for any prime q we can find a prime divisor 
p = f(q) of 1074+ 10% + 1 which does not divide 10° — 1. Moreover, we will 
prove that the order of 10 modulo p is 3q, in particular q > f(q) is injective, 
which will yield part a). 

Note that 1074 + 101 + 1 = 3 (mod 9), thus if all prime divisors of 1074 + 
102 + 1 divide 108 — 1 = 9-111 = 27-37, then 1077+ 109+ 1 = 3-37* for 
some positive integer k, which is impossible (take the equation mod 4). This 
proves the existence of p. 

Next, let d be the order of 10 modulo p. Since p divides 1024 + 107 + 1, it 
also divides 10°4—1 and so d divides 3q. If d 4 3q, then d = 1,3 org. The first 
two cases are impossible by the choice of p. If d = q, then 10? = 1 (mod p) 
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and since p divides 1074+ 102 + 1, it follows that p | 3, a contradiction. Hence 
d = 3q and we are done. 

b) This part is trickier. 

As we have already observed, we have p | 102" + 10* +1. Since 


10°* — 1 
ge 10 a Q3k; 


we deduce that 
10% —1 | ay - 102) E A3k, 
which can be rewritten (using that 107+" = 10" (mod 10* — 1) as 


10° — 1 | by - 10*-! + bg - 10*-? + ... + dy, 


where b; = a; + Qi+k + Qi+2k. Note that 0 < b; < 27, thus 


bi 0? eo <= OT 


= 3(10* — 1). 





10* —1 
9 


Moreover, we have equality if and only if a1 = ... = a3, = 9, which is impossible 
(it would force p = 1). Thus bı -10*~1 + bz - 10*-7 + ... + by is a multiple of 
10% — 1 smaller than 3(10* — 1), so it cannot exceed 2(10* — 1). In particular 

2(10* — 1) 


On the other hand, since 10% — 1 | 10(b; - 10*—! + bp -10*-2 + ... + bk), we also 
obtain 10% — 1 | b2-10*-!+...4 10d, + bı and so the previous argument yields 
bə < 20. Continuing like this we obtain b3, ..., bg < 20, thus 


max (di + Qik + Qi < 19. 
max ( i i+k i+2k) `> 


We conclude observing that for p = 7 the maximum is attained, since then 
aj = 1, ag = 4, ag = 2, a4 = 8, a5 = 5 and ag = 7, and 4+ 8 +7 = 19. O 
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7.3.2 Practicing the notion of order modulo n 


In this section we illustrate the previous theoretical results with some con- 
crete, but more challenging examples. The result established in the next prob- 
lem is extremely useful in practice. Roughly, it says that if a,b are integers, 
then the prime factors of a? — bP (p being a prime) are of a rather special form. 


Example 7.77. Let a and 6 be different integers and let p be a prime. 

a) Prove that any prime factor q of a? — b is either a divisor of gcd(a, b) - 
(a — b) or of the form 1+ kp, with k > 1. 

b) Suppose that gcd(a,b) = 1. Prove that any prime factor q of a is 
either equal to p or of the form 1+ kp with k > 1. 





Proof. a) If q | a, then clearly q | b and so q | gcd(a,b). Assume now that q 
does not divide a, then it does not divide b either (since q | a? — bP). Let c be 
an integer such that ca = 1 (mod q), then q | (ca)? — (cb)?, thus q | (cb)? — 1. 
If d = ordg(cb), then d | p and d | y(q) =q—1. If d = 1 then q | cb — 1 and 
then q | a — b since ac = 1 (mod q). If d = p then p | q — 1 and we are done 
again. 

b) Since q | o we have q | a? — b and so, by part a) and the hypothesis, 
q|a—borq=1 (mod p). If g = 1 (mod p) we are done, so assume that 
q|a—b. We also know that q | aP! + a?-7b+...+ bP}, thus q | pa?—! and 
q | pb?-!. Since gcd(a?—1, b?-1) = 1, we conclude that q | p and finally q = p. 
The result follows. E 





Remark 7.78. In part b) if we assume that p,q > 2 then q = 1 (mod 2p) and 
so q > 2p + 1. 


A very similar and also very useful result is the following: 


Example 7.79. Let a and b be relatively prime integers and let n be a positive 
integer. Prove that any odd positive divisor of a?” + b?” is congruent to 1 
modulo 2”+1, 


Proof. It suffices to prove that any odd prime divisor p of a?” +b?” is congruent 
to 1 modulo 2"t!. Note that p does not divide ab, since gcd(a, b) = 1. Let c be 
an integer such that bc = 1 (mod p), then p | (ac)? +1. Then the order k of 
ac modulo p divides 2+, since p | (ac)? — 1, and does not divide 2”, since 
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otherwise we would have p | (ac)”” — 1 and p | (ac)* +1 — ((ac)” —1) = 2, a 
contradiction. Thus k = 2”+1 and since k | p — 1 we are done. oO 


The next four examples are illustrations of the result established in the 
previous example. 


Example 7.80. (Kvant M 1476) Find all primes p and q such that 
pq | (2? + 1)(21 + 1). 


Proof. If p | 2P + 1 then Fermat’s little theorem yields p | 3 and then p = 3. 
Thus if p | 2? + 1 then p = 3 and q | 3(21 + 1). Using again Fermat’s little 
theorem we obtain q | 9 and then q = 3, giving the solution (p,q) = (3,3). 
On the other hand, if (p,q) # (3,3), the previous discussion shows that we 
must have p,q Æ 3, p#q, p| 21+ 1 and q | 2P +1. We will prove that this is 
impossible. Since p Æ 3 and p | 21 + 1, we have p | G aye L and example 7.77 
yields p = 1 (mod q), in particular p > q. By ee ae A also obtain q > p, 
a contradiction. Thus (p,q) = (3,3) is the only solution of the problem. O 





Example 7.81. (IMO Shortlist 2006) Find all integer solutions of the equation 





Proof. We will prove that the equation has no solutions, by using twice the 
following special case of example 7.77: if p is a prime and z is an integer then 


any prime factor q of = =} is congruent to 0 or 1 modulo p. It follows that for 








any positive divisor d of ==" we have d=0,1 (mod p). 





Note that zl > 0 for any x Æ 1, since x—1 and x’ —1 have the same sign, 
thus y > 1. The previous discussion shows that y—1 and z := y*+y?4+y?+y+1 
are each congruent to 0 or 1 modulo 7. If y — 1 = 0 (mod 7), then z = 5 
(mod 7), a contradiction. If y—1 = 1 (mod 7), then z = 24+2°+2742+1=3 
(mod 7), again a contradiction. Hence the equation has no solution. oO 


Example 7.82. Find all integers a,n > 1 such that n and a” +1 have the same 
set of prime divisors. 
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Proof. Let p be the largest prime divisor of n. If p = 2 then n is a power of 

2, as well as a” + 1 = (a2)? + 1. Since 4 cannot divide x? + 1 for any integer 

x we deduce that a” + 1 = 2 and a = 1, a contradiction. Thus p > 2. Let 
=a? and consider 


bP+1 (—bP-1 a®+1 
btl {oL ae ee 


Any prime factor q of A is either equal to p or congruent to 1 modulo p by 
example 7.77. On the other hand, q also divides a” + 1, thus q | n and then 
q < p. It follows that q = p and so A is a power of p. Moreover, p | b? +1 and 
so p | b+1 by Fermat’s little theorem. Using the lifting the exponent lemma we 
obtain vp(A) = 1 and so the only possibility is A = p, that is bẹ +1 = p(b+1). 
Arguing as in the solution of example 6.29 (this is a simple argument based 


A= 





on inequalities) yields b = 2 and p = 3, then a? = 2 anda = 2, n = 3. Thus 
the only solution of the problem is (a,n) = (2,3). oO 


Example 7.83. (IMO Shortlist 2005) Find all positive integers n for which 
there is a unique integer a € {0,1,...,n! — 1} satisfying n! | a” + 1. 


Proof. It is not difficult to see that n = 2 and n = 3 are solutions, so assume 
that n > 3. If n! | a” +1 then 4 | a” +1 and so n must be odd. Hence 
a = n! — 1 satisfies n! | a” + 1, which shows that n is a solution of the problem 
if and only if b” + 1 is not a multiple of n! for any b € {0,1,...,n! — 2}. 
Suppose first that n is a prime and that b € {0,1,...,n! — 2} satisfies 
n! | 6° +1. Then n | b” + 1 and Fermat’s little theorem gives n | b +1. 
On the other hand, choose any prime q < n and let k = vu,((n — 1)!), then 
qF | (b +1). a. Since q < n, example 7.77 shows that q cannot divide 
Wn and so q* |b+1. It follows that (n — 1)! | b+ 1, which combined with 
n|b+1 and ged(n,(n — 1)!) = 1 gives n! | b+ 1, a contradiction. Thus all 
prime numbers are solutions of the problem. 
Suppose next that n is as ase and let p be the smallest prime factor of 
n. We will prove that b= = — 1 € {0,1,...,n! — 2} satisfies n! | b” +1 and so 


n is not a solution. But 


n! 
b” +1 = (6+1)(0" 1 — bT? 4+...41)= - . (BPT — b=? +... +1) 
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and so it suffices to prove that p | b” — b"-2 +... +1. Since p is the smallest 
prime factor of n and n is composite, we have p? < n and so p°? | n!, thus 
b= —1 (mod p) and bt —b"-74...41=141+...41=n=0 (mod p), as 
desired. Thus the solutions of the problem are exactly the prime numbers. O 


Example 7.84. (Komal) Let n > 1 and a be integers such that n | a” —1. Prove 
that a+1,a?+2,a?+3,...,a"+n form a complete residue system modulo n. 


Proof. We will prove this by strong induction on n, the case n = 1 being clear. 
Assume that the result holds up to n — 1 and let us prove it for n. Note that 
gcd(a,n) = 1 since n | a” — 1, thus we can set d = ord,(a), and we have 
d | p(n), in particular d < n. Moreover, since a” = 1 (mod n) we have d | n, 
which yields af = 1 (mod d) (since af = 1 (mod n) and d | n). Thus a and d 
satisfy the same hypotheses as a and n, and moreover d < n. The inductive 
hypothesis shows that (af + 7)1<;<q is a complete residue system modulo d. 
Assume next that a? +i =a +j (mod n) for some integers i, j > 0, then 
a’ +i = a) + j (mod d) (since d | n) and by the previous discussion i = j 
(mod d). But then at = af (mod n) (since af = 1 (mod n)), which combined 
with the congruence a’ +i = af +j (mod n) yields i = j (mod n). The result 
follows. | o 


Example 7.85. (India 2014) Let p be an odd prime and let k be an odd positive 
integer. Prove that pk + 1 does not divide p? — 1. 


Proof. Suppose that this is not the case and let k be the smallest odd positive 
integer for which pk + 1 | pP — 1. The order of p modulo pk + 1 divides p and 
cannot be 1 (since pk + 1 does not divide p — 1), thus it must be p, which 
shows that p | y(pk +1). Since gcd(p, pk + 1) = 1, it follows that there is 
a prime q | pk + 1 such that p | q— 1. In particular we have q > 2 and so 
2p | q— 1. Write pk + 1 = q*m with s > 1 and m > 1 not divisible by q. 
Taking the equation pk + 1 = qî°m modulo 2p and using that k is odd and 
q =1 (mod 2p) yields m = 1+ p (mod 2p), thus m = 1+ up for some positive 
odd integer u. Since m < pk + 1 we have u < k and since m | pk + 1 we also 
have 1+ up | pP — 1. This contradicts the minimality of k and finishes the 
proof. E 
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We end this section with some more challenging problems. 


Example 7.86. (Romania TST 2009) Prove that there are infinitely many pairs 
of distinct prime numbers (p,q) such that p | 297} — 1 and q | 271 — 1. 


Proof. Let F, = 2” +1 be the nth Fermat number. For each n > 1 let pn be 
a prime factor of Fn and let qn be a prime factor of F,41. Then po, p3,... are 
pairwise distinct and pn Æ qn for all n, since the Fermat numbers are pairwise 
relatively prime (see example 3.12). Moreover by example 7.61 we have pn = 1 
(mod 2"+2) and gn = 1 (mod 2"+3). Thus pn | 22” +1| 22" —1| 2%-!-1 
and qn | 22" +1 | 22°" — 1 | 27-1 — 1. Thus (pp, qn) is a solution of the 
problem for all n > 1. O 


Example 7.87. (Russia 2009) Let x and y be integers such that 2 < x,y < 100. 
Prove that there exists a positive integer n such that z?” +y?” is a composite 
number. 


Proof. The result is clear when xz = y (take n = 1), so assume that x Æ y. We 
first prove that 257 | z?” + y?” for some n > 1. Since 257 is a prime and y 
is not divisible by 257 there is q such that x = qy (mod 257). Note that q is 
not congruent 0, +1 (mod 257) thanks to the hypothesis 2 < z,y < 100 and 
a #y. Let d = ordgs7(q), then d | 256 = 28 and so d = 2" for some k. Since 
257 does not divide g+1, we have k > 2. Moreover, since 257 | q2" — 1 and 
257 does not divide ge — 1, we have 257 | qe +1. Finally, since x = qy 
(mod 257), it follows that 257 | 2°" + y2"” and the claim is proved (take 
n=k—-1>1). 

Suppose now that z?” + y?” is a prime, then necessarily £?” + y?” = 257. 
Letting a = 22" and b = y2", we obtain a? + b? = 257 and a,b > 1 (since 
x,y > 1). One easily checks by hand that this is impossible (the general result 
is that a prime p = 1 (mod 4) can be written in a unique way as a sum of 
two squares and in this case 257 = 162 + 1? is that way), which shows that 
x” +y?” is a composite number. O 


Example 7.88. (AMME 2948) Let x, y be relatively prime integers greater than 
1. Prove that vp(xz?—' — y?—') is odd for infinitely many primes p. 
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Proof. If k > 2 is an integer, by theorem 3.51 and the remark following it 
ok—1 ok—1 š i . 

x +y is neither a perfect square nor twice a perfect square. Thus we can 

find an odd prime px such that vp, (z2 +y? = is odd. Since gced(z, y) = 1, 

pk cannot divide ry. Since it divides r yr, example 7.79 shows that 

2* divides p, — 1. The lifting the exponent lemma gives 


z _ k k pk — 1 k—1 k—1 
Up, (1° l ys 3 = Up, (x? > y’ ) + Up, (=) i Ca gg y? P 


and the last quantity is odd by the choice of pg. The result follows by taking 
successively k = 3,4, ... and observing that pp > 1+ 2%. oO 


Example 7.89. (China TST 2005) Prove that for any n > 2 the number 2?” +1 
has a prime factor greater than (n + 1) - 2+2., 


Proof. The result is clear for n = 3 (note that 2 + 1 is a prime), so assume 
that n > 4. Consider the prime factorization 


22° + 1 = ptt... pe, 


with pı < ... < pk. By example 7.61 there are positive integers qi, ...,q,% such 
that pj = 1 + 2"*%q;. Since 2” > 2n + 4 (as n > 4) and p% = 1 + 2"*ajq; 
(mod 2?"+4) | we obtain 


k k 
1=2” +1= [|[(0 +2 aiqi) =1+2 X qio; (mod 27"**), 


i=l i=1 


thus 
aqi +... + Onde > VY. 


Assuming that max;(q;) < n, we obtain a, +... + Qk > n which gives 


nr n 


k k 
1 + 92" = l[a d erag) > Oos > (2+2) 
=! i=l 


and so 1 + 2” > gant? a contradiction. Thus max;(qj) > n + 1 and so 


max;(p;) > (n + 1)2"*?, as desired. O 
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Example 7.90. (Iran 2011) Let k > 7 be an integer. Find the number of pairs 
(x,y) such that 0 < z,y < 2" and 


73° =9 (mod 2*). 


Proof. We start by finding the possible remainders of the numbers 1,9, 9,... 
when divided by 2, for a given integer N > 4. We easily obtain (using 
proposition 7.68 or, better, by a direct computation) that the order of 9 mod 
2N is 2N-3. Thus there are precisely 2 ~—? distinct residues modulo 2% among 
those of 1,9,97,.... As each of these residues is of the form 8k + 1 and since 
there are 2-3 such residues, it follows that the remainders of 1,9,9?,... are 
exactly the residues mod 2% of the form 8k + 1. 

Since 73 = 1 (mod 8), the previous paragraph gives the existence of u > 1 
such that 73 = 9% (mod 2%). Since 73 = 9 (mod 64), it follows that 94! = 1 
(mod 2°) and the previous paragraph (with N = 6) yields u = 1 (mod 8). 
Since the order of 9 modulo 2* is 2*-3, the congruence 73737 = 99% (mod 2%) is 
equivalent to u9”? = 9¥ (mod 2*—%). We need to find the number of solutions 
of this congruence with z,y € {0,1,...,2* — 1}. Fix x € {0,1,...,2* — 1}. 
Then u9“* = 1 (mod 8), hence by the first paragraph we can find v such 
that u9”? = 9” (mod 2*-3). Now 9 = 9” (mod 2*-%) if and only if y = v 
(mod 2*-°), There are precisely 2° such numbers y € {0,1,...,2* — 1}. Thus 
for each x the corresponding congruence has 2° solutions y, and so the total 
number of solutions is 2**°. oO 


Example 7.91. (Iran TST 2009) Prove that for all positive integers n we have 
52” 1 32” 1 4 
3 aF? = (—5) 2-2 (mod 2"**),. 


Proof. Denote for simplicity 5?” — 1 = b and 32” — 1 = c. One easily checks, 
using either the lifting the exponent lemma or the formula 


on—l1 


z? —1= (x-—1)(x + 1)(z? + 1)...(z +1), 


that v2(b) = ve(c) = n+ 2, thus =25 and p$ are odd integers and the 
congruence can also be written as 


Hae Ska n+4 
(—3)2 F7 = 52-42 (mod 2”). 
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Next, by example 7.60 there is a > 1 such that —3 = 5° (mod 2”**). The 
previous congruence becomes 


BIF = 5mF (mod 2"**), 


Since the order of 5 modulo 2”+4 is 2”+2 (see example 7.60), this last congru- 


ence is equivalent to 
ab C 


gn+2 = gnt2 (mod 2E 


or ab = c (mod 2?"*%), 

Next, observe that if x,y are odd integers with x = y (mod 2*) for some 
k > 1, then z?” = y?” (mod 2™**) for all m > 1. This follows immediately 
by induction, or using the formula 


m m m—1 m— 
z?” — y?” = (x —y)(ety)(a? + y’). y), 
Since —3 = 5° (mod 2”**), we deduce that 32° = 5%?” (mod 22"+4). Hence 


a 


L+es (tae =14ab+ (5 


je +... (mod 22"+4), 


Since v2(b) = n + 2, the last congruence is equivalent to c = ab (mod 2?7"**), 
which is exactly what we needed. O 


Example 7.92. (China TST 2004) Prove that for any integer m > 1 there is a 
prime number p which does not divide n™ — m for any integer n. 


Proof. Choose a prime factor q of m. We will prove in the next paragraph that 
we can find a prime p such that p | m3 — 1, p does not divide m — 1 and finally 
gcd(p—1,qm) | m. We claim that such p is a solution of the problem. Indeed, 
assuming that p | n™ — m for some n, we obtain n™1 = m3 = 1 (mod p), so 
d := ord,(n) satisfies d | mq. Since d | p — 1, we have d | gcd(mq,p — 1) | m 
and so p | n™ — 1. Since p | n™ — m, we conclude that p | m — 1, contradicting 
the choice of p. 
We prove now the existence of p. Letting k = v(m), the number 


mi — 1 
m— 1 





A= =1+m+m? +... +m! 
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is congruent to 1+m modulo g**! and so it is not congruent to 1 modulo q*t?. 
It follows that A has a prime factor p which is not congruent to 1 modulo g**!. 
Then clearly p | m3 — 1 and gcd(p — 1,mq) | m. We cannot have p | m — 1, 
since otherwise p = q (asp | A=1+m+4+...+m%! and p | m — 1 force 
p | q) and q | m — 1, a contradiction with q | m. Thus p satisfies all desired 
conditions and the problem is solved. oO 


Remark 7.93. The case when m is a prime was one of the problems given at 
IMO 2003. 


7.3.3 Primitive roots modulo n 


We have already seen that for any positive integer n and any integer a 
relatively prime to n the order modulo n of a divides y(n) and in particular 
it cannot exceed y(n). We are interested in this section in characterizing 
those n for which this bound is attained, i.e. for which there is a such that 
gcd(a,n) = 1 and ord,(a) = y(n). Let us give a name to such numbers a. 


Definition 7.94. Let n be a positive integer. An integer a is called a primitive 
root modulo n if gcd(a,n) = 1 and ord,(a) = y(n). 


It is clear that if a is a primitive root modulo n and if b= a (mod n), then 
b is also a primitive root modulo n. Note that an integer a relatively prime 
to n is a primitive root modulo n if and only if 1,a,...,a°(™)—! give pairwise 
distinct remainders modulo n. This yields the following useful observation. 


Proposition 7.95. Let a be an integer relatively prime to a positive integer 
n. The following statements are equivalent: 

a) a is a primitive root modulo n; 

b) 1.00" ..., a?\™)-1 is a reduced residue system modulo n; 

c) For any integer x relatively prime to n there is a positive integer k such 
that x = a" (mod n). 


Let us give a few simple examples: the primitive roots modulo 2 are the 
odd integers, the primitive roots modulo 3 (respectively 4) are the integers of 
the form 3k + 2 (respectively 4k + 3). Similarly, the primitive roots modulo 5 
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are integers of the form 5k + 2 or 5k + 3 and the primitive roots modulo 6 are 
integers of the form 6k + 5. 

The next proposition gives a useful criterion for proving that an integer a 
is a primitive root mod n. 


Proposition 7.96. Let n> 1 be an integer and let a be an integer such that 
gcd(a,n) = 1. Then a is a primitive root mod n if and only if n does not 


oln) 
dividea 4 — 1 for all primes q|y(n). 


gln) 
Proof. If a is a primitive root mod n, tnei n does not divide a 4 — 1 since 


otherwise y(n) = ord, (a) would divide =~ 
p(n) 


Conversely, suppose that n does not Pare a ¢@ —1 for all primes g|y(n), 
and let d = ord (a). Then d | y(n) and by assumption d does not divide etn) 
for any prime factor q of y(n). It follows that on) j is a divisor of y(n) which 


is not divisible by any prime factor of y(n), ae on) = 1 and ais a primitive 
root mod n. a 


We illustrate the previous proposition with a few concrete examples, some 
of which use intensively results about quadratic residues discussed in chapter 4. 
Example 7.97. Prove that 2 is a primitive root modulo 29 and solve the con- 
gruence 
l+a2+..+2°=0 (mod 29). 


Proof. By proposition 7.96, it suffices to check that 214 and 24 are not con- 
gruent to 1 modulo 29. This is clear for 2+, and follows for 2/4 from 


214 = (25)? . 2t = 3? . 16 = 3-48 = —30 = —1 (mod 29). 


Thus 2 is a primitive root modulo 29 (one could also observe that 29 = 5 
(mod 8), hence (2) = —1 and 214 = —1 (mod 29)). 

Suppose that x is not congruent to 1 modulo 29, then 1 + z£ +... + zf = 
(mod 29) if and only if z” = 1 (mod 29). Write x = 2* (mod 29) for some 
0 < k < 27, which is possible since 2 is a primitive root modulo 29. Then 
r’ = 1 (mod 29) if and only if 28 | 7k, that is 4 | k. We deduce that the 
solutions of the congruence are 24k for 1<k <6. O 
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Example 7.98. (Putnam 1994) For a nonnegative integer a let 
Na = 101a — 100: 2°. 


Prove that if a,b,c,d € {0,1,...,99} satisfy ng + np = Nne + na (mod 10100), 
then {a,b} = {c, d}. 


Proof. The congruence ng + np = Nne + ng (mod 10100) is equivalent to the 
simultaneous congruences a + b = c + d (mod 100) and 2% + 2 = 2° + 22 
(mod 101). Since 101 is a prime number, Fermat’s little theorem combined 
with a+b=c+d (mod 100) yield 2%. 2° = 2°-2% (mod 101). It follows that 


(X — 2%)(X — 2°) = (X — 2°)(X — 2%) (mod 101) 


and so (2% — 2°)(2% — 24) = 0 (mod 101). By symmetry, we may assume 
that 2° = 2° (mod 101), thus ordj9;(2) | a—c. We will prove below that 
ord101(2) = 100, which yields a = c and then b = d. 

It remains to prove that 2 is a primitive root modulo 101. By proposition 
7.96, it suffices to prove that 22° — 1 and 2°° — 1 are not multiples of 101. For 
220 _ 1 we observe that 


220 — (210)? = 142 =95 (mod 101). 


For 2°° — 1 one can use a similar computation, or, more elegantly, use Euler’s 
criterion (theorem 5.99) and the fact that (2) = —1 (use theorem 5.125 and 
the congruence 101 = 5 (mod 8)). O 


Example 7.99. Let p > 3 be a Fermat prime, i.e of the form 2” + 1 for some 
integer n > 1. Prove that 3 is a primitive root mod p. 


Proof. Since y(p) = p — 1 = 2”, by proposition 7.96 it suffices to prove that 
aj 

37T —1 is not divisible by p, which is equivalent by Euler’s criterion (theorem 

5.99) to (2) = —1. Using the quadratic reciprocity law (theorem 5.124) we 


obtain 
G= G) =- 


the last equality being a consequence of the fact that p = 1 (mod 4) and p = 2 
(mod 3). The result follows. O 


7.8. Order modulo n 451 


Example 7.100. Let q = 1 (mod 4) be a prime such that p = 2q + 1 is also 
prime. Prove that 2 is a primitive root modulo p. 


Proof. Again, by proposition 7.96 it suffices to prove that 2° —1 and a —] 
are not divisible by p. This is clear for or — 1 = 3, so it remains to prove 
that ( 2) = —1 (by Euler’s criterion, theorem 5.99). This follows from theorem 
5.125 and the fact that p = 3 (mod 8). oO 


Remark 7.101. A famous conjecture of Artin implies the existence of infinitely 
many primes p for which 2 is a primitive root modulo p. The previous example 
shows that this would follow from the existence of infinitely many primes q = 1 
(mod 4) for which p = 2q + 1 is also a prime. 


A natural question is whether for any positive integer n there are primitive 
roots modulo n. The answer is unfortunately negative: since any odd integer 
a satisfies a? = 1 (mod 8), the order of any odd integer modulo 8 is 1 or 2, 
so there are no primitive roots modulo 8. Similarly one easily checks that 
there are no primitive roots modulo 2” for n > 2. More precisely we have the 
following result. 


Proposition 7.102. Letn be a positive integer for which there are primitive 
roots modulo n. Then n = 1,2,4,p* or 2p* for some odd prime p and some 
positive integer k. 


Proof. Suppose that n has primitive roots modulo n and is not of the form 
indicated in the proposition. Note that n is not a power of 2 greater than 4, 
by the discussion preceding the proposition. It is then immediate to see (by 
considering the prime factorization of n) that we can write n = ab for two 
relatively prime numbers a,b > 2. Since a,b > 2, the numbers y(a) and (b) 
are even, thus for all integers x relatively prime to n Euler’s theorem yields 


p(n 


£g 2 — (a) 2 


=1 (mod a) 

n) n 
and similarly 2 = 1 (mod b). Since gcd(a, b) = 1, we infer that os = 1 
(mod n) and so ord, (x) | ptn) for any x relatively prime to n. It follows that 
there are no primitive roots modulo n, a contradiction. E 
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A remarkable theorem due to Gauss states that the converse of the previous 
result holds, giving a complete description of all positive integers n for which 
there are primitive roots modulo n. 


Theorem 7.103. (Gauss) Let n be a positive integer. The following state- 
ments are equivalent: 

a) There are primitive roots modulo n. 

b) n is equal to 1,2,4,p* or 2p* for some odd prime p and some k > 1. 


We have already established one implication. The other implication lies 
deeper and we will establish it in a series of steps, each of which is interesting in 
its own right. The most delicate part is establishing the existence of primitive 
roots modulo odd primes, a task to which we focus our attention. 


Theorem 7.104. Let p be an odd prime. For any positive divisor d of o(p) = 
p—1 there are exactly y(d) numbers n € {1,2,...,p—1} such that ordp(n) = d. 
In particular, there are y(p—1) > 1 primitive roots modulo p. 


Proof. Let f(d) be the number of integers n € {1, 2,...,p—1} with ord,(n) = d. 
We will prove below that f(d) < y(d) for all d | p—1. Assuming this, we 


obtain 

> f(a) < ` y(d)=p-1, 

d|p—1 d|p—1 
the last equality being a consequence of Gauss’ theorem 4.112. Since ord,(7n) | 
p—1 for all n € {1,2, ...,p— 1}, we clearly have }'q,-1 f(d) = p—1. It follows 
that all the inequalities f(d) < y(d) must be equalities and the theorem is 
proved. 

We still need to prove that f(d) < (d). This is clear if f(d) = 0, so assume 
that there is n € {1, 2, ...,p—1} with ord,(n) = d. By Lagrange’s theorem 5.69 
and the fact that n,n?,...,n% are pairwise distinct solutions of the congruence 
r? = 1 (mod p), it follows that all solutions of this congruence are given by 
the remainders mod p of n,n?,...,n%. Hence if m € {1,2,..., p — 1} has order 
d modulo p, then m = n’ (mod p) for some 1 < j < d. Since ordy(m) = 
d, proposition 7.66 gives gcd(j,d) = 1, which proves that f(d) < y(d): all 
numbers m € {1,2,...,9 — 1} with order d modulo p must be among the 
remainders modulo p of the numbers nî with j a totative of d. The theorem 
is therefore proved. O 


7.8. Order modulo n 453 


Remark 7.105. 1) The most difficult part of the proof of theorem 7.104 is the 
existence of a primitive root modulo p. Indeed, if a is a primitive root modulo 
p, then any n € {1,2,...,p — 1} is congruent to a! for some 0 < k < p — 2, 
and proposition 7.66 shows that ordp(n) = d if and only if SRN] = d, i.e. 
k= a4 -e, with e a totative of d. Thus there are y(d) such integers n. 

2) Here is a slightly different, but quite nice way of proving theorem 7.104. 
Let f(d) be the number of integers n € {1,2,...,p — 1} with ord,(n) = d. We 
claim that for any d | p—1 


Y fle) =a 


eld 


A number z € {1,2,...,p — 1} satisfies x? = 1 (mod p) if and only if 
e := ord,(z) is a divisor of d, thus the left-hand side is precisely the number 
of solutions of the congruence rf = 1 (mod p), which is d by theorem 5.78. 
Using a version of the Möbius inversion formula (see part 3 of remark 4.125), 
we obtain 


Fd) = Dule)S = (a), 


eld 
as needed. The same argument is used in the next example. 


Example 7.106. (Iran TST 2003) Let aj,...,a, be all primitive roots modulo 
an odd prime p. Prove that 


aj +a2 +... +ak = u(p— 1) (mod p). 


Proof. For each d | p — 1 set 


fd)= XŠ z (modp), 


x4=1 (mod p) 


i.e. f(d) is the remainder mod p of the sum of the solutions of the congru- 
ence zf = 1 (mod p). By theorem 5.78 this congruence has d solutions, say 
1,...,£q. Lagrange’s theorem 5.69 yields 


Kesis (X — xz1ı)(X — xz2)...(X — za) (mod p), 
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and looking at the coefficient of X¢—! we obtain 
f(d)=2,4+...+2¢=0 (mod p) 


for d > 1. Thus f(d) = 0 for d > 1 and clearly f(1) = 1. On the other hand, 
it is clear that 


f(d) =X g(u), where g(d) = ` x (mod p) 


uld ord,(x)=d 


is the remainder mod p of the sum of all numbers x € {1,2,...,9 —1} with 
ord,(z) = d. Taking into account the values of f, the result follows by a 
version of the Möbius inversion formula (see remark 4.125). O 


The next example gives a different proof of the existence of primitive roots 
modulo p. 
Example 7.107. a) Let n be a positive integer and let aj,...,ag be integers 
relatively prime to n. Prove that there is an integer c relatively prime to n 
such that 
ordn(c) = lcem(ordn (a1), ..., Ordn (aa) ). 


b) Deduce that there are primitive roots modulo p for any odd prime p. 


Proof. a) Let M = lcm(ordn (a1), ..., ordn(aq)) and assume that M > 1, the 
case M = 1 being clear. Let M = p{"...p;* be the prime factorization of 
M and fix i € {1,2,...,k}. Since p> | lem(ordn (a1), ..., Ordn(aq)), there is 
zi E {a1,...,aq} such that p;* | ordn(x:). By proposition 7.66 the number 
ordn (z;) 

Ci = Ti "i has order p;* modulo n. Choosing c = c1c2...cCk we obtain 
ord,(c) = M. Indeed, it is clear that c“ = 1 (mod n), since c™ =1 (mod n) 

M 


Nn. 

for all i. On the other hand, if c = 1 (mod n), then c y=] (mod n), 
N- 

which simplifies to c, * = 1 (mod n). This yields p% | N - oui which in 


turn gives p;* | N for all i, thus M | N. We conclude that ordy(c) = M, as 
needed. 
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b) Let 
k = lem(ord,(1), ordp(2), ..., ordp(p — 1)). 


By part a) we can write k = ord,(s) for some s relatively prime to p. By 
construction a* = 1 (mod p) for alla € {1,2,...,p—1}, thus for all a relatively 
prime to p. Corollary 5.76 yields p — 1 | k and so p—1 | ordn(s) | p—1. It 
follows that s is a primitive root mod p. o 


We end this section explaining the proof of theorem 7.103. The key tech- 
nical ingredient is given by the following result, which is a simple consequence 
of the lifting the exponent lemma, more precisely of proposition 7.68. 


Theorem 7.108. Let p be an odd prime and let a be a primitive root mod p. 
a) a is a primitive root modulo p* if and only if vp(aP™} — 1) = 1. 
b) Ifa is a primitive root mod p*, then a is a primitive root mod p” for all 
n >l. 


Proof. a) Proposition 7.68 gives 
ord,2(a) = (p — 1) - p°”, 


where v = vp(aP™! — 1). Since a is a primitive root mod p° if and only if 
ord,2(a) = p(p — 1), the result follows. 
b) This follows immediately from proposition 7.68 and part a). E 


Remark 7.109. Suppose that a € {1,2,...,p — 1} is a primitive root modulo 
p. It can (rarely) happen that p? | aP?71 — 1, in other words it is not true in 
general that a is a primitive root modulo p. For instance one can prove that 
5 is a primitive root modulo p = 40487 and 5?-! = 1 (mod pĉ). 

We can now easily finish the proof of theorem 7.103. We need to prove 
that there are primitive roots modulo p” and 2p” for any odd prime p and 
any n > 1. Choose a primitive root a modulo p and observe that a+ p is also 
a primitive root modulo p. We claim that one of the numbers a and a + p is 
a primitive root modulo p°. Indeed, if neither of them is then the previous 
theorem yields p° | aP! —1 and p? | (a+p)?-!—1. Using the binomial formula 
we obtain 


= 
(at+p)?+—1=e0P'-14 P i jet (mod p°) 
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and we conclude that p? | (p — 1)pa?-*, which is clearly impossible. This 
proves the existence of a primitive root b (equal to a or a+ p) which is also 
a primitive root mod p*. Then b is a primitive root mod p” for all n > 1 
by the previous theorem. Finally, note that one of the numbers b and b + p” 
is odd, thus we may assume (possibly by replacing b with b+ p”) that b 
is odd. Since y(2p") = y(p”) and since ordpr (b) = y(p”), we clearly have 
ordəpn (b) = y(2p”) and so b is a primitive root mod 2p”. Theorem 7.103 is 
thus proved. 

We end this rather long section with a few concrete examples in which the 
concept of primitive roots modulo n plays a key role. 


Example 7.110. a) Prove that an odd prime p is congruent to 1 mod 8 if and 


only if the congruence zt = —1 (mod p) has solutions. 


b) Deduce that if p = 1 (mod 8) then or =1 (mod p). 


Proof. a) If p = 1 (mod 8), take x = ge with g a primitive root mod p. 
Then ord,(x) = 8, thus z = 1 (mod p) and z* is not congruent to 1 mod p. 
It follows that zt = —1 (mod p), which proves one implication. Conversely, 
suppose that there is x such that zt = —1 (mod p). Then ord,(z) = 8 since 
ord,(xz) divides 8 and does not divide 4. Since ord,(x) | p — 1, we have p= 1 
(mod 8) and we are done. 

b) Take x such that zt = —1 (mod p). Then gcd(p, z) = 1, so there is an 
integer y such that zy = 1 (mod p). Let z = x + y, then 2? = 2 + z? +y? 
(mod p). On the other hand zty? = —y? (mod p) and zty? = x? (mod p), 
thus p | z? + y? and so z? = 2 (mod p). It follows that 1 = z277! = JEN 
(mod p) and we are done. O 


The next example gives a very conceptual proof of corollary 5.77. 


Example 7.111. Prove that for all primes p and all positive integers n we 
have 1” + 2” +... + (p — 1)” = 0 (mod p) if p — 1 does not divide n, and 
1” +...4+(p—1)" =-1 (mod p) ifp—1|n. 


Proof. If a is a primitive root mod p, then 1, 2,...,p — 1 are congruent mod p 
to a permutation of 1,a,...,a?~?, hence 


V pe) gg ag oe), 
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The last expression can be easily computed: if p—1 | n, then a” = 1 (mod p), 
hence 1” +... + (p — 1)” = p— 1 = —1 (mod p), while if p — 1 does not divide 
n, then a” is not congruent to 1 mod p, and 


(a” — 1)(1 +a” +... + aP") = aP- -1 =0 (mod p), 
hence 1 +a?” + ... + a®72” = 0 (mod p) and we are done. O 


Example 7.112. Let a,n,k be integers with n,k > 0 and gcd(a,n) = 1. Sup- 
pose that there are primitive roots mod n, and let d = gcd(k, y(n)). 


a) Prove that the congruence z! = a (mod n) has solutions if and only if 
(n) 
za fi (mod n), and in this case the congruence has d solutions. 


b) For how many integers a € {0,1,...,n — 1} relatively prime to n does 
the congruence z* = a (mod n) have solutions? 


Proof. a) Let g be a primitive root modulo n. If zë = a (mod n), then 
gcd(z,n) = 1 since gcd(a,n) = 1. Thus we can write x = gi (mod n) and 
a = g” (mod n) for unique integers j,u € {0,1,..., (nm) — 1}. The congruence 
zë = a (mod n) is then equivalent to gJ—-“ = 1 (mod n) and to kj = u 
(mod y(n)). This linear congruence (the "unknown" being 7) has solutions 
if and only if u is a multiple of d, and if this is the case the congruence has 


exactly d solutions. On the other hand, the congruence ae = 1 (mod n) is 
equivalent to gia = = 1 (mod n), then to ye = = 0 (mod ¢y(n)) and finally 
to u=0 (mod d). The result follows. 

p(n) 


b) By a) we need to find the number of solutions of the congruence a € = 

1 (mod n). By the proof of part a), this amounts to finding the number of 

integers u € {0,1,...,y(n) — 1} such that u = 0 (mod d), which is exactly 

p(n) oO 
i 


Remark 7.113. By taking n = p an odd prime and k = 2, we recover Euler’s 
criterion and the formula for the number of quadratic residues mod p. 


Example 7.114. Prove that the number of solutions of the congruence x”! = 1 
(mod n) is [lpn gcd(p — 1,n — 1). 
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Proof. Let n = př ...pp" be the prime factorization of n and let a; be the 
number of solutions of the congruence z”! = 1 (mod p¢). By the Chinese 
remainder theorem (more precisely by theorem 7.9), it suffices to prove that 
IIE; ai = TH, ged(p; — 1,n — 1). We will prove that a; = gcd(p; — 1,n — 1) 
for 1 <i < k. If p; > 2 then p;* has primitive roots and so (by the previous 
example) the congruence x”~! = 1 (mod p;*) has 


gcd(n — 1, y(p?*)) = ged(n — 1, pft} (pi — 1)) = ged(n — 1, pi — 1) 


solutions, as desired. A similar argument works when p; = 2 and a; > 2. 
Suppose that p; = 2 and a; € {1,2}, we need to prove that the congruences 
a™-! = 1 (mod 2) and xz”! = 1 (mod 4) have exactly one solution when 
vo(n) = 1 and v2(n) = 2 respectively. This is clear. oO 


Example 7.115. (AMM E 3212) Is it true that if n is sufficiently large and 
a1, Q2, ..., ân is an arbitrary permutation of 1, 2,...,n, then we can find integers 
i,d such that 1 <i<i+d<1i1+2d <n and qj, đi+d, @j+2g form an arithmetic 
progression? 


Proof. The answer is negative. If p is an odd prime, let g be a primitive 
root mod p and consider the permutation a1, ...,@p_1 of 1,2,...,p — 1 defined 
by a; = g’ (mod p). If a;,a;44,4;42q form an arithmetic progression, then 
gi + g't?4 = 2g't4 (mod p) and so (gt — 1)? = 0 (mod p). This forces gt = 

(mod p), hence p — 1 | d and d > p — 1, a contradiction. O 


Example 7.116. (Kömal) Is there a positive integer n such that every nonzero 
digit (in base ten) appears the same number of times in the decimal represen- 
tation of each of the numbers n, 2n, 3n, ..., 2016n? 


Proof. Suppose that there is a prime p > 2016 such that 10 is a primitive root 


modulo p. Consider an integer n such that n-p = 10?-'— 1. Arguing as in 


the proof of example 7.75, we see that the periods of the fractions 22 2016 


Fi se 
are obtained by cyclic permutations of the period of 4, and the decimal rep- 
resentations of the numbers n, 2n, 3n, ..., 2016n are also obtained by cyclic 


permutations of the digits (with an appropriate number of leading zeroes), 
hence n is a solution of the problem. 
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We prove now the existence of such a prime p. We will check that p = 
216 + 1 works. It is well-known (and not difficult to prove) that p is indeed 
a prime. The order of 10 module p divides De 1 = 216, thus if the order is 
not p — 1, then it must divide => l and so 10°F =1 (mod p). It follows that 


(2) (2) = (22) = 1, which is impossible, since (2) = 1 (as p = 1 (mod 8)) 


p) \p p 
and 2 = (2) = (2) = —1 (we used here the quadratic reciprocity law and 
the fact that p = 2 (mod 5)). oO 


Remark 7.117. It is not known whether 10 is a primitive root modulo p for 
infinitely many primes p. This is a special case of a famous conjecture due 
to Artin, stating that any integer a Æ —1 which is not a perfect square is a 
primitive root modulo p for infinitely many primes p. 


Example 7.118. (USA TST 2010) Is there a positive integer k such that p = 
6k +1 is a prime and (*") = 1 (mod p)? 


Proof. The answer is negative. Suppose that p = 6k+1 is a prime and ($5) = 1 
(mod p). Let g be a primitive root mod p and let z = g. Then z has order k 
mod p, hence a z'I is 0 modulo p, unless j is a multiple of k. We deduce 
that 


=a a= EO ($a) 5 (*) Se 


i=0 i=0 j=0 =0 \J / i=0 
= 3k n 3k a 3k n 3k k 
E 0 k 2k 3k 
= (2 +2 o) k=4k (mod p). 
On the other hand, for all 0 < i < k — 1 we have 


(Lee Sie z) T = —1,0,1 (mod p). 


However we cannot have k remainders mod p, each of them —1,0 or 1, adding 
up to 4k modulo p. The result follows. O 
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Problems for practice 


The Chinese remainder theorem 


. (Poland 2003) A polynomial f with integer coefficients has the property 


that gcd( f(a), f(b)) = 1 for some integers a 4 b. Prove that there is an 
infinite set of integers S such that gcd(f(m), f(n)) = 1 whenever m,n 
are distinct elements of S. 


. Prove that for all positive integers k and n there exists a set S of n 


consecutive positive integers such that each x € S has at least k distinct 
prime divisors that do not divide any other element of S. 


. A lattice point is called visible if its coordinates are relatively prime 


integers. Prove that for any positive integer k there is a lattice point 
whose distance from each visible lattice point is greater than k. 


. a) Prove that for all n > 1 there is a positive integer a such that 


a, 2a,...,na are all perfect powers. 


b) (Balkan 2000) Prove that for all n > 1 there is a set A of n positive 


integers such that for all 1 < k <n and all z1, £2, ..., £k E A the number 
Preaek is a perfect power. 


. Let a,b,c be pairwise distinct positive integers. Prove that there is an 


integer n such that a+n,b+n,c+ 7 are pairwise relatively prime. 


. (AMM) Prove that there are arbitrarily long sequences of consecutive 


integers, none of which can be written as the sum of two perfect squares. 


. Let f be a nonconstant polynomial with integer coefficients and let n 


and k be positive integers. Prove that there is a positive integer a such 
that each of the numbers f(a), f(a+1),...,f(a+n-—1) has at least k 
distinct prime divisors. 


. (IMC 2013) Let p and q be relatively prime positive integers. Prove that 


> alg. 7 0 if pq is even 
= 1 if pg odd 


(ee 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 
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(IMO 1999 Shortlist) Find all positive integers n for which there is an 
integer m such that 2” — 1 | m? + 9. 


(Bulgaria 2003) A finite set C of positive integers is called good if for 
any k € Z there exist a Æ b € C such that ged(a + k,b + k) > 1. Prove 
that if the sum of the elements of a good set C equals 2003, then there 
exists c € C such that the set C — {c} is good. 


Is there a sequence of 101 consecutive odd integers such that each term 
of the sequence has a prime factor not exceeding 103? 


(USA TST 2010) The sequence (an)n>ı satisfies aj = 1 and 
On = O[n/2| + O[n/3] +--+ En/nj + 1 
for all n > 2. Prove that an = n (mod 27°!) for infinitely many n. 
(China TST 2014) A function f : N > N satisfies for all m,n > 1 
gcd( f(m), f(n)) < ged(m, n)! and n < f(n) < n + 2014. 


Prove that there is a positive integer N such that f(n) =n for n> N. 
Euler’s theorem 


(Iran 2007) Let n be a positive integer such that gcd(n, 2(21386 — 1)) = 1. 
Let a1,a2,...,Qp(n) be a reduced residue system modulo n. Prove that 


niay Bay eee O(n) 
Let n > 1 be an integer and let r1,T2,..., T(n) be a reduced residue 
system modulo n. For which integers a is rı + a, r2 + @,...,Ty(n) + 4 a 
reduced residue system modulo n? 


Prove that any positive integer n has a multiple whose sum of digits is n. 


For which integers n > 1 is there a polynomial f with integer coefficients 
such that f(k) =0 (mod n) or f(k) =1 (mod n) for any integer k, and 
both these congruences have solutions? 
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19. 


20. 


21. 


22. 


23. 


24. 
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(Saint Petersburg 1998) Is there a nonconstant polynomial f with integer 
coefficients and an integer a > 1 such that the numbers f(a), f(a’), 
f(a’), ... are pairwise relatively prime? 


a) (IMO 1971) Prove that the sequence (2” — 3)n>1 contains an infinite 
subsequence in which every two distinct terms are relatively prime. 

b) (Romania TST 1997) Let a > 1 be a positive integer. Prove the same 
result as in a) for the sequence (at! + a” — 1)y>1. 


(China TST 2005) Integers ag, a1, ...,@n and zo, T1, ..., £n satisfy 
agxh + az? Hat anz” = 0 


for all 1 < k < r, where r is a positive integer. Prove that m divides 
agra + air? +... + anr} foralr+1<m<2r+1. 


(Hong Kong 2010) Let n be an integer greater than 1 and let 1 < a; < 
.. < ak <n be the totatives of n. Prove that for any integer a relatively 
prime to n we have 
(n) 1 Æ 1 
ae 5S — ed (mod n) 
aa; 


i=1 ~~? 


(Komal) Let x1, L2, ..., Yn, be integers such that gcd(@1, ..., £n) = 1. Prove 
that ifs; = ai + z$ + ... + zf, then 


ged(s1, $9,.-., Sn) | lem(1, 2, ... n). 


(Brazil 2005) Let a and c be positive integers. Prove that for any integer 
b there is a positive integer x such that 


aX” +xz2=b (mod c). 


(Ibero American 2012) Prove that for any integer n > 1 there exist n 
consecutive positive integers such that none of them is divisible by the 
sum of its digits. 
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25. 


26. 


27. 


28. 


29. 


30. 
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32. 
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Order modulo n 


(Russia 2006) Let x and y be purely periodic decimal fractions such that 
x+y and zy are purely periodic decimal fractions with period length T. 
Prove that the lengths of the periods of x and y are not greater than T. 


(Iran 2013) Let p be an odd prime and let d be a positive divisor of p—1. 
Let S be the set of integers x € {1, 2, ...,p — 1} for which the order of x 
modulo p is d. Find the remainder of [Į] peg 2 when divided by p. 


Let a,b, be positive integers with a Æ b. Prove that 





nm pn 
2n | pla” +b”) and nle (5) 


Find all primes p and q such that p? + 1|20032 + 1 and q? + 1|2003? + 1. 


(MOSP 2001) Let p be a prime number and let m,n be integers greater 
than 1 such that n|m?("-) — 1. Prove that gcd(m”—! — 1,n) > 1. 


a) (Pepin’s test) Let n be a positive integer and let k = 2?” +1. Prove 
that k is a prime if and only if k|3 F FI 


b) (Euler-Lagrange) Let p = —1 (mod 4) be a prime. Prove that 2p + 1 
is a prime if and only if 2p + 1|2? — 1. 


Let p > 2 be an odd prime and let a be a primitive root modulo p. Prove 
pol 
that a 7 =-—1 (mod p). 


Suppose that n > 1 is an integer for which there are primitive roots mod- 
ulo n. Prove that the set {1, 2,...,n} contains exactly y(y(n)) primitive 
roots modulo n. 


Let p be an odd prime. Prove that p is a Fermat prime (i.e. of the form 
2” + 1 with n > 1) if and only if every quadratic non-residue mod p is a 
primitive root mod p. 
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35. 


36. 


37. 


38. 


39. 


40. 


Al. 
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Let A(n) be the least positive integer k such that x* = 1 (mod n) for all 
x relatively prime to n. Prove that 


a) If k is a positive integer such that zë = 1 (mod n) for all x relatively 
prime to n, then k is a multiple of A(n). 


b) A(mn) = Iem(A(m), A(n)) for m,n relatively prime. 
c) We have A(n) = y(n) when n = 2,4 or a power of an odd prime, and 
d(2") = 2"72 for n > 3. 


( 
d) For each n, the set of numbers ord,,(x) (over all x relatively prime to 
n) is precisely the set of positive divisors of A(n). 


Let p > 2 be a prime and let a be a primitive root mod p. Prove that 
—a is a primitive root mod p if and only if p = 1 (mod 4). 


(Unesco Competition 1995) Let m,n be integers greater than 1. Prove 
that the remainders of the numbers 1”, 2”, ...,m” modulo m are pairwise 
distinct if and only if m is square-free and n is relatively prime to y(m). 


(adapted from Tuymaada 2011) Prove that among 2500 consecutive pos- 
itive integers there is an integer n such that the length of the period of 
the decimal expansion of 1 is greater than 2011. 


Is there a positive integer which is divisible by the product P of its digits 
and such that P is a power of 7 greater than 107016? 


Let m,n be positive integers. Prove that there is a positive integer k 
such that 2* = 1999 (mod 3”) and 2* = 2009 (mod 5”). 


(Iran 2012) Let p be an odd prime. Prove that there is a positive integer 
x such that x and 4z are both primitive roots modulo p. 


(Brazil 2009) Let p,q be odd primes such that q = 2p + 1. Prove that 
there is a multiple of q whose sum of digits is 1,2 or 3. 


(Brazil 2012) Find the least positive integer n for which there is a positive 
integer k such that the last 2012 decimal digits of n* are all 1’s. 


7.4. 


43. 


44. 
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(Nieuw Archief voor Wiskunde) Suppose that a > bet = 1.43067.... 
Prove that for any n > 1, any sequence of n digits (between 0 and 9) 
occurs as a sequence of consecutive digits in the last [an] digits of some 
power of 2. 

Find all sequences of positive integers (an)n>ı such that 

a) Mm — nN | am — an for all positive integers m, n; 

b) If m,n are relatively prime, then am and an are relatively prime. 
(adapted after China TST 2012) Let n > 1 be an integer. Find all 


functions f : Z — {1,2,...,n} such that for each k € {1,2,...,n — 1} 
there is j(k) € Z such that for all integers m we have 


f(m+jlk))=f(m+k)— f(m) (modn +1). 


Chapter 8 


Solutions to practice 
problems 


8.1 Divisibility 
1. Prove that the last n + 2 digits of 5?°+"*? are the digits of 5”+2, com- 
pleted on the left with some zeros. 


Proof. This is equivalent to the congruence 
gerante Sr (med 10°"), 


Thus it suffices to show that 5?” = 1 (mod 2”+2). This follows from 
theorem 2.31, i.e. from the equality 


gn—-1 


5%" a (5 +1)(5? P15? +1). E 
2. Is there a polynomial f with integer coefficients such that the congruence 


f(x) =0 (mod 6) has 2,3 as solutions, but no other solution in the set 
{0,1,...,5}? 


Proof. The answer is negative. Indeed, suppose that f is such a polyno- 
mial, then 3f(2) — 2f (3) is a multiple of 6. 
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On the other hand f(2) = f(0) (mod 2), thus 3f(2) = 3f(0) (mod 6). 
Similarly 2f(3) = 2f(0) (mod 6), thus 3f(2) — 2f(3) = f(0) (mod 6) 
and so 6 | f(0), a contradiction. o 


. (Iran 2003) Is there an infinite set S such that for all distinct elements 


a,b of S we have a? — ab + b? | a2b?? 


Proof. There is no such set S. Assuming that S exists, fix a € S and 
choose any b > a in S. Then a? — ab + b? | a?b?, but a? — ab + b? | 
a? (a? — ab + b?). Taking the difference, we deduce that 


a? — ab + b° | afb — a4 
and so 
a? — ab + b? < ab — af < ad. 
Since the left-hand side is greater than or equal to La we conclude that 


b < r, Since b > a was arbitrary in S, we conclude that S is finite, a 
contradiction. O 


. (Russia 2003) Is it possible to write a positive integer in every cell of an 


infinite chessboard in such a manner that for all integers m,n > 100, the 
sum of numbers in every m x n rectangle is divisible by m + n? 


Proof. The answer is negative: assume that we managed to write positive 
integers as in the statement of the problem and choose any integer n > 
100, as well as an arbitrary cell of the chessboard. 

Consider the (2n + 1) x (2n + 1) square centered at that cell. One can 
partition this square into four n x (n+ 1) or (n+ 1) x n rectangles 
R,..., R4, plus the central cell. By hypothesis the sum of the entries 
in the cells of R; is a multiple of 2n + 1 for 1 < i < 4. Also, the sum 
of the entries in the cells of the square is a multiple of 4n + 2, thus a 
multiple of 2n + 1. It follows that the number in the central cell is a 
multiple of 2n +1. Thus the number in each cell is a multiple of 2n + 1, 
and this for all n > 100. It follows that all numbers in the cells are 0, a 
contradiction. O 
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5. Prove that if k > 1 is an integer then there are infinitely many positive 


integers n such that n|k” + 1. 


Proof. If k is odd, then n = 2 is a solution, while if k is even, then 
n = k + 1 is a solution of the problem. Starting with a solution n we 
will create another one which is larger. Namely, let ny = k” + 1, which 
is certainly larger than n. Let us check whether nı is a solution, i.e. 
whether nı | k”! + 1, or equivalently k” +1 | k”! +1. This will happen 
if ™ (which is an integer) is odd. This is automatic if k is even, as then 
nı is odd. 


Things are a little bit more complicated when k is odd, as then nı = 
k” + 1 is even, so it is not a priori clear that “ is odd. However, if we 
know that n is even, then k” +1 is not a multiple of 4 (as this is the case 
with any number of the form x* + 1), thus “ is odd and we are done. 


The strategy is now clear: let no = k +1 when k is even, and no = 2 
when k is odd. Then, for j > 0, define nj+ı = k” + 1. The previous 
discussion shows that no, 71,... are all solutions of the problem. O 


. (Kvant M 904) For each positive integer A with decimal representation 


A = ünûn-—1-.-ã0 
we set 
F(A) = an + 2an_1 +--+ + 2ta] + 2”ao 
and consider the sequence Ag = A, A; = F(Ao), A2 = F(A1),.... 
(i) Prove that there is a term A* of this sequence such that A* < 20 and 
F(A*) = A*. 
(ii) Find A* for A = 19798, 


Proof. (i) If A is an one-digit number or A = 19, then one easily checks 
that F(A) = A. We will show that for any other A, F(A) < A. From 
this it follows that the sequence Ao, Ai,... is strictly decreasing until 
the number 19 or an one digit number appears. If we denote this number 
by A* we have F(A*) = A*. 
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Suppose A has two digits and satisfies F(A) > A. Writing A = 10a + b, 
this becomes the inequality 10a +b < 2b + a or equivalently 9a < b. 
Since a in nonzero, and b is a single digit, we have 9 < 9a < b < 9, hence 
we must have equality throughout, thus a = 1 and b = 9 and A = 19. If 
A has n + 1 digits for some n > 2, then A > 10”. Hence 


F(A) = an + 2an-1 +- +2 4a +2 a0 <94+2-94---42"-9 
= g(r _ 1) < 72.9% 2 A, 


Thus we have shown that F'(A) < A unless A is a single digit or A = 19, 
as desired. 


(ii) Note that 
2” A — F(A) = (20% — 1)an + 2(20% * — 1Jan-1 + -- - +27 1(20 — Day 


is divisible by 19. So, if A is divisible by 19 then F'(A) is also divisible 
by 19 and therefore all terms of the sequence are divisible by 19. Now 
if A = 19795 then all terms of the sequence are divisible by 19 and 
therefore A* = 19. O 


. Are there infinitely many 5-tuples (a,b,c,d,e) of positive integers such 


that 1<a<b<c<d<eanda|b*—1,6b|c—1,c|d*-1,d|e?-1 
and e | a? — 1? 


Proof. The answer is positive. The easiest way to ensure that b | c? — 1, 
c|d*—1andd| e? — 1 is to take b = c—1,c=d—1 and d = e — 1. This 
reduces the problem to finding infinitely many pairs (a,b) with 1 < a < b 
and b+ 3 | a? — 1, a | bẹ? — 1. Simply take b = 2a — 1 with a > 1 and 
observe that a | b? — 1 and b + 3 = 2(a + 1) | a? — 1 if a is odd. o 


. (Romania JBMO TST 2003) Let A be a finite set of positive integers 


with at least three elements. Prove that there are two elements of A 
whose sum does not divide the sum of the other elements of A. 
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Proof. Let aj < ag < ... < ak be the elements of A, and assume that 
ai + aj divides ’ `z; ; a for all i # j. Then a; + a; also divides S = 
a, + a2 + ... + ak for all i Æ 7. In particular, there are positive integers 
xi such that S = x;(a,+a;) for 1 < i < k. Since ay < ag < ... < ag_i, it 
follows that x1 > £2 >... > £k-1. Moreover z; > 1 for all i, and azz; < 
S < kag, thus z; < k for all i. It follows that {2,3, ..., k — 1} contains at 
least k — 1 distinct positive integers £1, £2, ..., £k-1, a contradiction. O 


. (Iran 2005) Prove that there are infinitely many positive integers n such 


that 


no egt 


Proof. We will look for n of the form 3° — 2% for some a > 1. The 
condition n | 3"+! — 2"+! is satisfied if a | n+ 1 = 3% — 2% +1. We claim 
that a = 2-3" works for all k > 1. It suffices to prove that 3° | AS” ac, 
But 


3k-1 3k—1 


43° —1 = (4— 1)(4 +4 + Det +4 + 1)...(423 +47 4+1) 


and each of the factors in the above product is a multiple of 3. oO 

(Mathematical Reflections S 259) Let a,b, c,d,e be integers such that 
a(b+c)+b(e+d)+c(d+e)+d(e+a)+e(at+ bd) =0. 

Prove that a + b+ c+ d + e divides až + b’ + œ + dř + e’ — 5abcde. 

Proof. Let A, B,C, D, E be integers such that 

(X —a)(X —b)(X —c)(X —d)(X—e) = X°+.AX*4+BX°4+CX74+DX+E 

as polynomials. Thus 

A =-—(a+b+c+d+e), B=ab+ac+ad+aet...+de, ..., E = —abcde. 

Note that 


B=a(b+c)+b(c+d)+c(d+e)+d(e+a)+e(a+b) =0 
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by hypothesis. For each x € {a, b,c,d,e} we have 
a? + Azt + Cr? + Dr+ E=0. 
Adding these 5 equations yields 
að +b? +c? + d’ + e — 5abcde 
+ A(a* +... + e4)+ C(a? +... +7) + Dia+... +e) =0. 


Since the last term of the sum is a multiple of A, as is A(a* +... + ef), 
it suffices to prove that C(a? +b? +c? + d? + e?) is a multiple of A. But 


A? = (at+b+c+d+e)? = a?+b?+c?+d?+e?42B = a? +0? +c? +d? +e, 
yielding the desired result. O 


(Kazahstan 2011) Find the smallest integer n > 1 such that there exist 
positive integers a1, a2,...,@n for which 


ai tasta. arteetan ek 


Proof. Let n be a solution of the problem and write 
(ai +... tan)? — 1 = k(a? +... 4.47) (1) 


for some positive integer k. We claim that a; + ... + an is odd. Assume 
for contradiction that this is not the case. Since 


ai tae tal — (ai Fetan) = a1(a1 1) +... tanlan — 1) (2) 


is even and since a, + ... + an is even, we deduce that a? + ... + a? is 
even, which contradicts relation (1) (the left-hand side is odd, while the 
right-hand side is even). Thus a+... +an is odd and so (a1 +... +an)2—1 
is a multiple of 8. Relation (2) combined with the fact that a, + ... + an 
is odd shows that a? + ... + a2 is odd too. Since k(a? + ... + a2) is a 
multiple of 8 and a? + ... + a2 is odd, we deduce that k is a multiple of 8 
and so k > 8. On the other hand, the Cauchy-Schwarz inequality yields 


k(a?+...ta2) = (a1 +...+an)?—1 < n(a?+...+a2)—1 < n(a? +... +a2). 
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We deduce that n > 8 and so the smallest solution of the problem is 
at least 9. To see that this is indeed the solution, choose a; = ag = 2, 
63 Se ao =— 1. E 


(Kvant 898) Find all odd integers 0 < a < b < c < d such that 
ad=bc, a+d= 2", b+c = 2" 


for some positive integers k and m. 


Proof. We first prove that k > m. Indeed, we have 


atom =a a Cae), 9 


Next we prove that a+b = 2™-1, To do this we write the identity 
ad = bc as a(2* — a) = b(2™ — b), ie. b? — a? = 2™(b — 2*-™a). Hence 
2™ divides (b—a)(b+a) and since b and a are odd one of b— a and b+a 
is divisible by 2 and the other by 2”—'. But 


b—acbe i = 9m 





and therefore b + a is divisible by 27—. 

On the other hand b+a < b+c = 2™ and we conclude that b+a = 2™7!. 
Hence b = 2™-1 — a, c = 2™ — b = 2" 144 and ad = bc = 227-2 — g?. 
This shows that a divides 22"? and therefore a = 1 since a is odd. Thus 
a = 1,b = 2™-1 — 1,c = 2™-1 4+ 1,d = 27™-2_1,k = 2m — 2, where 
m > 3 is an arbitrary integer. L 


f is a polynomial with integer coefficients such that f(n) > n for 
every positive integer n. Define a sequence (£n)n>1 by zı = 1 and 
vi+1 = f(x;). Assuming that each positive integer has a multiple among 
£1,22,..., prove that f(X) = X +1. 
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Proof. By hypothesis we have zi+ı > x; for all 1 > 1, that is, the se- 
quence (Zn )n>1 is increasing. Moreover, again by hypothesis given n > 2 
we can find m such that £n — £n-1 | fm. Choose a minimal such m and 
suppose that m > n. Let us note that 742 — 2341 = f (£j+1) — f(z;) is 
a multiple of x;,1 — z; for all j, therefore £j+1 —2; | £k+1 — zp if k > j. 
Thus tn — Ln—1 | Lm — Lm—1 and so Ln — £n-1 | £m-1, contradicting the 
minimality of m. Thus m < n and so £n — Ln-1 < £n-1. We conclude 
that f(tn—1) < 2%n-1 for all n > 2. If deg f > 2, then for x large 
enough we have f(x) > 2x, which contradicts the previous inequality. 
Thus f(X) = aX +b for some integers a,b. Since f(n) > n for all n, we 
deduce that a > 1. Since atjn_1+6 < 2%n_) for all n > 1, we havea < 2. 
Thus a = 1 ora = 2. Ifa = 1, then £n = 1+(n—1)b and by assumption 
there is n such that b | zn, which yields b = 1 and f(X) = X+1. Ifa = 2, 
an easy induction shows that £n = 2"”71(1 +b) —b. By assumption there 
is n such that 1 +b | £n, which forces 1 + b | b and then 1 +b | 1. This 
can only happen if 1 +b = 1, i.e. b = 0 and hence £n = 2”~!. But then 
trivially 3 does not divide any term of the sequence, a contradiction. O 


(Iran 2013) Suppose that a,b are two odd positive integers such that 
2ab + 1 |a? +b? +1. Prove that a = b. 


Proof. Arguing as usual by infinite descent, we consider a pair (a,b) 
satisfying the hypothesis of the problem and failing to satisfy the con- 
clusion, such that a+ b has the smallest possible value. We may assume 
that a > b. Write 

a° +b? +1 = c(2ab+ 1) 
and note that c Æ 1, since a Æ b. Consider the other solution 


b +1l-c 
a 


a’ = 2bc — a= 
of the equation 
r? — 2bex +b? +1- c=0. 


Note that a’ = 2bc — a is odd and a’ Æ b (since c Æ 1 and (a')? +b? +1 = 
c(2a'b + 1)). Also, note that a’ > 0, since otherwise a’ < —1 and so 
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b? +1-— c< -—a, thus 


a? +b +1 2a? +b? 


pee a a < b2 
2ab + 1 2ab -au 


b +a+1<c= 


a contradiction. By minimality of (a,b), we obtain a’ > a. This is 
however impossible, since (recall that c > 1) 


, B+l-c b 
a = —— 
a 
The result follows. O 


(Kvant) Prove that n? + 1 divides n! for infinitely many positive inte- 
gers n. 


Proof. We start by choosing n so that n? + 1 admits a nontrivial factor- 
ization. For instance, choosing n = 2k? yields 


n? +1 = 4kt +1 = (2k?) +4k? +1- (2k)? = (2k? — 2k +1) (2k? +2k +1). 


Note that 2k? — 2k +1 < n for k > 0. The problem is that 2k? + 2k +1 
is not less than n, so we still have to work a little bit. Namely, we will 
choose k such that 2k? + 2k + 1 is a multiple of 5, for instance choose 
k = 5t + 1, then 


2k? + 2k +1 = 5(10t? + 6t + 1). 


Thus 
n? + 1 = 5(10t? + 6t + 1)(2k? — 2k + 1) 


and the numbers 5, 10t? + 6t + 1, 2k? — 2k + 1 are pairwise distinct and 
less than n for t > 1. Thus their product divides n!. oO 


Remark 8.1. Problem 11358 in AMM generalizes the previous result as 
follows: for any d > 1 there are infinitely many positive integers n such 
that dn? +1 | n!. We leave it to the reader to check that for each k > 2 
the number 

ny = dk?(d+1)? +k(d+1)+1 
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satisfies 
dn? + 1 = (dk*(d + 1)? + 1)(d + 1)(d*k7(d + 1) + 2dk + 1) 
and to deduce that dn? + 1 | ng! for all k > 1. 


(Vietnam 2001) Let (an)n>ı be an increasing sequence of positive inte- 
gers such that a@n41 — an < 2001 for all n. Prove that there are infinitely 
many pairs (i,j) with i < j such that a;ļaj. 


Proof. Replace 2001 by an arbitrary positive integer k and image the 
following infinite matrix with k columns: the first row consists of the 
numbers a; + 1,aı + 2, ...,a1 + k. If the jth row is x+1,27+2,...,.x+k, 
then the j + 1th rowisN+2+1,N+2+2,...,.N+2+k, where 


N = (x+1)(a+ 2)...(a +k) 


is the product of the numbers on the jth row. Clearly if a < b are on the 
same column then a | b. By assumption, among k consecutive positive 
integers greater than a; there is at least one term of the sequence, so 
each row of this matrix contains at least one term of the sequence. On 
the other hand, if we choose any k + 1 consecutive rows of the matrix, 
there will be at least two terms of the sequence in the same column 
(as there are at least k + 1 terms of the sequence in the corresponding 
sub-matrix, and only k columns). These two terms are distinct and one 
of them divides the other one. Since the k + 1 consecutive lines were 
arbitrary, it is clear that this procedure generates infinitely many pairs 
of distinct terms of the sequence in which one divides the other. O 


(Tournament of the Towns) Define a sequence (an)n>0 by ao = 9 and 
An+1 = a? (3an + 4) for n > 0. Prove that a, + 1 is a multiple of 102" 
for all n. 


Proof. We prove this by induction, the case n = 0 being clear. Assume 
now that a, +1 = k-10?” for some integer k. A brutal expansion shows 
that 

a? = (k- 10” — 1)? = 3k-102”—1 (mod 10%"). 
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Therefore 
an+1 = (3k-102" —1)(3k-107" +1) = 9k?-102"*"-1 =—1 (mod 10?”"’), 


as needed. 


We remark that the identity 
23 (32 +4) +1 = (x + 1) (38x? — 2x + 1), 
which can be checked by a direct inspection of both sides, shows that 


(an + 1)? divides an41 + 1, yielding also the result immediately. O 


Find the largest integer k which divides 8"*! — 7n — 8 for all positive 
integers n. 


Proof. Taking n = 1, we obtain k | 49 and so k < 49. We will prove 
that 49 | 8"*! — 7n — 8 for all n, which will show that the answer of the 
problem is 49. Using the binomial formula, we have 


1 
gett — 1 47)"t'=147%(n4+1)+ g +n 


=1+7(n+1)=7n+8 (mod 49), 


as desired. Ol 


Let a,b be distinct integers and let n be a positive integer. Prove that 
(a — b)? | a” — b” if and only if a — b | nb""?. 


Proof. Write a — b = k, then (a — b)? | a” — b” if and only if k? | 
(k +b)” — b”. Using the binomial formula, we obtain 


n 


(k+b)"—b" = k” + c) ket b+ + l E i kb”! = nko"! (mod k°). 


Thus k? | (k + b)” — b” if and only if k? | nkb"—!, or equivalently (since 
k Æ 0) k | nb". O 
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20. (BAMO 2012) Let n be a positive integer such that 81 divides both n 


21. 


and the number obtained by reversing the order of the digits of n. Prove 
that 81 also divides the sum of digits of n. 


Proof. The binomial formula yields 10% = (1+9) = 1+9k (mod 81) for 
all k > 0. Writing n = a9 + 10a; + ... + 10#ag for the decimal expansion 
of n, we obtain 


k k k 
n= So a(l + 9i) = XN ai + 9X ia; (mod 81). 


Let n’ = a, + 10ag—1 + ... + 10#ao be the number obtained by reversing 
the order of the digits of n. Then similarly 


k k 
n' =X a; +90 (k -—i)a;. 


i=0 i=0 


Since n and n’ are multiples of 81, so is n +n’, and using the previous 
congruences we deduce that 


k k 
2X a; +9k > a; = (9k + 2)S 
i=0 i=0 


is a multiple of 81, where S is the sum of digits of n. Thus 81 | (9k+2)S 
and it is an easy exercise left to the reader to deduce that S is a multiple 
of 9 (since 2S is a multiple of 9) and then that 81 | S. oO 


Prove that for all n > 1 the number Cmn)! is an integer multiple of 
(n + 1)?. 


Proof. We have 





(2n)l(3n)! 1 (2n\\* (3n 
(n+1)2n!5 \n+i1\n An 


and n+ 1 | ee by example 2.54, yielding the desired result. E 
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Find all integers a such that n? divides (n + a)” — a for all positive 
integers n. 


Proof. The binomial formula shows that 
(n+a)—-a=a"—a (mod n°’). 


Thus we must find a such that n? divides a” — a for all n > 1. Clearly 
a = 0 and a = 1 are solutions, while a = —1 is not (choose n = 2). 
Assume that k = |a| > 1 and choose n = k, so that k? | af — a. However 
k? | af (since k > 1), thus we must have k? | a and then k? | k. This 
is however impossible for k > 1. Therefore the solutions of the problem 
area =0anda=l. L 


(P. Erdés) Prove that every positive integer is a sum of one or more 
numbers of the form 2” - 3°, where r and s are nonnegative integers and 
no summand divides another. 


Proof. We proceed by induction, with base case 1 = 203°. Suppose all 
integers less than n — 1 can be represented. If n is even, then we can 
take a representation of n/2 and multiply each term by 2 to obtain a 
representation of n. If n is odd, take m so that 3% < n < 3™+1, If 
3 = n, we are done. Otherwise, choose a representation (n — 3™)/2 = 
Sı +... + sk in the desired form. Then n = 3" + 28, +... + 28,, 
and clearly none of the 2s; divide each other or 3™. Moreover, since 
2s; < n—3™ < 3™t! — 3™, we have s; < 3”, so 3™ cannot divide 
2s; either. Thus n has a representation of the desired form in all cases, 
completing the induction. Finally, note that the representations need 
not be unique: for instance, 11 = 2+ 3? = 3+ 2°. O 


(Kvant M 2274)) Let k > 2 be an integer. Find all positive integers n 
such that 2% divides 1” + 2” +- -- + (2% — 1)”. 
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Proof. We will prove that the solutions of the problem are the odd num- 
bers n > 3. Suppose first that n is odd, then 


1m + 97% 4...4(2* —1)" 


a ee ee Oe ee (Ca era ee ie 


and each term in the sum except for the last one is a multiple of 2% 
(recall that a” + b” is divisible by a + b for all integers a,b). Thus the 
sum is a multiple of 2% if and only if (2*—!)” is a multiple of 2°, which 
happens if and only if n > 3. 


Now let n be even. We shall prove by induction on k that 
Sap 142" 44+ 2 = 1)" 

is not divisible by 2%. This is true for k = 2 since 

Sn2=1%+2"43"=2 (mod 4) 

when n is even. Suppose that 2% does not divide n,k- Since 
GSO ay (mod 2") 

for all integers a, it follows that 

Sabri = 2(1" +2" +--+ (2% — 1)") + 2°" = 25, (mod 2+"), 


which proves that Sn k+1 is not divisible by 2°". O 


Let k be an integer greater than 1 and let a1, ..., an be integers such that 
a, + Zaz + 3'a3 + ... + nian = 0 


for all i = 1,2,...,4 —1. Prove that a; + 2#az + ... + nfan is divisible by 
k!. 
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Proof. If bo, 61, ...,6,_1 are integers, then 
bo(aı + 2ag +... + Nan) + bı (a1 + ale NE n?an) +... 


+bp_-1(a4 + ok-las +...+ ntan) = 0. 


We can rearrange this as 
aı(bo + by +... + bg_-1) + a2(2bo + 27]; +... + 2571bp1) +... 


+an(nbp +... + n*-1b,) = 0. 


It follows that for any polynomial P(X) = boX +6, X27 +... + bk-1 X47! 
with integer coefficients, degree not exceeding k — 1, and constant term 
0 we have 

a,P(1) + agP(2) +... + anP(n) = 0. 
The polynomial P(X) = XF — X(X —1)...(X — k + 1) satisfies all 
previous conditions, and the previous relation can be written 


n n e 
k k _ ls = q? 
a, + 2”ag+...+ N an = zeae 1)...4¢@—k+1)= HDa(5). 
The right-hand side being a multiple of k!, we are done. L 


Prove that for any integer k > 3 there are k pairwise distinct positive 
integers such that their sum is divisible by each of the given numbers. 


Proof. It suffices to prove the existence of pairwise distinct positive in- 
tegers a1, 42, ..., ak Such that 


1 1 1 
— + — +.. + — =l, 
ai a2 Ak 
as then setting 
a 1Q2...Aak Q1Qa2...Ak Q1Q92...Ak 
by = od = OO a bp = A 


Ql a2 Qk 
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yields the desired result. Let us now prove by induction the existence of 
Q1,..-,@%. For k = 3 choose a, = 2,a2 = 3 and a3 = 6. Assuming that 
Q1,-..,a% are pairwise distinct positive integers whose sum of inverses 


is 1, and a, = max(aj,...,a,), the numbers aj, ag,..., @p-1, Qk + 1, 
ak(ak + 1) are pairwise distinct positive integers and the sum of their 
inverses is 1. E 


(Kvant) Prove that for any integer n > 1 there exist n pairwise distinct 
positive integers such that for any two a,b among them the number a+b 
is divisible by a — b. 


Proof. We prove this by induction on n. For n = 2 consider the numbers 
1,2. Assume that the result holds for n, thus there are integers 1 < a; < 
a2 < ... < an such that a; +a; is divisible by a; — a; for all i # j. Define 


bo = a1Q2...An, * I] (a; — ai) 
1<i<j<n 


and b; = a; + bo for 1 < i < n. We will prove that bo, bj,...,b, satisfy 
the desired properties. For all 1 <i < n we have b; — bp = a; | bi + bo 
since a; divides bo. Next, for 1 < i < j < n we have 


bj — bi = aj — ai | ai + aj + 2bo = bi + bj, 
since a; — a; divides a; +a; and a;—a,; divides bọ. The result follows. OU 


(Romania TST 1987) Let a,b,c be integers such that a + b + c divides 
a? +b? + cĉ. Prove that a+b + c divides a” +b” + c” for infinitely many 
positive integers n. 


Proof. Since (a + b+ c)? = a? + b? + c + 2(ab + bc + ca), it follows that 
a +b + c divides 2(ab + bc + ca). Next, 


(a? + HEPS = at H H A +2(a7b? + E + ea’) 
and 


2(a*b? + b?c? + ea) = 2(ab + be + ca) (ab + be + ca) — 4abe(a +b + c) 
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is a multiple of a +b + c. Thus a + b + c divides 2(a?b? + b? + c?a?) 
and also a* + bt + c*. We will prove by induction on n that a +b +c 
divides a?” + b?” + c?” and 2((ab)” + (bc)?” + (ca)?”) for n > 1. This 
has already been established for n = 1, so assume that it holds for n and 
let us prove it for n + 1. The proof is exactly as above, based on the 
identities 

apaa ae T a a tia?) 
and +1 +1 +1 

(ab)? + (be)? + (ca)” 
= ((ab)?” + (be)?” + (ca)?”)? — 2(abc)” (a +b” +”). 

We also present an alternate solution suggested by Richard Stong. Let 
S =a+b+c. Note that since (a+b+c)? = a? +b? +c? +2(ab+bc+ca), 


it follows that S | 2(ab + bc + ca). Let P, = a” + b” + c”. Since a,b,c 
are the three roots of 


(X —a)(X —b)(X —c) = X? — SX? + (ab + bc + ca) X — abc, 
we see that 
Pa+3 = SPn+2 — (ab + bc + ca) Pn+1 + abcPy. 
Note that by the hypotheses of the problem S divides P; and Py). We 
want to show S divides P, for infinitely many n. 


Now we consider two cases. If S is odd, then S | ab + bc + ca. Hence 
it follows from the recursion above that if S divides P,, then S' also 
divides P,43. Hence by a trivial induction S divides P34; and P3k+2 
for all k > 0. If S is even, then P, is even for all n, hence S' always 
divides (ab+ bc + ca)Pn+1. We again conclude that if S divides Pp, then 
S divides P,i3 and hence S divides P3,,; and P3,42 for al k> 0. UO 


(Russia 1995) Let a; be an integer greater than 1. Prove that there is 
an increasing sequence of positive integers a1 < a2 < ... such that 
ai tag+...ta,|a?+...4+ a2 


for all k > 1. 
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Proof. We will construct such a sequence inductively. Assume that 
1, ---,@kķ—1 have already been constructed and let us try to construct 
ak. To simplify notations, let 


t = Q1 +... + 4ak-1, Y= af aT ük 


We want to ensure that ap +< | a2 +y. Since ap + z | aù — x°, it suffices 
to ensure that 


ak +7 | (af +y) -— (aż — r?°) =z? +y 
and the easiest way to realize this is to take 
ak =° +y—x2=a2(2—-1)4+y. 


Since aķ—ı > 1 and z > ak1, y > a_j; it is clear that az, > akķ-1. By 
construction, we have aj + ag +... + ax | a? +... + az and the result 
follows. O 


Let n be a positive integer. Prove that 


a) All multiples of 10” — 1 which do not exceed 10”(10” — 1) have sum 
of digits 9n. 


b) The sum of digits of any multiple of 10” — 1 is at least 9n. 


Proof. a) Consider a multiple N = (10” — 1)k of 10” — 1 that does not 
exceed 10”(10” — 1), thus k < 10”. Deleting the last zeros of k does not 
change the sum of digits of N, so we may assume that k is not a multiple 
of 10. In particular, k < 10” and so we can find digits ao, ...,a@,—1 such 
that k = ao +... + an-110”7} and ao Æ 0 (we do not impose an-ı Æ 0). 
Now the subtraction algorithm or a direct algebraic manipulation show 
that 


N = (10" — 1)k = an—1...2000...0 — an 1-00 
= An—1---41(a9 — 1)(9 — an-1)...(9 — a1) (10 — ag). 


The sum of digits of the last number is clearly 9n. 
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b) Let s(x) be the sum of digits of x. We will prove by strong induction 
on k that s((10" — 1)k) > 9n for all k > 1. For k < 10” this has already 
been seen in a). Assume that k > 1 and s((10"—1)7) > 9nforl<j<k 
and write (10” — 1)k in base 10” as 


(10° — 1)k = bo + bı - 10% +... + bg - (107)? 


for some b; € {0,1,...,10% — 1} with bg 4 0. Since 10” — 1 divides 
10°” — 1 for all s > 1, the previous equality shows that 10” — 1 divides 
bo +b) +...+bg. Note that bo+...+bg < bo +10"b,+...+10"@b, unless d = 0, 
but then k = 1, contradiction. So we can write bo +b)+...+bg = 7(10"—1) 
for some 1 < j < k. Now, since b; < 10”, we obtain 


s(k(10" — 1)) = s(bo) + s(b1) +... + s(ba) > s(bo + ... + ba) 


and by the inductive hypothesis the last quantity is greater than or equal 
to 9n. The result follows. E 


Remark 8.2. We have freely used the inequality 
s(a +b) < s(a) + s(b) 
in the previous solution. We invite the reader to supply a proof. 


(USAMO 1998) Prove that for each n > 2 there is a set S of n integers 
such that (a — b)? divides ab for every distinct a,b € S. 


Proof. We will construct such a set, consisting of nonzero integers, by 
induction. Take for n = 2 the set {1,2}. Assume that such a set S = 
{a,.--;@n} has been constructed. The new set T will be taken of the 
form 

T = {a, +k,...,an + k} U {k} 


for a suitable integer k. 

We need (a; — aj)? | (ai + k)(a; + k) and a? | k(a; +k) for all i £ j 
between 1 and n. The divisibility a? | k(a; + k) certainly holds if we 
impose a? | k for all i (even a; | k would suffice). On the other hand, 
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since (a; — aj)? | ajaj, the divisibility (a; — aj)? | (a; + k)(aj +k) holds if 
we impose (a;— aj)? | k for alli 4 j. Thus it suffices to take any nonzero 
integer k which is a multiple of []#_1 a? - Th<jejen(ai — aj}. O 


(Romania JBMO TST 2004) Let A be a set of positive integers such that 
a) if a € A, then all positive divisors of a are also in A; 
b) if a,b € A satisfy 1 < a < b, then 1 + ab € A. 


Prove that if A has at least 3 elements, then A is the set of all positive 
integers. 


Proof. We start by proving that A contains 1,2,3,4,5. It is clear that 
1 € A. If 2 ¢ A, then by a) all elements of A are odd. Since A has at 
least three elements, we can choose a,b € A with 1 < a < b. By b), 
1 + ab € A, but 1 + ab is clearly even, a contradiction. Hence 2 € A. 


Next, we prove that A contains a multiple of 4, and hence 4 € A. Choose 
any a > 2 in A (possible, since |A| > 3). Then applying successively 
property b) we obtain 1 + 2a € A, then 1+ 2(1+ 2a) = 3 + 4a € A and 
finally b= 1 + (1 + 2a)(3 + 4a) € A. Note that b > 2 is even. Applying 
the same argument, c = 1+ (1+ 2b)(3+ 4b) € A, but this last number is 
a multiple of 4, hence we are done. It also follows that 1+2-4=9€ A, 
hence 3 € A, then 14+2-3=7¢6€A,1+2-7=15¢€ Aand 5€ A. Also, 
1+5-7= 36 € A, hence 6 € A. 


It is now time to conclude: we will prove by strong induction on n that 
n E€ A. By the previous work, we may assume that n > 7 and that 
1,2,... n— 1 € A. If nis odd, say n = 2k+1 for some k > 2, then n € A 
by property b), since 2, k € A. So assume that n = 2k is even, with k > 
3. Again, since k, k — 1 € A are greater than 2, we have 1 + 2k € A and 
1+2(k—1) =2k—1€ A. But then 1+(2k—1)(2k+1) = 4k? € A, hence 
n = 2k € A. The inductive step is proved and the result follows. O 


(USAMO 2002) Let a,b be integers greater than 2. Prove that there 
exists a positive integer k and a finite sequence n1, n2, ..., Ng of positive 
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integers such that nı = a, nz = b, and njn;+1 is divisible by n; + nj+1 
for each i (1< i< k). 


Proof. If a,b are positive integers, say that they are linked if there is a 
positive integer k and a finite sequence n1, n2, ...,Nkg of positive integers 
such that nı = a, nk = b, and njn;+1 is divisible by n; + ni+ı for each i 
(1< i< k). It is clear that if a is linked to b and b is linked to c, then 
a is linked to c. Next, if a > 1 is odd, then a is linked to a + 1, since 
we can use the sequence a,a? — a,a? +a,a + 1. Also, if a > 2 is even, 
write a = 2k and use the sequence a, 2k? — 2k, 2k? + 2k, 2k +2 =a +2 
to link a and a + 2. We deduce that all even numbers are linked, and 
since any odd a is linked to the even number a + 1, it follows that all 
numbers greater than 2 are linked. O 


Remark 8.3. We suggest the reader to try to solve the following very 
similar problem (proposed in an Iranian Mathematical Olympiad in 
2006): let m,n be integers greater than 2. Prove that there is a se- 
quence ao, ...,@k of integers greater than 1 such that ag = m, ak = n and 
Qi + Aj41 | ajaji41 +1 for allO<1<k. 


Is it true that for any integer k > 1 we can find an integer n > 1 such 
that k divides each of the numbers (7), (3) (ne)? 

Proof. The answer is negative. We will show that for k = 4 there is no 
such n. Assume by contradiction that 4 divides each of the numbers (7), 
(5) (423): Then 4 also divides their sum, which is 2” — 2. This can 


n—1 
only happen if n = 1 (as if n > 1 the number 2” is a multiple of 4), 
however in this case (7) = 1 is not a multiple of 4. O 


(Catalan) Prove that m!n!(m + n)! divides (2m)!(2n)! for all positive 
integers m,n. 


Proof. Let 
(2m)!(2n)! 
mini(m +n)! 


f(m,n) = 
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We will prove by induction on m the following statement: for all n > 1 
we have f(m,n) € Z. The case m = 1 follows directly from exercise 
2.54. Assume now that the result holds for m and let us prove it for 
m + 1. Fix n > 1. Then direct computations yield 


(2m)!(2n — 2)! 


fmn- D= amn] 


E n(m+n) m+n 
n 2n(2n — 1) =o 2(2n — 1) 


and 
(2m + 2)!(2n — 2)! 


(m+1)!(n—-—1)\(m+n)! 
(2m +1)\(Qn+2)n 2m+1 
=I one ima) ana 
We deduce that 


f(m+1,n—1)= 





f(m+1,n—1) = 4f(m,n—1) — f(m,n). 


The right-hand side is an integer by the inductive hypothesis. Thus 
f(m + 1,n — 1) is an integer for all n > 1, which proves the inductive 
step and finishes the solution. E 


Remark 8.4. The previous solution is not natural and not easy to come 
up with, but with the tools we have developed so far it is not easy 
to find a natural solution for the previous problem. Once the theory 
of prime numbers and p-adic valuations is established (and this will 
occupy us quite some time in the book!), this problem will become a 
straightforward exercise. 


Let z1 < £2 < ... < Tn—-1ı be consecutive positive integers such that 
Tp | k(%) for all 1 < k <n- 1. Prove that x; equals 1 or 2. 


Proof. Let x = xı — 1 and assume that x > 1, i.e. that the conclusion 
fails. Note that z; = x + i for 1 < i < n — 1. The key ingredient is the 
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following identity 


n! 1 klk) 
(x+1)... (x+n) =)! m 





Let us take this for granted for a moment and see how to conclude. By 
assumption all terms but the last one in the above sum are integers. We 


deduce that i 
n! n 
= ——————— + (— 1)” —_ 
(x+1)...(£+n) a r+n 
is an integer. However, since x > 2 we have 
Fen E 
2... (n+1) n+1 


thus a = 0. This already shows that n is odd, and also that 
(x+1)...(x+n-—1)=(n-1)!. 


This is clearly impossible, since the left-hand side is greater than (n—1)!. 
Thus the problem is solved, once the identity is proved. 


Let us prove now the identity. Multiplying by (x + 1)... (x+n), we are 
reduced to proving the identity 


(e+2)...(e4m)(7] (e+ Ve +3)...(e-4m2(9) oe 
+(-artn(?) (c+1)...(c+n-—1) =nl. 


The difference f(x) between the left-hand side and the right-hand side 
is a polynomial of degree at most n — 1 in x, and one immediately checks 


that f(—1) = f(—2) =... = f(—n) = 0 (note that the complicated 
sum in the left-hand side has only one nonzero term when z is one of 
the numbers —1,—2,...,—n). Therefore the polynomial f is the zero 


polynomial, which finishes the proof of the identity. O 
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37. Prove that for any n > 1 there are 2n — 2 positive integers such that the 


38. 


39. 


average of any n of them is not an integer. 


Proof. Choose arbitrary positive integers a1, ...,@,—1 which are divisible 
by n and arbitrary positive integers 6),...,b,-1 congruent to 1 modulo 
n. It is clear that the numbers a1, ..., @n—1, b1, ..., bn_1 have the property 
that the average of any n of them is not an integer, since the sum of 
the n numbers gives a remainder between 1 and n — 1 when divided by 
n. E 


Let n be a positive integer. Find the remainder of 3?” when divided by 
ea 


Proof. We have 
3?” —1 = (3—1)(341)(3?+1)...(37” +1) = 8(37+1)(34+1)...(3?” +1). 


Each of the numbers 3? + 1,34 +1,..., 32""" +1 is even and not divisible 
by 4, thus their product is of the form 2”71(2k + 1) for some k > 0. 
Then 

3°" — 1 = 2°47 (2k + 1) = 219k + 20+? 


and so the required remainder is 2”+? + 1. O 


(Saint Petersburg 1996) Let P be a polynomial with integer coefficients, 
of degree greater than 1. Prove that there is an infinite arithmetic pro- 
gression none of whose terms belongs to {P(n)| n € Z}. 


Proof. Since deg P > 1, the polynomial P(X +1)— P(X) is not constant, 
thus we can find x > 1 such that the number d = |P(z + 1) — P(z)| 
satisfies d > 1. Since P(x) and P(x + 1) give the same remainder when 
divided by d, there is r between 0 and d—1 such that none of the numbers 
P(x), P(x + 1),..., P(x +d-— 1) gives remainder r when divided by d. If 
m is any integer, we can find y € {x,£+1,...,£+d— 1} such that m = y 
(mod d). Then P(m) = P(y) (mod d) and so the remainder of P(m) 
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when divided by d is not r. It follows that {P(n)| n € Z} has empty 
intersection with the infinite arithmetic progression r + dZ consisting of 
numbers congruent to r modulo d. E 


(Baltic Way 2011) Determine all positive integers d such that whenever 
d divides a positive integer n, d also divides any integer obtained by 
rearranging the digits of n. 


Proof. Let d be a solution of the problem. Choose a large integer N 
such that 10% >n. Among the consecutive integers 


10010" 10 BOO ed OP Te 0 0 1 


there is a multiple of n. Such a number is of the form 12a ...a, for 
some digits a1, ..., an. By assumption d divides any number obtained by 
permuting the digits of 12a,...a,, in particular it divides a1...a,21 and 


Q1...dn 12. Therefore d also divides the difference of these two numbers, 


which is 9. It follows that d = 1,3 or 9. Conversely, any divisor d of 9 
is a solution of the problem. Indeed, assume that d | n and that n’ is 
obtained from n by permuting its digits. Then n’ and n have the same 
sum of digits, say k. Since n = k (mod 9) and n’ = k (mod 9), we 
have n = n’ (mod 9) and son =n’ (mod d), yielding d | n’. Thus the 
solutions of the problem are 1, 3, 9. E 


(Russia) A convex polygon on the coordinate plane contains at least 
m? +1 points with integer coordinates in its interior. Show that some 
m + 1 of these points lie on a line. 


Proof. For each point P with integer coefficients inside the polygon, 
consider the pair of remainders obtained by dividing the coordinates of 
P by m. We have at least m? + 1 pairs associated to the points with 
integer coordinates inside the polygon. On the other hand, since there 
are m remainders mod m, there are m? pairs of remainders mod m. Thus 
we can find two points P with coordinates a,b and Q with coordinates 
c, d such that a = c (mod m) and b = d (mod m). Then the points Ak 
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with coordinates c + =(a — c) and d+ (b — d), for 0 < k < m, are 
on the segment with endpoints P,Q, have integer coordinates and are 
inside the polygon (since the polygon is convex). O 


(IMO 2001) Let n > 1 be an odd integer and let c1,co,..., Cn be integers. 
For each permutation a = aj,a2,...,@, of 1,2,...,n, define 


S(a) = c1a1 + C202 +... + Cnan. 


Prove that there are permutations a # b of 1,2,...,n such that n! | 
S(a) — S(b). 
Proof. Suppose that for all permutations a and b of 1,2,...,n the num- 


ber n! does not divide S(a)— S(b). Since there are n! remainders modulo 
n! as well as n! permutations of 1, 2,...,n, it follows that the remainders 
of the numbers S(a) (over all permutations a) when divided by n! are 
0,1,...,n! — 1 in some order, thus 


(n! — 1) 


S s@H1 42h. Gl- 1) S— 5 (mod n!). 


On the other hand, 


Zo) =) O0 = 3 2 


a j=1 


For each k € {1,2,...,n} there are precisely (n — 1)! permutations a for 
which a; = k, thus 


S aj = X (n-1)!k = paji =n H =0 (modn!), 
a k=1 


the last congruence uses the hypothesis that n is odd. Combining these 
congruences, we deduce that n! divides nin) which is clearly absurd, 
since n! — 1 is odd. Hence our assumption was wrong and the result 


follows. O 
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Let n,k > 1 be integers. Consider a set A of k integers. For each 
nonempty subset B of A, compute the remainder of the sum of elements 
of B when divided by n. Assume that 0 does not appear among these 
remainders. Prove that there are at least k distinct remainders obtained 
in this way. Moreover, if there are only k such remainders, then all 
elements of A give the same remainder when divided by n. 


Proof. Let aj, ...,a, be the elements of A. We claim that a1, a1 + a,..., 
aj+...+a,z give pairwise distinct remainders when divided by n, which is 
enough to conclude for the first part of the problem. Indeed, if a,+...+a,; 
and a1 +... + aj give the same remainder for some 1 <i < j < k, then 
Ai41 +... +a; is a multiple of n, contradicting the hypothesis. 


Assume now that there are exactly k remainders, which must be the 
remainders of a1,a1 + a2,...,@1 +... + az. Assume that a; and ag give 
different remainders when divided by n. Thus there is į > 2 such that 


az =a, +a2 +... +a; (mod n), 


meaning that a; + a3 + ... + a; is a multiple of n, a contradiction. Thus 
a, = a2 (mod n). But since the order of a1, ..., ap is not relevant in the 
previous argument, we deduce that any two a;’s are congruent mod n, 
and the problem is solved. E 


(IMO 2005) A sequence aj, a2, ... of integers has the following properties: 
a) 41,42, ..., Qn is a complete residue system modulo n for all n > 1. 


b) there are infinitely many positive and infinitely many negative terms 
in the sequence. 


Prove that each integer appears exactly once in this sequence. 


Proof. It is clear that each integer appears at most once, for if am = an 
for some m < n, then aj,...,a, cannot be a complete residue system 
modulo n. Hence it remains to prove that each integer k actually appears 
in the sequence. By considering the sequence a; — k,a2 — k,... (which 
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satisfies the same properties as the original sequence), we reduce to the 
case k = 0. 


Assume now that an is nonzero for all n. Replacing an by —an for 
all n, properties a) and b) are still satisfied, so we may assume that 
aı > 0. Let n be the smallest positive integer for which an < 0 and 
let į € {1,...,n — 1} be such that a; = max(aı, ...,an—1). Note that 
ai > n—1, since aj, ..., @n—1 are pairwise distinct positive integers. Hence 
N = ai — an > n. Since a; = an (mod N), it follows that aj,...,ay 
cannot be a complete residue system modulo N, a contradiction. Hence 
an = 0 for some n and, as explained in the first paragraph, we are done. 


Here is an alternate solution, due to Richard Stong. We will prove by 
induction on n that any sequence aj, a2,... satisfying condition (a) has 
the property that for all n the numbers aj,...,a, are consecutive inte- 
gers in some order. Then from condition (b) the requested conclusion is 
almost immediate: by (b), the sequence contains arbitrarily large magni- 
tude positive and negative integers, and since it has blocks of consecutive 
integers it must contain every integer in between. 


For the inductive proof, the base case n = 1 is trivial. For the inductive 
step, suppose a1,...,@,, are consecutive. That is, they are the numbers 
ai,a; + 1,...a; +n — 1 = a; for some 1 < i,j < n. Clearly, an41 
cannot be a repeat of one of these n numbers, otherwise a1,...@n41 
would not be a complete residue system mod n + 1. If anı > ai +n, 
then let N = an+1ı — a; > n+ 1. Since an+ı = a; (mod N), we see that 
Q1,...,@n is not a complete residue system modulo N, a contradiction. 
Similarly, if an+ı < a; — 1, then we let N = a; — an+1ı > n+ 1 and 
an+1 = aj (mod N) gives a contradiction. Thus an+ı must be either 
ai—lorai+n =aj+1. In either case we see that a1,...,an+1 are n+1 
consecutive integers. L 


For a positive integer n, consider the set 
S = {0,1,1 +2,1 +2 +3,...,1+2+3+...+(n-1)} 


Prove S is a complete residue system modulo n if and only if n is a power 
of 2. 
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Proof. First, assume that n is a power of 2, say n = 2°. We need to 
prove that if 0 < i < j < n — 1 satisfy +1) = = / war?) (mod n), then 
i = j. Note that 


E UF er Peg Ea 


2 2 2 2 





So, assume that 2*+! divides (i—j)(i+j+1). One of the numbers i — j 
and i+7+1 is odd, hence 2*+! divides either j—i or i+j+1. Since both 
these numbers have absolute value less than 2*+!, this is only possible 
when one of them is 0, that is 7 = 7. 


Next, assume that n is not a power of 2 and write n = 2'm with k > 0 
and m > 1 odd. Choose an integer j € {0,1,...,.m — 1} such that 
m | 2j +1+2**! (this is possible since m is odd) and set i = j + 2*+1. 
Then i € {0,1,...,n—1}, n does not divide i— j = 2**! and yet n divides 


i+ _ GG+1) _ G-NGFI4D) 
2 2 2 


since 2° divides ‘54 3 l and m divides i + j + 1 by construction. Thus S is 
not a complete residue system modulo n, a contradiction. = 


(Argentina 2008) 101 positive integers are written on a line. Prove that 
we can write signs +, signs x and parentheses between them, without 
changing the order of the numbers, in such a way that the resulting 
expression makes sense and the result is divisible by 16!. 


Proof. By example 2.89 for any integers a1, ...,@m we can find i < 7 such 
that m divides aj, + ... + aj. In particular 


m | (ai +... +a) X (aii +... +aj) x (@j41+...Gm). 


We deduce that if a,b are positive integers and m = ab, n = a + b, then 
for any sequence of n integers we can insert parentheses and signs +, x 
around the first a terms to make the result divisible by a, and around the 
last b terms to make the result divisible by b, and finally enclose these 
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two within parentheses and add a multiplication operation to make the 
result divisible by m. The result follows by observing that 


m = 16! = 215 x 3 x 53 x 72 x 11 x 13 


and 
30 +18 +15+14+11 +13 = 101. O 


(adapted from Kvant M33) Consider the remainders of 2” when divided 
by 1,2,...,n. Prove that their sum exceeds cnlogn for some constant 
c > 0 (independent of n > 1). 


Proof. If k > 1 is odd, then the remainder of 2” when divided by 2*k 
is divisible by 2* and nonzero, hence it must be at least 2t. Let x; be 
the number of positive integers of the form 2*(2k + 1) with k > 1 and 
2'(2k +1) <n. Then clearly 


o |n-2 Z = 3-2! 
ti = | oT | — a 


for all i. If N is chosen such that 3-2% < n < 3.2N+t1 the previous 
observations show that 





. N n=3.2 
> (mod k)) > £o + 221 +... + Wen > ) DE 
k=i 0 


n 3 


Using the inequalities 3-20 < n < 3-2N+1_ it is easy to see that the last 
expression exceeds 5 (logo(n) — 4), which yields the desired result. O 


8.2 GCD and LCM 


1. 


Prove that for all positive integers a,b,c we have 


gcd(a, bc) | gcd(a, b) - gcd(a, c). 
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Proof. Let d = gcd(a, b) and write a = du and b = dv with gcd(u, v) = 
1. We need to prove that dgcd(u,vc) | dgcd(a,c), or equivalently 
gcd(u, uc) | gcd(a,c). But ged(u, vc) divides u, so it is relatively prime to 
v (since gcd(u, v) = 1). Since gcd(u, vc) also divides vc, Gauss’ lemma 
yields gcd(u, vc) | c. Since it is clear that gcd(u, vc) | u | a, the result 
follows. 


2. (Romania TST 1990) Let a,b be relatively prime positive integers. Let 
x,y be nonnegative integers and let n be a positive integer for which 


ax + by = a” +b”. 


Hic bal es hal 


Proof. Reducing the first equation modulo a and b and using the fact 
that gcd(a,b) = 1 we obtain y = b"! (mod a) and z = a”! (mod b). 
Thus we can find integers c,d such that y = b"-!+ ca and x = a™ !+db. 
Replacing these relations in the equation az + by = a” + b”, we obtain 
c+d=0. But then 


Ce ta bs i ae 


and the result follows from the 1-periodicity of the floor function. E 


Prove that 














3. (Kvant M 1996) Find all n > 1 for which there exist pairwise different 


positive integers a1,Q@2,...,@, such that 
ai a2 An—1 An, 
goes + Z5 + ice + IEn + ene 
a2 Q3 An a1 


is an integer. 
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Proof. For every n > 3 consider the positive integers ay = 1, ag = 
n—1,..., an =(n—1)""!. Then 


an 1 i n—-1 X mo a 
a, n—1 (n—1)? (n—1)"-1 1 


Gn—-1 
An 





a, a 
ae ea 
a2 a3 

is an integer, equal to 1+ (n—1)""!. Suppose now that a, # az and 
= + = is an integer. Dividing a; and a2 by their gcd, we may assume 
that they are relatively prime. 

Then aiaz | a? + a% and gced(ay, a? + a2) = ged(a;, aż) = 1, thus neces- 
sarily a; = 1 and similarly a2 = 1, a contradiction. O 


. Let m,n be positive integers greater than 1. 


We define the sets Pm = {2,2,..., m and P, = {2,2,..., 054}. 
Find 

min{|a — b| : a € Pm,b€ Pa} 
Proof. We need to find the smallest value that f(i,j) := a — i can 
take when 1 <i < m and 1 < j < n. If ged(m,n) = d > 1, then we 
can take i = Ẹ and j = 3 and get f(i,j) = 0, thus the answer of the 
problem is 0 if gcd(m,n) > 1. 





Assume now that gcd(m,n) = 1. We cannot have f(i,j) = 0, since if 
in = jm then m | in and m |i (since gcd(m, n) = 1), contradicting the 
inequalities 1 <2<m. Thus 


..  |in-—jm| 1 

fü, j) = S a 

We will prove that we can find 7,7 such that |in — jm| = 1, which will 
imply that the answer of the problem is L when gcd(m,n) = 1. Since 
n, 2n, ..., (m —1)n give pairwise distinct and nonzero remainders when 
divided by m, one of them say in gives remainder 1 and soin=1+ jm 
for some integer j. Since 1 < i < m, we have 1 < j < n and the problem 
is solved. o 
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5. (Saint Petersburg 2004) Positive integers m,n,k are such that 5” — 2 
and 2* — 5 are multiples of 5” — 2”. Prove that gcd(m,n) = 1. 


Proof. Let d = gcd(m,n). Then 5% — 22|5™ — 2™ and 5% — 24|5*" — 24n. 
But 


pme gk a (5a (In Soh 58a 523. miedo 2"). 
It follows that 5% — 2¢| 3 and so d = 1. C 


6. (Russia 2000) Sasha tries to find a positive integer X < 100. He can 
choose any two positive integers M, N less than 100 and ask for ged( X + 
M,N). Prove that he can find X after 7 questions. 


Proof. Let f(n) be the remainder of X modulo 2”. Since X < 100, we 
have X = f(7). Note that f(n +1) = f(n) or f(n +1) = f(n) + 2”, 
the last equality happening if and only if ged(x + 2” — f (n), 22+!) = 2”. 
Thus Sasha can find f(6) after 6 questions, since he knows f(0) = 1 
and the previous discussion shows that if he knows f(n), then he also 
knows f(n + 1), as long as n+ 1 < 6 (to ensure that 2”*! < 100). Thus 
after 6 questions Sasha knows that X is either f(6) or f(6) + 64. His 
final question will be to compute gcd(X + M,3), where M € {1, 2, 3} is 
chosen such that 3 | f(6) + M. If he gets the answer 3, then X = f(6), 
otherwise X = f(6) +64. Hence after this new question Sasha knows 
X. oO 


7. (Poland 2002) Let k be a fixed positive integer. The sequence {an }n>1 
is defined by 
ai = k+1,an41 = a2 — kan + k. 


Show that if m Æ n, then the numbers am and an are relatively prime. 


Proof. Write the recurrence relation as 


an+1 — k = an (an — k). 
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An immediate induction using this relation shows that a, > k for all 
k and also that an = 1 (mod k) for all n. Next, multiply the previous 
relations to get 


n—1 n—1 n—1 
[] Gin -*) = [[ u [[@->), 
which, after division by []?_ (a; — k), can be written as 
an =" k = A142...An—1. 


Now, if d divides an and am for some m < n, then it divides a a9...a€n_-1 = 
Gn — k and ay, thus it also divides k and an. Since an = 1 (mod k), it 
follows that d divides both an and an — 1 and so d = 1. oO 


. (Romania TST 2005) Let m,n be relatively prime positive integers with 


m even and n odd. Prove that 
n—1 
See] {=I EE 
hod n 2 2n 
We denoted by {x} the fractional part of x, ie. {x} = x — |z]. 


Proof. Write the Euclidean division of mk by n as mk = qzn+rz for 1 < 
k<n-—1. Since ged(m,n) = 1, the remainders 7}, ...,rn_1 are pairwise 
distinct and nonzero, thus they must be a permutation of 1,2,...,n — 1. 


On the other hand we have 


2] {a} mk Tk 
Pal eae re a e 


n n n 


Thus the equality is equivalent to 


n—1 EN | 
Epen = 2S 
k=1 
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Now, since m is even and n is odd, we have 
0= mk =qkn+rk=qk+rk (mod 2), 


thus (—1)% = (—1)"™* and we are reduced to proving that 


n—1 


eee ov we 
S>(-1) Tk = J ` 


k=1 





Taking into account the first paragraph, this is equivalent to 


n—1 


n—1 


k=1 





which follows immediately by induction on n (going from n to n + 2, 
since n is assumed to be odd). O 


. An infinite sequence aj, a2,... of positive integers has the property that 


ged(am, an) = ged(m,n) for all m An > 1. Prove that a, = n for all 
n> 1. 


Proof. Taking m = 2n yields gcd(agn,an) = n, thus n | an. Suppose 
that an Æ n for some n. Then gcd(aa„, an) = gcd(an,n) = n, the last 
equality being a consequence of the fact that n | an. On the other hand, 
đa„ is a multiple of an, thus gcd(ag,,, dn) = Gn and so we obtain an = n, 
a contradiction. Thus a, = n for all n. O 


(Iran 2011) Prove that there are infinitely many positive integers n such 
that n? + 1 has no proper divisor of the form k? + 1. 


Proof. We say that n is good if n? + 1 has no proper divisor of the form 
k? +1. We will prove that F, = 2?" + 1 has a good divisor for all n. 
Since gcd(F;,, Fm) = 1 for all n Æ m, the result follows. 


Now, assume that there is n such that all positive divisors of Fn are bad. 
In particular F, is bad, hence it has a proper divisor of the form k? + 1. 
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This new divisor is also bad, so it has a proper divisor of the form l? +1. 
Continuing like this, we create an infinite decreasing sequence of divisors 
of Fn, which is clearly absurd. The result follows. O 


a) (Romanian Masters in Mathematics 2009) Let aj,...,a, be nonneg- 
ative integers and let d = gcd(a,...,a,) and n = a, +... + ax. Prove 


that 
d n! 


n aı!...ak! 


E Z. 


b) Prove that (n)!*k!|(nk)! for all positive integers n, k. 


Proof. a) Writing d = a,x; + ... + ak£k for some integer z1, ..., £k, we 
have 





d n! Ai n! 
a a 
Nn Qj1:...Ak: j=1 rm Ql: Ak: 
thus it suffices to prove that % - ATS is an integer. This is clear if 
a; = 0, and if a; > 0 we have 
Qi n! (n— 1)! 


° n Ie € Z, 
n ail...ak! ay!...aj-1!(a; — 1)'ai+1!..-ak! 





since b,!...b,! | (b1 +...+0,)! for all nonnegative integers bj, ..., bx (this fol- 
lows by an immediate induction from the case k = 2, which is equivalent 
to Cy) E€ Z). 
b) We have 
(nk)! (n(k — £))! 
k!(n!)¥ x (k —1)n!(n(k — £—1))! 


(n(k — £))! 
(k —l)ni(n(k — £—1))! 
One can also give a combinatorial proof, observing that nee equals 





{= 


and by a) each of the numbers is an integer. 


the number of ways one can divide nk people in k (unordered) groups 
of n people. O 
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(Brazil 2011) Are there 2011 positive integers aj < ag < ... < a2011 such 
that gcd(a;,a;) = a; — a; for any i, j such that 1 < i < j < 2011? 


Proof. For all i < j we must have gcd(a;,a;) < a; — aj, since a; — a; is 
a positive multiple of gcd(a;,a;). The condition gcd(a;,a;) = a; — a; is 
equivalent to a; — a; | a; (as this automatically implies a; — a; | a; and 
so a; — a; | gcd(a;,a;)). We will now prove by induction that for any 
n > 2 we can find positive integers a < ... < an such that a; — a; | a; for 
alli < j. For n = 2 choose aj = 1 and ag = 2. Assuming that we have 
already constructed aj,...,@n, define b1 = aj...a@n and b; = a1...An + aji_1 
for 2<%<n+1. Then clearly bj < ... < bn+1 and it is not difficult to 
check that they satisfy b; — b; | b; for i < j. Indeed, if i > 1 this comes 
down to aj—1 — aj-1 | aj-1 + @1...€n, which is clear since a;_1 — aj-1 
divides both a;_1 and a1...an. If i = 1, this reduces to a;_1 | a1...@n, and 
it is also clear. a 


(Tournament of the Towns 2001) Are there positive integers a1 < ag < 
... < a100 such that 


gcd(a1,a2) > gcd(a2,a3) > ... > gcd(ag9, a100) > gcd(a100, a1)? 
Proof. First, we will build a sequence 6; for 1 < k < 100 such that 
gcd(b}, b2) > gcd (bo, b3) Pg ae oe gcd(bgg, b100) > gcd (b100, bı), 


not worrying about the relative sizes of the bg. This is easy. For example, 
we can take by = (203 — 2k) (205 — 2k). Then we compute 
gcd(bk, bk+1) = ged((203 — 2k) (205 — 2k), (201 — 2k)(203 — 2k)) 
= (203 — 2k) gcd(205 — 2k, 201 — 2k) 
= (203 — 2k) gcd(205 — 2k, 4) 
= 203 — 2k, 


since 205 — 2k is odd and hence relatively prime to 4. Also 


gcd(bio0, b1) = ged(15, 201 - 203) = 3 gcd(5, 67 - 203) = 3, 
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since 67 - 203 = 13601 = 2720 . 5 + 1 is relatively prime to 5. 


Next we fix the relative sizes without changing any of the greatest 
common divisors. To do this we inductively define aı = bı, then 
ak = bk(1 + ak—-1bk+1) for 2 < k < 99, and finally a100 = b100(1 + ag9b1). 
Note that this clearly gives aj < ag < ... < a100. To see that it doesn’t 
change any of the greatest common divisors, we compute 


gcd(ak, ak+1) = gcd(ag, bk+1(1 + akbk+2)) = ged(ak, bk+1) 
= gcd(bk(1 + ak-1bk+1), bk+1) = gcd(bk, bk+1), 


for 2 < k < 99. The computation for the remaining cases is similar. O 


(Russian Olympiad 2012) Let n be an integer greater than 1. When a 
runs overs all integers greater than 1, what is the maximum number of 
pairwise relatively prime numbers among 1 +a, 1 + aĉ,...,1 +a?” -1? 


Proof. We first prove that no more than n of these numbers can be 
pairwise relatively prime. To do this note that if k is odd then 1 + a” 
divides 1 + a*™. Note also that each of the numbers 1,2,3,...,2” — 1 
has the form 2°k, where 0 < t < n — 1 and k is odd. Hence each of 
the given numbers is divisible by one of the numbers 1 +a,1 +a?,1 + 
E e = a2”™*. Therefore among any n + 1 of the given numbers 
there are two which are not relatively prime. Since Fermat numbers are 
pairwise relatively prime, for a = 2 we obtain n pairwise relatively prime 
numbers, namely 1 + 2,1 + 22,1 + 24,...,1+ 22”! Hence the desired 
number is n. E 


(Brazilian Olympic Revenge 2014) a) Prove that for all positive integers 
n we have 
gcd (n, [nv2]) < V8n?2. 


b) Prove that there are infinitely many positive integers n such that 


gcd (n, Jnv/2| ) > V7.99n2. 
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Proof. a) Let d = gcd (n, [nv/2|) and write n = kd and Inv2| = md 
for some positive integers k,m. Then 


md < kdV2 < md + 1. 


The first inequality gives m < kv2 and so m? < 2k?. This cannot be 
an equality since v2 is irrational, hence m? < 2k? — 1. Now the second 
inequality can be written as 


d(k/2—m) <1 or equivalently d(2k? — m?) <m+kv2. 


Since 2k? — m? > 1 and m < kvV/2, we obtain d < 2\/2k, which is 
equivalent to d < V8n?. 


b) Part a) suggests how to take n: with the previous notations, we 
need to ensure that 2k? — m? = 1. This equation has infinitely many 
solutions in positive integers: the number (1 + /2)?%++ can be written 
as my + kyv2, and we have m2, — 2k?, = —1. If (m,k) is such a 
solution, we look for n = kd such that Inv2| = md, which by the 


inequalities in part a) is equivalent to d < k\/2+m. On the other hand, 
the inequality gcd (n, [nv/2/ ) > V7.99n2 is equivalent to d > /7.99k. 


But if k is large enough, then we can find an integer d between /7.99k 
and k/2+m = kV2+ V2k2 — 1, and setting n = kd gives a solution of 
the problem for any such k. O 


(AMM) The greatest common divisor of a set D of positive integers is 1. 
Prove the existence of a bijection f : Z —> Z such that |f (n)— f(n—1)] € 
D for all integers n. 


Proof. First of all, we claim that we may assume that D is finite. Indeed, 
if D is infinite, arrange its elements in increasing order a, < ao <.... 
Setting £n = gcd(aj,...,dn,) we have £n > £n+1, thus the sequence 
(£n)n>1 is eventually constant and this constant divides all elements 
of D, so it must be 1. In other words, D contains a finite subset whose 
gcd is 1. 
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Assuming that D is finite, we will prove by induction on the number |D| 
of elements of D that we can find a bijection f : Z — gcd(D)- Z such 
that |f(n)— f(n —1)| € D for all n. The case |D| = 1 is obvious: if 
D = {d}, simply set f(n) = nd. Assume now that the result holds for 
all finite sets of cardinality smaller than k and consider D of cardinality 
k. Fix some element b € D and consider D’ = D \ {b}. To simplify 
notations, write d = gcd(D), d’ = gcd(D’) and k = d., Applying the 
inductive hypothesis to D’, we find a bijection g : Z — d’Z such that 
lg(n) — g(n — 1)| € D’ for all integers n. We will construct the function 
f in the next paragraph. 


Pick any integer n and write n = qk +r with 0 < r < k. Define 
f(n) = g(q) + br if q is even and f(n) = g(q) + b(k — 1 — r) if q is 
odd. It is not difficult to check that any multiple of d can be uniquely 
written d'u +br with u € Z and 0 < r < k (it suffices to use the equality 
d = gcd(d',b)). From this it follows immediately that f is bijective. On 
the other hand, let us check that |f(n) — f(n —1)| € D for all n. If k 
does not divide n, then by construction |f(n) — f(n —1)| =be D. On 
the other hand, if n = kz is a multiple of k, then again by construction 
\f(n) — g(n — 1)| = |g(x) — g(a — 1)| € D’ c D. This shows that f has 
all desired properties and finishes the proof. oO 


(China TST 2012) Let n be an integer greater than 1. Prove that there 
are only finitely many n-tuples of positive integers (a1, a2, ..., an) such 
that 


a) ay > a2 > ... > Qn and gcd(a1, a2, ..., an) = 1; 


b) ay = gcd(a, a2) + gcd(az, a3) +. + gcd(an—1, An) T ged (an, ay). 


Proof. The essential part consists of course in understanding what con- 
dition b) really says. Since gcd(a;, aj41) < ai — aj41 for 1 <i < n (this 
uses part a)), it follows that 


gcd(a, a2)+...+gcd(a@n,a1) < a@1—ag+a2—a3+...+an—1—an+gcd(an, a1) 


8.2. GCD and LCM 507 


hence a, < a, — Gn + gcd(an,ai) and an < gcd(an,a1). Since a, > 


gcd(an, a1), this means that all previous inequalities must be equalities. 
Thus a; = aj41 + gced(a;, a;41) for 1 <i < n and an | ay. 


Let b; = —*— for 1 <i<n. Then a; = aj+ı(1 + È) and so 


gcd(a;,a;+1) 
1+—)...(1+ 


is an integer. Note that this integer is less than or equal to 2”! since 
each factor of the product is less than or equal to 2. The following lemma 
implies that there are only finitely many such tuples (b1, ..., bn—1). 





Lemma 8.5. For any positive real number x and any positive integer k 
there are only finitely many (maybe zero) k-tuples (bj, ..., bk) of positive 
integers such that 


par area 


Proof. This is easily proved by induction on k, the assertion being clear 
for k = 1. Assume that it holds for k — 1 and let us prove it for k. Of 
course, we may assume that x > 1, as otherwise there is no solution. If 


+5) Ota) - (+R) = 


then some 6; must satisfy 1 + > {/zx, and this b; can only take finitely 
many possible values. By ihe inductive hypothesis, for each possible 
value of b; we can find only finitely many k — 1-tuples (b;);4; satisfying 


Boe ae 
re bj o l+’ 


j#t 





yielding the desired result. E 
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We haven’t used so far the hypothesis gcd(a1,...,an) = 1. Note that 
b,b9...bn_1a; is a multiple of a, for all 1 < i < n. Thus an must divide 


bibə...bn—1 gcd(a, ET An) = 61 b9...bn—4 


and so a, can only take finitely many values. Since 6, b2, ..., bn—-1 also 
take only finitely many values, it follows that all a;’s have the same 
property and the problem is solved. O 


Integers a,b and rational numbers gz,y satisfy y2 = x3 + az +b. Prove 
that we can write r = “3 and y = fs for some integers u,v, w, with 


gcd(u, v) = ged(w,v) = 1. 


Proof. Write x = - and y = E with p,q,r,s integers, q,s > 0 and 
gcd(p, q) = gced(r, s) = 1. Clearing denominators, the equation 


y? = 1’ +az +b 


is equivalent to 
r?g? = p?8s? + apg?s? + bg? 3°. 

The right-hand side is a multiple of s2, hence s? | r?q’. Since gcd(r, s) = 
1, it follows that s? | q’. On the other hand, taking the equation modulo 
q®, we obtain ps*(p* + aq”) = 0 (mod q?). Since gcd(q,p) = 1, we have 
gcd(q, p(p* + aq?)) = 1, hence the previous congruence yields q? | s?. 
We conclude that q% = s?. But then q is a square, say q = v’, and 
necessarily s = v. The result follows. a 


(Kvant M 905) Let x and n be positive integers such that 4x2” + (x + 1)? 
is a perfect square. Prove that n = 2 and find at least one x with this 


property. 
Proof. Let 42x” + (x + 1)? = y?. Then 


(y -= x- 1)(y +2 + 1) = 4r” 
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and since y — x — 1 and y + x + 1 have equal parity we conclude they 
are even. Set y — x — 1 = 2a. Then y+2+1 = 2(a+ z+ 1) and 
we get a(a + x +1) = x”. But a and a + x + 1 are relatively prime 
since otherwise x + 1 and x” would have a common divisor. Hence 
a = u”,a +x +1 =v”, x = w and therefore uv + 1 = v” — u”. But this 
is not possible for n = 1 (since vu > v — u) or n > 3 since in this case 


u”? — u” = (v — u) (ut +u +- tu) > w 42. 


Hence n = 2 and for x = 2 we have that y = 5 (this is not the only 
solution, for instance for x = 104 we have that y = 233). O 


Solve in positive integers the equation 


1 1 1 
+5 =. 


r2 y? z2 


Proof. The equation is equivalent to 


2 

L 
Pay = (2). 
Z 


Since 2z? | (xy)?, we have z | zy, hence there is a positive integer t such 
that xy = zt, and then the previous equation yields z? + y? = t?. By 
theorem 3.50 and by symmetry in x and y we may write 


a=d(m*—n*), y=2dmn, t=d(m? +n’) 
with m > n > 0 of different parities and relatively prime. Then xy = zt 
can be written as 
z(m? +n?) = 2dmn(m? — n’). 

Note that m? + n? is odd and relatively prime to m,n,m? — n?, since 
m,n are relatively prime and of different parities. Thus m? + n? must 
divide d. Writing d = k(m? + n?) and recalling that z = =Y we obtain 
the solutions 


t=k(m*—n*), y=2kmn(m*+n?7), z= 2kmn(m? — n’) 
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and (recalling the symmetry in x and y) 
z= 2kmn(m? +n?), y=k(m*—n*), z= 2kmn(m? - n’). O 


(Romania TST 2015) A Pythagorean triple is a solution (x,y,z) of the 
equation z? + y? = 2? in positive integers, where we count (x,y,z) and 
(y,z, 2) as the same triple. Given a non-negative integer n, prove that 
some positive integer appears in precisely n distinct Pythagorean triples. 


Proof. We will prove that 3” appears in precisely n Pythagorean triples. 
This is clear when n = 0, so assume that n > 0. First, the equation 
x? + y2 = 3?” does not have solutions with x,y > 0. Indeed, it is not 
difficult to see that x, y must be multiples of 3, thus x = 321, y = 3yı and 
t? +y? = 32(n-1) thus we can repeat the argument and obtain positive 
integers Zn, Yn such that z2 + y2 = 1, which is obviously impossible. 


Let us deal now with the equation 3%” +y? = z?.Then (z—y)(z+y) = 32”, 


thus z — y = 3% and z +y = 3? with a +b = 2n. This gives us y = ost = 


and z = 2 sts" Note that since y > 0, we must have b > a. Conversely, 
for each b € {n + 1.,...,2n} setting a = 2n — b and defining y,z by 
the formulae above we obtain a solution. We obtain thus exactly n 


Pythagorean triples containing 3”. E 


Find all triples (x, y,n) of positive integers with gcd(z,n + 1) = 1 and 
a E T 


Proof. If n = 1 we obtain z = y? — 1 and since z must be odd, y can be 
any even positive number. Assume that n > 1 and that z” + 1 = y"™!, 
with gcd(x,n + 1) = 1. Then 


(u -Iy ty H. +y) =2". 


If d is a common divisor of y — 1 and y” + ... + y + 1, then d divides 
n+ 1 (since y” +...+y+1=n+1 (mod y—1)) and d divides z”, but 
then d | gecd(x”,n +1) = 1. Thus y—1 and y” +... +y + 1 are relatively 
prime. Since their product is an nth power, we deduce that both are 
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nth powers. Say y” + ... + y + 1 = a” for some positive integer a. Since 
n > 1, the binomial formula shows that 


yr cy" +..¢yt1< (y +1), 


yielding y < a < y+1, a contradiction. Thus there are no solutions with 
n> 2. LJ 


Let n be a positive integer such that n? is the difference of the cubes of 
two consecutive positive integers. Prove that n is the sum of the squares 
of two consecutive positive integers. 


Proof. Let n? = (m+ 1)? — m3. Then n is odd and n? = 3m? + 3m + 1 
which can be written as (2n + 1)(2n — 1) = 3(2m + 1)?. Since 2n — 1 
and 2n + 1 are relatively prime it follows that one of them is a perfect 
square. But n is odd and 2n + 1 = 3 (mod 4), so 2n +1 is not a perfect 
square. Hence 2n — 1 = (21+ 1)? and n = P + (1+1)?. oO 





(Vietnam 2007) Let x,y be integers different from —1 such that cd + 


vt is also an integer. Prove that zty*4 — 1 is a multiple of x + 1. 





4 4_ , ; 
Proof. Let a = i and b = co. By assumption a,b are rational 
4 


numbers and a + b is an integer. Note that ab = 2a . ints is also an 
integer, since ut — 1 is a multiple of u + 1 for any integer u. Thus the 
polynomial (X — a)(X — b) = X*—(a+b)X + ab has integer coefficients 
and rational roots a,b. We deduce that a, b are integers, thus x+1 | y*—1. 
Then clearly x + 1 | y** — 1 and since z+ = 1 (mod x + 1), the result 


follows. E 





(Balkan 2006) Find all Hipiai of PEEVE rational numbers (m, n, p) such 
that the numbers m + aa n+ =a p+ zzz are all integers. 
Proof. Clearly mnp plays a key role in the problem, so denote a = mnp. 


a+1 atl a+l 
By assumption ao pe) ma ee integers, hence so is their product, i.e. 
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3 
Cae is an integer. Write (a + 1) = ka? for some integer k, then 


a is a rational root of the monic polynomial with integer coefficients 
(X +1)? —kX?. Thus a is an integer. But then a | ka? = (a + 1), thus 
a | 1 and so a = 1. It follows that E = a = 2m is an integer and sim- 
ilarly 2n and 2p are integers. Moreover, the product of 2m, 2n, 2p equals 
8. Considering the possible decompositions of 8 as a product of three 
positive integers, we obtain the solutions (1,1,1), (4, 5 3) (2, F, 1) and 
their permutations. O 


A polynomial f has integer coefficients and satisfies |f(a)| = |f(b)| = 1 
for some distinct integers a, b. 


a) Prove that if |a — b| > 2, then f has no rational root. 
b) Prove that if |a — b| = 2, then the only possible rational root of f is 


a+b 
2 . 


Proof. a) Assume that x = ? is a rational root of f, with p,q relatively 
prime integers. By example 3.64 we know that we can write 


f(X) = (aX — p)g(X) 


for some polynomial g with integer coefficients. Then 


(qa — p)| - |9(a)| = |f) = 1 


and so |ga — p| = |g(a)| = 1. Similarly |qb — p| = 1. But then 


Iqa — qb| = |(ga — p) — (qb — p)| < |qa — p| + |gb — p| = 2, 


thus |a — b| < 2 (as |q| > 1), a contradiction. 


b) We still obtain |ga — qb| < 2 and since |a — b| = 2 we must have 
la| < 1. Since trivially |q| > 1, we deduce that all previous inequalities 
must be equalities. In particular |g] = 1 and the numbers ga — p and 
p — qb must have the same sign. Since both have absolute value 1, we 
must have ga — p = p — qb, thus x = F = ato, as desired. oO 
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27. (Turkey 2003) Find all positive integers n for which 2?"t!1+ 2” +1 isa 
perfect power. 


Proof. Assume that 22"+142"+1 = a* for some integers a, k > 1. First, 
k 
assume that k is even and let b = a2, so that 


(W+ 4 1) =b? -—1= (b— 1)(b4+ 1). 


Since gcd(b — 1,b +1) = 2, we deduce that 2"-! | b— 1 or 2°71 | b+1. 
Write b — r = 2”-'c with r € {—1,1} and c > 0. The previous equality 
is equivalent (after division by 2”) to 


arth 1 = efr +2" e), 
or equivalently 
2°-2(¢* — 8) +er —1=0. 


Hence c? — 8 | cr — 1 | c? —1 and so c* — 8 | 7. This easily implies c = 3 
(the case c = 1 is easily excluded by going back to the equation) and 
then r = —1 and n = 4, which is indeed a solution of the problem, and 
the only solution for which k is even. 


Suppose now that k is odd. Then 
an(ahth 4.1) =a" —1=(a-1)\(1+a+...+a*"). 


Clearly a is odd, hence 1+a+...+a*—! is also odd. The previous relation 
implies that 2” |a—landl+a+...+a*! | 2”+1 +1. Thus a> 2” +1 
and1l+a+...t+a*—! < 2™+141. But 


Pe psa Sa Se 1 


a contradiction. Hence there are no solutions in this case and n = 4 is 
the only solution of the problem. E 


Remark 8.6. The equation 2?”+1 + 2" + 1 = z? was proposed at IMO 
2006 (!). 
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Let f be a polynomial with rational coefficients such that for all positive 
integers n the equation f(x) = n has at least one rational solution. Prove 
that deg(f) = 1. 


Proof. Clearly f cannot be constant, so assume that d = deg(f) > 1. Let 
Zn, be a rational solution of the equation f(x) =n. Choose a positive 
integer N such that the polynomial Nf = g has integer coefficients. 
Then g(£n) = nN and by the rational root theorem the denominator 
of £n (when written in lowest form) divides the leading coefficient C of 
g. Letting a, = Czn, we obtain a sequence of integers a, such that 
g (=) =nN. Note that an £ am for all n 4 m by the previous equality. 
Thus aj, ..., an are pairwise distinct integers, and so any positive integer 
appears at most twice among |aj|,|a9|,..... On the other hand, since 
deg(g) = d > 1, there is M such that for |z| > M we have |g(zx)| > 2”. 
For n large enough we have |an| > cM and so 


rv =lo()I2 


We deduce that |an| < cVnN = Dyn. But then among |aj], laz], ..., |an! 
there can be at most Dyn + E (E being another constant independent 
of n) distinct integers, contradicting the fact that each positive integer 
appears at most twice in this sequence. Thus d = 1. O 


an |? 


C 








(Kyiv mathematical festival 2014) 


a) Let y be a positive integer. Prove that for infinitely many positive 
integers x we have 


lcem(x,y + 1) -lem(x + 1,y) = x(x +1). 
b) Prove that there exists positive integer y such that 


Iem(z,y + 1) -Ilem(x + 1,y) = y(y + 1) 


for at least 2014 positive integers zx. 
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Proof. a) Note that lcm(z,y + 1) is a multiple of x and lcm(z + 1, y) is 
a multiple of x + 1, thus the equality in the statement of the problem is 
equivalent to the simultaneous equalities lem(z, y + 1) = x and lem(z + 
ly)=a+l,ie. toy+1|az and y|x2+1. Look for x = k(y + 1), the 
condition y | x + 1 is equivalent to y | ky+k+1, ory|k+1. It is thus 
enough to take x = (ry—1)(y+1) for r > 1. 


b) The same remarks as in part a) show that the equality is satisfied 
if and only if x | y+1and2+1|y. Taking y = 22" _1 with N 
large enough, any x = 22° with 1 < d < N — 1 satisfies x | y +1 and 
xr+1|y. O 


30. (Kvant M 666) Find the least positive integer a for which there exist 
pairwise different positive integers a1, a2, ...,ag greater than a such that 


lcm(a, a1, @2,...,@9) = 10a. 


Proof. We may assume that a < aj <--- < ag. 


Set A = Icm(a, aj, a2,...,a9). Then 
A A A 
a > — > cee > 2n 
a Q1 a9 


A A 
are positive integers and therefore — > 10. Since Pica 10 we conclude 
a 





that 
A A 
2 19 == a el 
a a1 ag 
Hence 
ag= A, ag= 2 a, = 2 mee 
9 — 41, a ea 19’ > a 
and A is divisible by lcem(2,3,...,10) = 2°37.5.7. The least a is equal 
to 2234-5-7 = 252. In this case the numbers a, = aA k=l 2e 


satisfy the given condition. oO 
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(Korea 2013) Find all functions f : N > N satisfying 


f(mn) = Iem(m, n) - gcd(f(m), f(n)) 


for all positive integers m,n. 


Proof. Taking m = 1 and setting a = f(1) we obtain 


f(n) =n- gcd(a, f(n)). 


In particular n | f(n) for alln. Next, replacing n by an we obtain (taking 
into account that a | f(an)) 


flan) = an- gcd(a, f(an)) = a?n. 
Finally, replacing n by an in the original relation, we obtain 


f(amn) = lem(m, an) - ged(f(m), f(an)), 


which can be rewritten 


2 amn 
a mn = 


= Sai) -gcd(f(m), f(an)). 


Dividing this last relation by amn, we deduce that a | gcd(f(m), f(an)) 
and so a | f(m) for all m. But then gcd(a, f(n)) = a and so f(n) = 
n-gcd(a, f(n)) = an for all n. Conversely, it is not difficult to see that 
for any positive integer a setting f(n) = an we obtain a solution of the 
problem. O 


(Romania TST 1995) Let f(n) = Iem(1,2,...,n). Prove that for any 
n > 2 one can find a positive integer x such that 


f(x) = f(@ +1) =... = f(z +n). 
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Proof. It suffices to find x such that x+1,x+2,...,x-+7 are all divisors 
of Iem(1, 2,...,2) = f(z). Choose x = 1+ N! for some N to be chosen 
later. Then for all j € {1,2,...,n} we have 


N! 
r+jij=373+1+N!=(j+1 (— +1). 
j=j GFO 741 
If we manage to ensure that 7+1 and at +1 are relatively prime integers 
between 1 and zx, it will follow that x + divides f(x). But this is very 
easy to realize: simply take N such that N! is a multiple of (j + 1)? for 


all j < n, which is certainly possible. E 


Prove that for all positive integers aj, ..., an 


Iem(a 5 ) > a1Qa92...An 
yia 2 e ON, 
en Th cicj<n BCd(ai, aj) 


Proof. If n = 2, the desired inequality is an equality. Next, we prove 
the result by induction. Assuming that it holds for n — 1, denote m = 
lcm(a1, ..-,; @n—1) and observe that 


Man 


lem(a, cosy An) = Icm(m, An) = gcd(m, an) 


Using the inductive hypothesis, we are reduced to proving that 
Qn Q1.--An—1 > Q1.-..An 
a a eee 
gcd(m, an) Lh<sej<n—1 gcd(a;, Qj) li<i<j<n gcd(aj, aj) 


or equivalently 
n—1 


gcd(m, an) < I] gcd(an, ai). 
i=1 
But using exercise 1 (more precisely an n — 1-variable version of it, which 
follows directly from the cited corollary and an obvious induction) we 


obtain 
n—l1 


gcd(m, an) < gcd(a1...an—-1, an) < I] gcd(an, ai). O 


i=1 
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34. (AMM 3834) Let n > 4 and let a, < ag < --- < an < 2n be positive 


30. 


integers. Prove that 


< 
ae lem(a;,a;) < 6(|n/2] +1). 


Proof. The key (simple) observation is that for any 1 < i < n we can find 
a positive integer k; such that kia; E€ {n + 1,...,2n}. Indeed, if a; > n 


simply choose k; = 1, otherwise since on — = > 1 there is an integer k; 


between % and 2%. 
Qi Qi 


Using this observation, it is not difficult to conclude: if kja; = kjaj 
for some i # j, then kia; is a common multiple of a; and aj, thus 
lcm(a;,aj) < kia; < 2n and we are done (with an even better bound). 
If this never happens, then the pairwise distinct numbers k1đ1, ..., knän 
between n + 1 and 2n must be a permutation of n + 1,...,2n. Since 
n > 4, we have 3(|5]| +1) € {n+1,...,2n} (3 (13 | +1) is elealy greater 
than $n > n and smaller than or saul to 22 + 3 and this is smaller 
than or equal to 2n for n > 6; one easily checks the claim for n = 5). 
Similarly 2(|$|+1) € {n+1,...,2n}, thus there are indices i, j such that 
kia; = 2(|3| +1) and ka; = 3(($| +1). But then lcm(aq;,a;) divides 
6(|3| +1) and the result follows. oO 


Remark 8.7. The result does not hold for n = 4: consider the numbers 
5,6,7,8. On the other hand, it is not difficult to check that it holds 
for n < 3. The expression 6(|3] + 1) is optimal, since one can check 
without too much difficulty that we have equality for the sequence n + 
ln +2,... n +n. 


Let (an)n>ı be a sequence of integers such that m — n | am — an for all 
m,n > 1. Suppose that there is a polynomial f such that |an| < f(n) for 
all n > 1. Prove that there is a polynomial P with rational coefficients 
such that an = P(n) for all n > 1. 


Proof. Let d = deg f and define 
d+1 


P(X) = Dalli 


k=1 j#k 
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This intimidating polynomial is the unique polynomial of degree < d 
such that P(n) = a, for 1 <n<d+1. We will prove that a, = P(n) 
for all n. 

Note that P has rational coefficients, so we can find a positive integer 
N such that all coefficients of NP are integers. Consider the sequence 
(bn )n>1 defined by bn = Nan — NP(n). It is a sequence of integers and 
it satisfies m — n | bm — bn for all n (since the sequences (Nan)n>1 and 
(N P(n))n>1 have this property, the first by assumption and the second 
since NP has integer coefficients. ). Since bı = ... = bgii1 = 0, this 
implies that n — 1,...,n — (d+ 1) all divide bn, thus 


lem(n — 1,...,2 — d — 1) | bn. 


On the other hand, exercise 33 yields the existence of a constant C (d) 
(depending only on d) such that for all n > d+ 1 


lem(n — 1, ...,n — d — 1) > C(d)n®™!t. 
Since deg f, deg P < d, we have 
lbn| < Nf(n) + N|P(n)| < C(djn®tt < lem(n — 1,...,n — d — 1) 


for n large enough. Thus we must have b,, = 0 for n large enough, say for 
n > M. But then for any n > 1 and m > M we have m—n | bn—bm = bn, 
thus necessarily b,, = 0 and so an = P(n) for all n. E 


Let n,k be positive integers and let 1 < aı < ... < ak < n be a sequence 
of integers such that lem(a;,a;) < n for all 1 < i,j < k. Prove that 
k<2|vn]. 
Proof. We have 
Qili+i Qili+1 
n > lcm(ai, a;41) = ————_-~ > ———_ 
(ai, 0441) gced(a;,ai41) ~ Qi+1 — 4i 


which can also be written as 
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for 1 <i<k. Given 1 < j < k — 1, we obtain 


ies ( 1 1 k-j 

Sht- ) t, 

= Qi  Qi+l n 

which simplifies to TET > aa Since ay < n, this last inequality yields 


have a; > j. We conclude that for all 1 < j < k we have j(k—j+1) <n. 
Write k + 1 = 2q + r for some r € {0,1} and some q > 1 (if q = 0, then 
k < 2 and we are done). Then q < k, hence q(k +1—q) <n. This yields 
q? < n, hence q < |,/n| and then k < 2q < 2|,/n|]. O 


a; < F777 On the other hand, since aj > aj_1 > ... > a1 2 1, we must 


(AMM E 3350) For n > 1 and 1 < k < n define 
A(n, k) = lem(n,n — 1,... n — k +1). 
Let f(n) be the largest k such that A(n, 1) < A(n, 2) < ... < A(n, k). 


a) Prove that f(n) < 3./n. 
b) Prove that f(n) >kifn>k!+k. 


Proof. We need to make a few observations before embarking on the 
proof. The first and most important observation is that since 


A(n, k +1) = lcm(n — k, A(n, k)), 


we always have A(n, k + 1) > A(n, k), with equality if and only if n — k 
divides A(n, k). We deduce that if A(n, k) = A(n, k + 1), then 
A(n+j,k+7)=A(n+j,k+ 741) 


for all j > 1 and so f(n +j) < f(n) + j for all n,j > 1. 


a) We claim that it suffices to prove that f(n?) < n for all n. Indeed, if 
this happens, then for any n we can find k such that k? < n < (k +1), 
thus 


f(n) < f(k +n- k? <k+n- k? <k+k*4+2k—k? = 3k < 3Vn, 
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as needed. In order to prove that f(n?) < n, it suffices to prove that 
A(n? n) = A(n?,n +1), or equivalently that n? — n | A(n?,n). This is 
very simple, since n? — n already divides A(n?,2) = n?(n? — 1). 

b) We have 


(n — k)A(n, k) 


gales E BA) ae. AGE) 


7 (n — k)A(n, k) 
— ged(n — k,n) - gcd(n — k,n —1)-...- ged(n — k,n- k + 1) 
s Aln k) (a=) 
k! 
Thus for n > k! + k we have A(n, 1) < ... < A(n, k + 1) and so f(n) > 
k. C 


Let ay < ag < ... < an be an arithmetic progression of positive integers 
such that aı is relatively prime to the common difference. Prove that 
a1a2...dn divides (n — 1)! - lem(a1, ..., an). 


Proof. Let d be the common difference, so a; = a+ (i—1)dfor1 <i<n. 
The key ingredient is the identity 


d”—i(n — 1)! G) 
Q142...ün =X- 1)" cs Te- 1)d 


This follows from the identity 





khp) 
a. GA -5o Di aa 


k=1 


that has already been established during the solution of practice problem 
36 in chapter 1, by letting x = % and by observing that k(7?) = n(?7}). 
The right-hand side is clearly of the form aa Se) for some integer s. 
Thus aiaz ...an divides d"~1(n — 1)!Icm(aj1,...,an). But a, and hence 
all the a; are relative prime to d, so we may cancel off the factor of d”—!. 
The result follows. O 
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39. Let n > 1 and let ap < a, < ... < an be positive integers such that 


1 1 


—,...,— is an arithmetic progression. Prove that 
ao an 


on 
> ——. 
G n+1 
Proof. Let M = lcm(aọ,...,an) and write M = a,b; for positive inte- 
gers bọ > bı >... > bn. By assumption 0o,...,6, form an arithmetic 
progression and b; | M for all i, thus M > lcm(bọ, ..., bn) and so 


ns lcm(bọ, nbn) 
bo 

It suffices to prove that for any arithmetic progression bn < ... < bo of 
positive integers we have 

Icem(bo, aa On) > 2e 

bo ~n+1 

Let d be the common difference of bn < ... < bo. Dividing each b; 
by gcd(d,b,) does not change the quotient se ee thus we may 
assume that gcd(d, b,,) = 1, in which case gcd(d, b;) = 1 for all į (since 
bi = bn + (n—i)d). Thus gcd(d, bo...bn) = 1 and so gcd(d, bo...b,) = 1 for 
all k <n. Let k = |3| and apply the previous exercise to the arithmetic 
progression bg > bı > ... > by. Since gcd(d, bo...b,) = 1, we deduce that 


lem(bo, ..., bn) > lcm(bp, ..., bk) > b1...bk 
bo B bo — k! 
Observe now that bn > 1, bn-1 > 2, in general b; > n — j + 1, thus 


bk > n— k+ 1,..., b1 > n. Thus 
by...b 5 n(n—1)..(n—k+1) _ # 


k! — k! k} 


Since the binomial coefficient (%) is the largest among (4) with 0 <i < n, 
and since these binomial coefficients add up to 2”, we have 


n 29 
> —. 
4 T n+l 


The result follows. 0O 
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8.3 The fundamental theorem of arithmetic 


1. 


Prove that if a is an integer greater than 1 and if n > 1 is not a power 
of 2, then a” + 1 is composite. 


Proof. Since n is not a power of 2, we can write n = 2*-m with m > 1 
odd and k > 0. Then a? + 1 divides (a?")™ +1 = a” +1 and 1 < 
a? +1<a"+ 1, hence a” + 1 is composite. E] 


. (St. Petersburg 2004) Prove that for any integer a there exist infinitely 


many positive integers n such that a?” + 2” is composite. 


Proof. If a = 0 we can choose any integer n > 1, so assume that a +Æ 0. 
Replacing a with —a, we may assume that a > 0. If a = 1 choose any 
n > 1 which is not a power of 2 and use the previous exercise, so assume 
that a > 1. Then choose any odd integer k > 1 and set n = 2k. We 
have 

a” +2% =a” 4AT Ha + Ay? 


where x = a2" and y = 2°37". Note that x,y > 1 and 
zt + dy* = (x° + 2y”)? — (Qry)* = (x? — 2£y + 2y”) (x? + Qry + 24°) 


is composite. LJ 


. Find all positive integers n for which at least one of the numbers n” + 1 


and (2n)?" + 1 is composite. 


Proof. n = 1 and n = 2 are not solutions of the problem since 2? +1 and 
4* +1 = 28 +1 are primes. We will prove that all n > 2 are solutions. 
Suppose that n > 2 and that n” +1 and (2n)?" + 1 are primes. By 
problem 1, n must be a power of 2, say n = 2". Then n” +1 = gk2e 4 4 
is a prime, hence k - 2" is a power of 2 and so k is a power of 2. Next, 
(2n)2" +1 = 2(k+1)2"+! +1 is prime, hence (k-+1)2**! is a power of 2 and 
so k + 1 is a power of 2. But then k and k + 1 are consecutive numbers 
and both powers of 2, thus k = 1 and n = 2, a contradiction. O 
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4. For which positive integers n the numbers 2” + 3 and 2” + 5 are both 


primes? 


Proof. It is not difficult to check that n = 1 and n = 3 are solutions, 
while n = 2 is not a solution. We claim that no n > 3 is a solution. 
Assume that n > 3 and that both 2” + 3 and 2” + 5 are primes. If 
n = 1 (mod 3), then 7 | 2” +5 and 2” +5 > 7, a contradiction. If 
n = 2 (mod 3) then 7 | 2” + 3 and 2” +3 > 7, again a contradiction. 
Hence n is a multiple of 3. Also, n is clearly odd since otherwise 2” + 5 
would be a multiple of 3. Thus n = 3 (mod 6), say n = 6k +3. If k 
is odd, then 2” + 3 = 87*+1 + 3 is a multiple of 5, impossible. Hence k 
is even, but then 13 | 2” +5 = 87*+145 and 87*+145 > 13, again a 
contradiction. O 


. (St. Petersburg 1996) Integers a,b,c have the property that the roots 


of the polynomial X’ + aX? +bX + c are pairwise relatively prime and 
distinct positive integers. Prove that if the polynomial aX? +bX +c has 
a positive integer root, then |a| is composite. 


Proof. Let £1, £2, £3 be the roots of the polynomial X? + aX*+bX +c. 
Then zı + 22+ 23 = —a, thus |a| > 3 since z1, £2, 43 > 1 by assumption. 
If a is even, then clearly |a| is composite, so assume that a is odd. 
Then zı + x2 + x3 is odd, so either 21, 22,23 are all odd, or exactly 
one of them is odd. This latter case is excluded by the assumption that 
T1, 22,23 are pairwise relatively prime. Thus 21, £2, x3 are all odd. Since 
b = £12 + T2£3 +2321 and —c = 112243, it follows that b and c are odd. 
But then ax? + bz + c cannot have integer roots, since if y is an integer 
root then ay? + by + c = y2 +y + 1 = 1 (mod 2). Thus a is even, and 
we are done. O 


. (Vojtech Jarnik Competition 2009) Prove that if k > 2 then g2°—1_9k_y 


is composite. 
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Proof. Let N = g2°—1 _ ok _ 1, then 


ok—1 


N = G ser ELT. 
If k +1 = 2”n with m > 0 and n odd, then 2*+! + 1 is a multiple of 
22" +1, and (2+1)(22+ 1)...(22°-° +1) is also a multiple of 2?” +1, since 
m < k — 1 (indeed m < 2™ < 2 = k + 1). Thus 2N is a multiple of 
22" +1 and so 22” +1 | N. On the other hand, suppose that N = 2?” +1, 
then since N = —1 (mod 4) we must have 2?” = —2 (mod 4) and so 
m = 0, but then N = 3 which is impossible since N > 3. O 


7. A positive integer which is congruent 1 modulo 4 has two different repre- 
sentations as a sum of two squares. Prove that this number is composite. 


Proof. Let n be our positive integer and consider two representations 
n = z? + y? = u? +v? as a sum of two squares. Since n = 1 (mod 4), 
exactly one of x,y is odd, and similarly exactly one of u,v is odd. We 
may assume that x,u are odd and, without loss of generality, that x > u. 
Note that gcd(x—u, v—y) is then an even integer, say 2d for some positive 
integer d. Write x — u = 2ad and v — y = 2bd with gcd(a, b) = 1. Since 
(x—u)(x+u) = (v—y)(v+y), we easily obtain au+a’*d = by+b?d. Note 
that this common value is divisible by a and b, thus (since gcd(a, b) = 1) 
it is divisible by ab. Write au + a7d = by + b?d = abc for some c. 
Therefore u = bc — ad and y = ac — bd. But then z = u + 2ad = bc + ad 
and v = y+ 2bd = ac+ bd. We finally obtain 


n = x? +y? = (ac — bd)? + (be + ad}? = (a? + b*)(c* + d°), 
which clearly shows that n is composite. w 
Remark 8.8. By Euler’s theorem (which will be discussed later on) each 
prime of the form 4k + 1 can be represented as a sum of two squares. 


Hence the problem above implies that a number n = 4k + 1 is a prime 
iff it has only one representation as a sum of two squares. 
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8. (Moscow Olympiad) Is there an 1997-digit composite number such that 


if any three of its consecutive digits are replaced by any other triplet of 
digits then the resulting number is composite? 


Proof. Such a number does exist. Let A be the product of all odd num- 
bers from 1001 to 1997. Since each of these numbers is less than 2000 
we see that 


A< 2000500 = 9500 1 91500 = 391001 01500 < 100100101500 -_ 19179. 


Now we write several O's and an 1 to the end of A and then three more 
0’s so that the total number of digits be equal to 1997. This number, call 
it N, is composite since it is even and has the desired property. Indeed, 
if the last digit of N is not replaced then the new number is even. If the 
last three 0’s of N are replaced by an odd number abc then the last four 
digits of the new number form the number labe which divides N. O 


. (AMM 10947) Prove that sre is composite for all n > 1. 





5n 


Proof. Suppose that n is even, say n = 2k. Then setting z = 5% we have 


55r —1 z®-—1 2-1 p+ 
5n—1 z2?-1 og - 1 ot 1 














Since both factors are clearly integers greater than 1, we are done. 


Assume now that n is odd. The key ingredient is the identity 
X*4+ X84 X24 X41 = (X2743X 41)? -5X(X +1)". 
Taking X = 5” with n = 2k + 1 we obtain 


5 — 1 
Serge eden rd): 





= (577 4.3.5%4 1 — batt (5 4 1))(527 4.3.57 4:1 + Pt (5" 4+ 1). 
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10. 


11. 


12. 


It suffices to check that 
Boe 5 5 T 


which is equivalent to 5*(5" + 3) > 5” + 1. Since this last inequality is 
clear, we are done. oO 


Let n > 1 be an integer. Prove that the equation 
(x +1)(xz+2)...(r+n)=y" 
has no solution in positive integers. 


Proof. Assume that (x,y) is a solution. Since (x + 1)(x + 2)...(x% +n) 
is between (x + 1)” and (x + n)”, we can write y = x + k for some 
k € {2,3,...,.n—1}. If p|2+k+1 is a prime, then by assumption p | y” 
and so p | x + k, a contradiction. The result follows. oO 


Let n be a positive integer. Prove that if n divides (%) for all 1 < k < 
n — 1, then n is prime. 


Proof. Suppose on the contrary that n has a prime factor p < n. 


By hypothesis -2+ is an integer, in other words 
(n—1)(n-—2)...(n— p+ 1) 
p! 


is an integer, obviously impossible (as the numerator is not a multiple 
of p). Hence n must be prime. O 


(USAMTS 2009) Find a positive integer n such that all prime factors of 


(n + 1)(n + 2)...(n+ 500) 
500! 


are greater than 500. 
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Proof. The simplest way to ensure this is to choose n such that 


(n+ 1)(n + 2)... (n + 500) 


= 1 ! 
500! (mod 500!), 


since any prime not exceeding 500 divides 500! and so does not divide 
any number congruent to 1 modulo 500!. The previous congruence is 
equivalent to 


(n + 1)...(n + 500) = 500! (mod (500!)?). 


But it is very simple to find such n’s: simply choose any multiple of 
(500!)2. Indeed, for such n we have n +i = i (mod (500!)2), thus 


(n + 1)...(n + 500) = 500! (mod (500!)?). E 


(Russia 1999) Prove that any positive integer is the difference of two pos- 
itive integers with the same number of prime factors (without counting 
multiplicities). 


Proof. If n is even, simply write n = 2n — n, so assume that n is odd. 
If p is the smallest odd prime not dividing n (note that odd primes 
not dividing n certainly exist, for instance prime factors of n + 2), then 
n = pn — (p — l)n. Since all odd prime factors of p — 1 divide n (by 
minimality of p) and p— 1 is even, pn and (p—1)n have the same number 
of prime factors (and this is equal to the number of prime factors of n 
plus 1). O 


(Saint Petersburg) An infinite sequence (a@n)n>1 of composite numbers 
satisfies 


an 
An+1 = An — Pn + — 
n 


for all n, where pn is the smallest prime factor of an. If all terms of the 
sequence are multiples of 37, what are the possible values of a1? 
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Proof. Since an and an+ı are multiples of 37, so is =a — pn. If orf 37, 
then 2 is a multiple of 37, while pn is not, thus 2% —p, is not a multiple 
of 37, a contradiction. Thus Dn = 37 for all n. We deduce that 


Qn+1—a n= gt — 37 


for all n. Letting bn = an — 377, we have 


38 
bn+1 = 37n 
thus bn = ser by for all n > 1. Since bn is an integer, we deduce that 
377-1 | bı for all n, which forces bı = 0 and a; = 377. Conversely, if 
a, = 37%, then setting an = 37° for all n yields a sequence satisfying all 
condition of the problem. O 


Prove that there are infinitely many pairs (a,b) of distinct positive inte- 
gers a,b such that a and b have the same prime divisors, and a + 1 and 
b+ 1 also have the same prime divisors. 


Proof. Let n > 2 and let a = 2” — 2 and b = 2” (2” — 2). Then a and b 
clearly have the same prime divisors, and b + 1 = (a + 1)?, so a + 1 and 
b+ 1 also have the same prime divisors. oO 


Let a,b,c,d,e, f be positive integers such that abc = def. Prove that 
a(b? + c?) + d(e? + f?) is composite. 


Proof. Suppose that p = = a(b” +c) + d(e? + f?) is a prime. Multiplying 
the congruence a(b? + c*) = —d(e? + f?) (mod p) by ef and using the 
hypothesis yields 


ae f (b? + c*) = —abc(e? + f?) (mod p). 


Note that p > a, so p does not divide a and so the previous congruence 
yields 
ef (b? + c*) + bc(e? + f?) =0 (mod p). 
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The left-hand side factors as (ce + bf)(be + cf) and so p divides one of 
the numbers ce + bf or be + cf. On the other hand 


p = a(b? + c*) + d(e? + fF?) > B+ c%7 +e? 4+ f* > 2ce+ 2f > ce + df 


and similarly p > be + cf, a contradiction. Hence p is composite. O 


(Kvant M 1762) Is there a positive integer n with 2013 prime divisors 
such that n divides 2” + 1? 


Proof. The answer is positive. We will prove by induction that for each 
k > 1 we can find nz with exactly k prime divisors, such that 3 | ng and 
Nk | 27k +1. If k = 1 take nı = 3. Assume now that n = nx is a multiple 
of 3, has k prime factors and satisfies n | 2” +1. Clearly n is odd, hence 
3 | 227 — 2” + 1 and so 


n 41 = (2 +1)(2 -2 +1) 
is a multiple of 3n. Note that 
2n on 44 = (2 221) 


is not divisible by 9 since 2” — 2 and 2” + 1 are both divisible by 3 
for odd n. Hence the number 2?” — 2” + 1 has a prime divisor p > 
3. The number p is not a divisor of n since otherwise it would divide 
gcd(2” + 1,2?” — 2” + 1) = 3. Hence the number nz41 = 3pn has k +1 
divisors and divides 2”k+1 + 1. O 


(Poland 2000) Let pı and p2 be prime numbers and for n > 3 let pn be 
the greatest prime factor of pn-1 + Pn—2 +2000. Prove that the sequence 
(Pn)n>1 is bounded. 


Proof. First, observe that 


Pn S max(pn—1, Pn—2) + 2002 (x) 
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Indeed, if Pnh—1, Pn-2 are both odd then pn—-1 + Pn-2 + 2000 is even and 
greater than 2, thus 


z —2 + 2000 

Pn S Mo He < max(Pn—1, Pn—2) + 2002, 
while if at least one of pn_1, Pn—2 is 2 we have 

Pn < Pn-1 + Pn—2 + 2000 < max(Pn—1, Pn—2) + 2002. 


This being established, let M = max(pı, p2) - 2003! + 2 and let us prove 
by induction that pp < M for all n. This is clear for n = 1,2 and if it 
holds up to n — 1, then relation (*) shows that ppn < M + 2002. But 
since M, M +1, ..., M +2001 are all composite numbers, we deduce that 
Dyn < M and we are done. O 


(Italy 2011) Find all primes p for which p? — p — 1 is the cube of an 
integer. 


Proof. Clearly p = 2 is a solution of the problem, so assume from now 
on that p > 2. Let n be an integer such that p? — p — 1 = n. Then 


plp- 1) =n? +1=(n4+1)(n*-n+1), 


hence p divides n+1 or n*—n+1. Assume that p | n+1, thus n > p—1 
and then p? — p — 1 > (p — 1)’, which implies that (p — 1)? < p(p — 1) 
and then p? — 3p + 1 < 0, impossible since p > 3. 


Hence p | n? — n + 1, say n? — n + 1 = kp for some positive integer 
k. Coming back to the relation p(p — 1) = (n + 1)(n? — n + 1) yields 
p— 1 = k(n + 1), hence 

n? —-n+1=kp=k(1+k(n+1))=k+k(n+1). 


This can be rewritten as 


n? —(14+k*)n+1—k—k? =0. 
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Considering this as a quadratic equation in n, its discriminant 
A = (1+ k*)? + 4(k?+k-1) 


must be a square, since the equation has an integer root. One easily 
checks that A is not a square for k < 2, and it is a square for k = 3, in 
which case n? — 10n — 11 = 0 yields n = 11 and then p = 37. Assume 
now that k > 3. Then an easy computation shows that 


A = (k? +3) + 4(k —3) > (k? +3) 
and since A is a square we must have A > (k? + 4)”, which yields 
4(k — 3) > (k? +4)? — (k? +3)? = 2k? +7. 


This last inequality is impossible for k > 3, hence the only solutions of 
the problem are p = 2 and p = 37. C 


Remark 8.9. A similar problem (with p? — p + 1 instead of p? — p — 1) 
was proposed in Saint Petersburg in 1995 and later on at the Balkan 
Mathematical Olympiad in 2005. The solution to this new problem is 
p = 19. Yet another similar problem was proposed at the Tuymaada 
Olympiad in 2013: find all primes p,q such that p? — pq — q? = 1. 


(Kvant M 2145) Let x > 2,y > 1 be integers such that x” +1 is a perfect 
square. Prove that x has at least 3 different prime divisors. 


Proof. Write z” +1 = a? for a positive integer a. Assume first that z is a 
power of a prime. Thus (a—1)(a+ 1) is a power of a prime, in particular 
both a—1 and a+ 1 are powers of that prime, and both are greater than 
1. Since they differ by 2, the prime must be 2 and a—1 = 2, thus a = 3 
and x” = 8, contradicting the fact that x > 2 and y > 1. 

Assume now that x has precisely two prime factors, say p < q. We have 
(a—1)(a+1) = x”. If gcd(a — 1,a + 1) = 1, then a — 1 and a + 1 must 
be yth powers, say a — 1 = b” and a + 1 = c}, so that c¥ — bY = 2. This 
is impossible, since 


cY — b = (c— b(t +... +097} > 14153. 
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Thus gcd(a — 1,a + 1) is not 1, and since it divides 2 it must be equal to 
2. In particular p = 2. Since (a — 1)(a + 1) = z” and the prime factors 
of x are 2 and q, we have two possibilities: 


i) Either a—1 = 2g and a +1 = 2°Y—+ for some integers u, v. But then 
24-2 — 1 = g”, contradicting lemma 8.10 below. 


ii) Or a — 1 = 2%! and a + 1 = 2q” for some integers u,v. Then 
guy-2 + 1 = g’¥. Using again lemma 8.10 below, we obtain uy — 2 = 3 
and vy = 2, impossible. This finishes the proof. E 


Lemma 8.10. a) 2” — 1 is not a perfect power ifn > 1. 
b) 2” +1 is a perfect power only for n = 3. 


Proof. a) Suppose that 2” — 1 = ał, with a,b > 1. Since 2” — 1 is of the 
form 4k + 3, it cannot be a square, so b is odd. Then 


2” = (1 +a)(l -a +a? — ... + aèt). 


Thus 1 +a and 1—a+...+a°—! are powers of two. The second number 

is odd, since a and b are. Thus we must have 1 — a + ... + aèt = 1 

and 2” = 1 +a. This yields 1 +a = 1 + ał, contradicting the inequality 
b 

a>a. 


b) Clearly 2! +1 = 3 and 22 + 1 = 5 are not perfect powers. Assume 
that 2” + 1 is a perfect power for some n > 3, say 2” + 1 = x" for some 
t,k > 1. Then z is odd. If k is odd, then 1 +æ +... + x"! is odd, 
greater than 1 and it divides 2”, a contradiction. Hence k is even, say 
k = 2l. Then (z! — 1)(x' + 1) = 2” and so x! — 1 and zt + 1 are powers 
of 2 differing by 2. This forces z! — 1 = 2, then x = 3 and l = 1, that is 
k = 2, and finally n = 3. E 


Remark 8.11. Using more advanced techniques (the Birkhoff-Vandiver 
theorem) one can prove that x has at least 1+ 7(y) prime divisors. 


(Russia 2010) Prove that for any n > 1 there are n consecutive positive 
integers whose product is divisible by all primes not exceeding 2n + 1, 
and not divisible by any other prime. 


534 


22: 


23. 


Chapter 8. Solutions to practice problems 


Proof. All prime factors of (n+2)(n+3)...(2n+1) are less than or equal 
to 2n +1. On the other hand, (n + 2)...(2n + 1) is a multiple of nl, 
since it is the product of n consecutive integers. Thus if n + 1 is not 
a prime, then (n + 2)...(2n + 1) is divisible by all primes not exceeding 
2n+1. Assume that n+ 1 is a prime, then n + 2 is not a prime and 
(n+3)...(2n+1)(2n+4 2) is divisible by n! (for the same reason as above) 
and by n+ 1, n + 3,...,2n +1. Since n + 2 is not a prime, we deduce 
that (n + 3)...(2n+ 1)(2n + 2) is divisible exactly by the prime numbers 
not exceeding 2n + 1, and the problem is solved in all cases. O 


(Iran 2015) Prove that infinitely many positive integers n cannot be 
written as the sum of two positive integers all of whose prime factors are 
less than 1394. 


Proof. Let pı,..., Pk be all primes not exceeding 1394 and let S, be the 
set of numbers j € {1,2,3,...,2”} all of whose prime factors are among 
P1,---,Px- Any such number j is of the form pj...p;* for a unique k-tuple 
of nonnegative integers aj,...,a,. Since p; > 2 and j < 2”, we must have 
2% < 2” for all i, thus a; < n for all i. It follows that there are at most 
(1 +n)? such k-tuples and so 


[Sn] < (1+n)*. 


It follows that there are at most (n+1)?F numbers between 1 and 2” that 
can be written as the sum of two numbers in Sn. If n is large enough, 
then (1+ n)** < 52” (note that by the binomial formula 2” > (341) if 
n > 2k +1, and (,,4,) is a polynomial expression of degree 2k + 1 in 
n). Thus for n large enough more than half of the numbers between 1 
and 2” are solutions of the problem, yielding the result. Note that the 
proof can be interpretted as saying that the probability that an integer 
is a sum of two numbers whose prime factors are < k is 0. O 


(China 2007) Let n > 1 be an integer. Prove that 2n — 1 is a prime 
number if and only if for any n pairwise distinct positive integers 
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@1,02,...,Qn, there exist i,j E€ {1,2,...,n} such that 


itaj >2n-1 
ged (ai, aj) 

Proof. Suppose first that p = 2n — 1 is a prime and let aj,...,an be 
pairwise distinct positive integers. Suppose that 


Qi + aj 


— m < 
gcd(a;, aj) p 


for ij € {1,...,n}. Dividing each of the numbers aj,...,a, by 
gcd(aj,...,@n), we may assume that ged(a1, ..., an) = 1. 


If there is į such that p | a;, then we can choose j such that p does not 
divide a; and then p does not divide gcd(a;, aj). Thus p divides 
and we obtain the plain contradiction 


7 
gcd(a;,a;) 


Qi Qi + aj 


—_———_~ < — ~ <P. 
ged(a;,a;) ~ ged(a;,a;) > 


ps 


Suppose now that aj, a2,...,a, are not multiples of p. By the pigeonhole 
principle, two of the numbers aj, a2, ..., an, —@1,..., —Q@n must give the 
same remainder when divided by p. So we can find i Æ j such that 
p | ai +a; or p | a; — aj. Note that p does not divide gcd(a;,a;), so p 
divides ON for a suitable choice of the sign +. We obtain again a 
contradiction 
Qi + a; 

gcd(a;, aj) 


Qi a; 


> 
aa =? 7 


p> 


So our initial assumption was wrong and the result follows. 


Suppose now that 2n — 1 is composite, so we can write it as ry, with 
x,y > 1. Define n integers aj, a2,...,@n by choosing the first x positive 
integers 1,2,...,z, then the next n—z even numbers ++1,2+3,...,zy—Z. 


It is not difficult to check that ates) < 2n — 1 for all i,j. oO 
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(Tournament of the Towns 2009) Initially the number 6 is written on a 
blackboard. At the nth step, one replaces the number d written on the 
blackboard with d + gced(d,n). Prove that at each step the number on 
the blackboard increases either by 1 or by a prime number. 


Proof. This problem is very difficult! Let a, be the number on the 
blackboard at step n, so that apg = 6 and 


An = An—1 + gcd(an_i, 7). 


Let bn = an — Gn—1, hence we need to prove that 6, is either 1 or 
a prime for all n. The first few values of the sequence bı, bo,... are 
tT Oe as es (a LE DELIL 3 s 


The crucial claim is the following: suppose that a, = 3n and that bn+1 = 
1. Let k be the smallest positive integer such that b,,, #1. Then bn+k 
is a prime and ani, = 3(n +k). We will prove this claim by induction. 
It is not difficult to check it for n < 5 using the previous explicit values 
for the sequence (bn )n>1. It is not difficult to see that an41 = 3n + 1, 
AQn+2 = 3N + 2,.., Qn4k—-1 = 3n + k — 1 and so 


bn+k = ged(n+k,38n+k—1)=ged(n+k,2k4+1) | 2k +1. 


Suppose that 2k + 1 is not a prime and let p be a prime factor of 
ged(2k + 1,n + k). Then p < 2k+1 < k and 


bn+k-p = gcd(n + k — p, 3n + k — p — 1) = ged(n + k — p, 2k + 1 — 2p) 


is a multiple of p, contradicting the fact that k was minimal with bn+k 4 
1. Thus 2k + 1 is a prime and bn+k = 2k + 1, hence 


Ontk = Ontk—-1 + bn+k = 3n +k—1+4+2k+1 = 3(n +k), 


finishing the induction. It is clear that the claim implies the desired 
result. O 


(Komal) Is it possible to find 2000 positive integers such that none of 
them is divisible by any of the other numbers but the square of each is 
divisible by all the others? 
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Proof. The answer is positive. Let k = 2000, pı, ..., pk pairwise distinct 
primes and let P = p1...Ppk and x; = p for 1 <i < k. Then e nie 
ý 


are positive integers, at = a is not an com if i Æ j, yet g= = Er- P? 
J k4 i 


is a multiple of P?, which is a multiple of any zj, with 1 < j < k. The 
result follows. L 


A positive integer n is called powerful if p? | n for any prime factor p 
of n. Prove that there are infinitely many pairs of consecutive powerful 
numbers. 


Proof. The key observation is that if n and n + 1 are powerful, then so 
are 4n(n+1) and 4n(n+1)+1 = (2n+1)?. This is clear by the definition 
of powerful numbers. Since 8 and 9 are powerful, the result follows. O 


Let pn be the largest prime not exceeding n and let qn be the smallest 
prime larger than n. Prove that for all n > 1 we have 


n 
1 
fan 


ce 


Proof. Let ri, 7r2,... be the increasing sequence of primes and write qn = 
Tm for some positive integer m. Since pk = ri and qk = Ti+1 for p; < k < 
Pi+1, it follows that 


—1 l1Ti+1—1 
1 Pm 1 m— 441 1 





_ > Pitt — Ti 


kao PRUR pg Pkk iZi kær iil gz "ii 


-5 (2 1) 3 ee. = 
i=l Ti Ti+1 2 Tm <7 





(Russia 2010) a Ea infinitely many positive integers which cannot 
be expressed as %5 ol , with x,y integers greater than 1? 
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z?—1 
y-—l1 


prime p, thus the answer is positive. Assume that zo = pĉ, that is 


z? — 1 = p?(y2 — 1). Then p | (x—1)(x+1), hence p| x—1lorp|z+1. 
Moreover, we have gcd(z — 1,2 + 1) = 2, thus necessarily p? | x — 1 or 
p? | +1. Assume that p? | x—1, say r—1 = kp?, then k(kp?+2) = y2—1, 
or equivalently 


Proof. We will prove that p? cannot be expressed as for any odd 


(kp)? +2k +1 =y°. 
On the other hand 


(kp)? +2k +1 < (kp) + 2kp +1 = (kp +1)’, 


hence kp < y < kp + 1, a contradiction. Similarly, if p? | z + 1, say 
z = kp? — 1 then (kp)? — 2k + 1 = y? and 


(kp)? — 2k + 1 > (kp)? — 2kp + 1 = (kp — 1}°, 


hence kp — 1 < y < kp, a contradiction. O 


(Baltic Way 2004) Is there an infinite sequence of prime numbers py, po, ... 
such that |pn41 — 2pn| = 1 for each n > 1? 


Proof. Suppose that such a sequence exists and suppose that there is i 
such that p; > 3. Suppose that p; = 1 (mod 3), then 2p;+1 is a multiple 
of 3 and greater than 3, thus necessarily pj; = 2p; — 1 = 1 (mod 3). 
Repeating the argument yields Pik = 2pj4z4-1 — 1 for k > 1, then by 
induction p+, = 2*p;-—2*+1. Thus 2*p;-—2*+1 is a prime for all k > 1. 
Since p; is odd, there is k > 0 such that p; | 2* — 1, then p; | 2*p; -2* +1 
and so p; = 2"p;—2" +1, that is (p;—1)(2*—1) = 0. This is absurd, so we 
must have p; = —1 (mod 3). Then 2p; —1 is a multiple of 3 greater than 
3, hence p;41 = 2p; + 1 = —1 (mod 3). Repeating the above arguments, 
we deduce that pi} = 2*p;+2*—1 for k > 1. Choosing k > 1 such that 
pi | 2* — 1 (which is possible by corollary 4.15) yields a contradiction. 
We deduce that p; < 3 for all 7, and this is obviously impossible. Thus 
there is no such sequence. O 
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30. Let a1, @2,...,a% be positive real numbers such that for all but finitely 


əl. 


many positive integers n we have 
gcd(n, |ayn| + lazn| +... + Lagn]) > 1. 


Prove that a1,...,a, are integers. 


Proof. Let N be a positive integer such that for n > N we have 
gcd(n, |ayn| + [azn] +... + |axgn]) > 1. 


Let pı, p2, ... be the sequence of primes greater than N, then for all i > 1 
the quotient 
E Laipi] + [azpi] +... + [akpi] 
Pi 
is an integer. On the other hand, since |z| < x < |x| +1 for all z, we 
have 


k 
UA ROR ad ae 


a 


Since this happens for all 7, it is not difficult to deduce that a] +... + ak 
is an integer and 7; = a, + ... + ax for all sufficiently large 2, say i > io. 
But then 

{a pi} +... + {akpi} = 0 


for i > io, where {x} is the fractional part of x. This forces a;p; € Z for 
1 < j< kandi > ig. Using Bézout’s theorem, this immediately implies 
that a1,...,a, are all integers. O 


(IMO Shortlist 2006) We define a sequence a1, a2,a3, ... by setting 


a-pe 


for every positive integer n. 
a) Prove that an+ı > an for infinitely many n. 


b) Prove that ani1 < an for infinitely many n. 
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Proof. a) Assuming the opposite, it follows that the sequence (an)n is 
bounded (since if an+ı < an for n > N, then an < max(aı,..., ayn) for 
all n). However 


1 1 1 
m> (2-1+3-1+.+2-1)=1+3++2-] 
n \l 2 n 2 n 


and the last expression is not bounded. This contradiction settles part 
a). 


b) Note that an+ı < an is equivalent to 


oF «0+ de 


k=1 k=1 





or equivalently 


+ (FE E) <2 lile 


The key observation is that || - |Z] equals 0 if k does not divide n+1 
and 1 otherwise. This is a simple exercise using the Euclidean division 
that we leave to the reader. ‘Therefore we can rewrite the previous 
inequality as 





1+ ` 1 < Qn. 
k<n,k|n+1 
This suggests taking n = p — 1 with p a prime, so that the left-hand side 
is extremely simple: it reduces to 2. So it suffices to prove that ap_1 > 2 
for infinitely many primes p, which is the case, since we have already 
seen in part a) that an tends to oo. O 


(APMO 1994) Find all integers n of the form a? + b? with a, b relatively 
prime positive integers, such that any prime p < yn divides ab. 


Proof. If p < yn then p divides a or b. Since gcd(a,b) = 1 we have 
gcd(a, a? + b?) = gcd(b, a? + b?) = 1 and so p does not divide n, which 
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implies that n is a prime number. Next, let pı, ..., pg be all primes less 
than yn. Then pk+1ı > yn. Assume that k > 4, then Bonse’s inequality 
yields 

ab > pı...Pk > Divi >n =a? +)’, 


a contradiction. Thus k < 3 and so yn < 7, that is n < 49. If n > 25, 
then k = 3 and 30 = pipop3 divides ab, thus n = a? + b? > 2ab > 60, 
a contradiction. Hence n < 24 and n is a prime. If n > 9 then k = 2 
and 6 | ab, which easily implies that one of a,b is 3 (otherwise n > 24) 
and then a direct check yields n = 13. If n < 8 then we want n to be a 
prime and 2 | ab, which gives n = 2 or 5. O 


(Iran TST 2009) Find all polynomials f with integer coefficients having 
the following property: for all primes p and for all integers a,b, if p | 
ab — 1, then p | f(a)f(b) — 1. 


Proof. Let a be a positive integer and let p > a be a prime. Then a and 
p are relatively prime, so there is an integer b such that p | ab — 1. By 
hypothesis f(a)f(b) = 1 (mod p). Let f(X) = ao + aX +... + an X” 
for some integers ao, ...,an with an # 0. Then ab = 1 (mod p) and 
a” f(a) f(b) =a” (mod p). But 


a" f(b) = an(ab)” + an-ı (ab) ta + ... + aga” 
= An + an—14 + ... + aoa” (mod p). 
Hence letting g(X) = an + an-1X +... + ao X” we obtain 
f(a)g(a) =a" (mod p). 


Thus infinitely many primes divide f(a)g(a) — a” and so f(a)g(a) = a” 
for any positive integer a. It follows that f(X)g(X) = X” and so f(X) = 
+X for some 0 < d < n. Conversely, any polynomial f(X) = +X? with 
d > 0 is a solution of the problem. E 


Prove that there is a positive integer n such that the interval [n?, (n+1)?] 
contains at least 2016 primes. 
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Proof. Let k = 2015 and assume that for all n there are at most k primes 
between n? and (n+ 1)?. Pick any N > 1 and observe that 


1 
pr p ee p + sue P an ae p | 
By assumption each of the sums 
: 
j2<p<(j+1)2 P 
has at most k terms, each smaller than or equal to re thus the whole 


sum is bounded from above by + We deduce that 


SLR <H EL Gy z < 2k 
j= ie jG -1) ) 


p<N 
We know however (see theorem 4.74) that for N large enough we have 


` ai 


p<N? P 


1 
2 P 


p= 
T 

bo 
Q. 


This contradiction shows that our original assumption was wrong and 
the result follows. O 


(IMO 1977) Let n > 2 be an integer and let V,, be the set of integers of 
the form 1+ kn with k > 1. A number m € Vn is called indecomposable 
if it cannot be written as the product of two elements of Vn. Prove that 
there is r € V, that can be expressed as the product of indecomposable 
elements of Vp in more than one way (expressions which differ only in 
order of the elements of V,, will be considered the same). 


Proof. We have already seen (see example 4.56) that there are infinitely 
many primes p not congruent to 1 modulo n. Their remainders modulo 
n lie in a finite set, thus we can find two such primes p,q > n which are 
congruent modulo n. Let d be the smallest positive integer such that 
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p? = 1 (mod n) (it exists, thanks to corollary 4.15). Then pf, qf, pq?! 
and p% tq are all indecomposable elements of Vp. Indeed, it is clear that 
they are in Vn (ie. that they are congruent to 1 modulo n), and that 
their proper divisors are not in V, (by minimality of d and the fact that 
p =q (mod n)). In order to finish the proof, it suffices to observe that 


p° -qf = (pq *) - (qp*"). O 


(German TST 2009) The sequence (an),,cy is defined by a; = 1 and 


AOn+1 = ae — a? +207 +1 
for all n > 1. Prove that there are infinitely many primes which do not 
divide any of the numbers a1, ag,.... 


Proof. The key ingredient in this problem is the study of the sequence 
bn = a2 +1. Note that 


an+1 = (a2 + 1)? — aè = b2 — an (bn — 1). 


It follows that an41 = an (mod bn) and so aĉ yt1ls= a2 +1 =0 
(mod bn). In other words, bn divides bn+ı for all n. We can actually 
refine this observation: we have 


a21 +1 = aż (bn — 1)? + 1 = a2(1 — 2bn) + 1 = bn(1 —2a2) (mod 02). 


Note that gcd(1 — 2a2,bn) = 1, since any prime dividing 1 — 2a2 and 
bn = a2 +1 would also divide 1—2a2 +2(a2 +1) = 3, but 3 does not divide 
a2 +1. We conclude that bn+1 = bnCn with ged(bn, Cn) = 1. Note that 
clearly an+1 > an for all n, thus cn > 1 for all n. Let py be an arbitrary 
prime factor of cz, then pz does not divide by (as gcd(by, Ck) = 1) and so 
it does not divide bı1b2...b (since bı | bə | ... | by). In particular pọ does 
not divide c1c2...cz,_; and so the sequence pj, p2,... consists of pairwise 
distinct primes. We will prove that any of these primes is a solution of 
the problem. 
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Assume that p | bn for some n > 1, and that p | a, for some k > 1. 
Note that for all n > 1 we have ani, = 1 = a; (mod an) and then 
an+2 = aj — a? + 2a? +1 = ag (mod an). An immediate inductive 
argument shows that an+; = a; (mod an) for all n,7 > 1. In particular, 
ay | ajk for all j > 1. Choose j such that jk > n, then p | ag | ajk and 
so p does not divide bjk = ar, +1. This is however impossible, since 


p | bn | bjk. L 


Prove that for all n > 1 we have 


Son EP, ny- ara. 


din d|n d|n d|n 


Proof. Let us prove the first equality. Since both sides define multiplica- 
tive functions of n, it suffices to prove that they agree on prime powers, 
thus we may assume that n = p* for a prime p and some k > 0. Then 


k 
` o(d) = ` ol) = 14+(1+p)+...4(1+pt+...+p") = (k+1)+kp+...+p" 
d|n i=0 


and 


T(d =; E Te ien 
mE aH +e “ae ili +1) = (k +1) +kp+...+p*, 
din i= i= 


thus the two sides agree. 


For the second equality we proceed similarly, reducing to the case n = p* 


and then computing 
alp) 


k 
old 
noy = =p" + (p +p) +... + (pf +p% +...+1) 
d|n i=0 





k 
= (k +1)" + kpt +...+1 =Y (¢+1)p' =) 7(d). 
i=0 d|n 
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Here is also an alternative solution, suggested by Richard Stong and 
using the convolution product of arithmetic functions. Let 1 denote the 
constant function with value 1 and id the identity function. We already 
saw that 1*1=7 and 1 xid = ø. We easily compute that 


(id x id)(n) = doa. = aoe 


din 
Now the first equality just reads 
1 xø = 1x (1 xid) = (1*1)*id =7 xid, 
and the second reads 


o xid = (1 * id) * id = 1 * (id * id). oO 


a) Let f be a multiplicative function with f (1) = 1 (this is equivalent to 
f being nonzero). Prove that for all n > 1 we have 


> (duld) = [JA - fe), 


d|n pin 


the product being taken over the prime divisors of n. 


b) Deduce closed formulae for 


X u(d)r(d), X u(d)o(d) and X u(d)o(d) for n > 1. 


d|n d|n d|n 


Proof. a) Let p1, p2,..., pg be the distinct prime divisors of n. The only 
divisors d of n for which f(d)u(d) Æ 0 are products of distinct elements 
of the set {pj,...,p,} (including the empty product, which equals 1 by 
convention). Hence 


k 


D,f(d)a(d) =1— D_ fli) + XO f(pipy) +- + (1)! f (p1..-Pk). 


d|n =1 1<i<j<k 
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Since f is multiplicative, the right-hand side can further be written as 


1- Sf )+ So fpf (pj) +. + (1)! f (p1)..-f (pr) 


=l 1<i<j<k 


= (1— f(p1)).-.(1 — f(e)). 


The result follows. 


b) By using a), we obtain 


> H(d)r(@) = TI - r(p)) = (-1)™, 


d|n p|n 


where w(n) is the number of prime factors of n. Similarly, we obtain 


T w(do(d) = [Ja - (1+ p)) = (9) - Tp 


d|n p|n pln 
and 
> 44) 9(4) = [Ja - oe- i) = [[@ -»). L 
d|n p|n pin 


Let f be an arithmetic function such that the function g defined by 


=) f@ 


d|n 


is multiplicative. Prove that f is multiplicative. 


Proof. By the Mobius inversion formula 


fa = ds), 


d\n 


hence f is the convolution product of the multiplicative functions u and 
g. Theorem 4.99 implies that f is multiplicative. O 
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Al. 


defined by 
g(n) = >> f(d). 


d|n 
For all n > 1 we have 


dot) = 5) fk]: 


b) Prove that the following relations hold for all n > 1 


> rt =o A | Lot) 7 Di z | 


k=1 


Proof. a) Taking into account that there are [?] multiples of k in the 
set {1,2,...,n}, we can write 


Yok)=HYK)=Ds@- Y 1= DH 70 E 
k=1 


k=1 k=1 d|n d<n d|k,k<n 


b) The first formula follows from the proposition by taking f the constant 
map 1 (so that g(n) = 7(n)). For the second formula, take f(n) =n in 
the proposition (so g(n) = o(n)). O 


Let f(n) be the difference between the number of positive divisors of n 
of the form 3k +1 and the number of positive divisors of the form 3k — 1. 
Prove that f is multiplicative. 


Proof. Let m,n be relatively prime positive integers. Then each positive 
divisor d of mn can be uniquely written as the product d = ef of a 
positive divisor e of m and a positive divisor f of n. We have d = 1 
(mod 3) if and only if e = f = 1 (mod 3) or e = f = 2 (mod 3). Thus, 
if g(n) (respectively h(n)) is the number of positive divisors of the form 
3k + 1 (respectively 3k — 1) of n, then 


g(mn) = g(m)g(n) + h(m)h(n). 
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Similarly, we obtain 
h(mn) = g(m)h(n) + g(n)h(m). 
We deduce that 


f(mn) = g(mn) — himn) = g(m)(g(n) — hin)) — h(m)(g(n) — h(n) 
= f(n)f(m), 


proving that f is multiplicative. O 


Remark 8.12. a) Once we know that f is multiplicative, it is not difficult 
to check that f(n) > 0 for all n. Indeed, if p = 1 (mod 3) then clearly 
f(p”) = 1 +n, while if p = 2 (mod 3), then f(p”) equals 1 if n is even 
and 0 otherwise. 

b) One can prove that the equation z? — zy + y* = n has exactly 6f (n) 
solutions in integers. 


c) Similarly, one can prove that for any k € {4,6,8, 12,24} any positive 
integer n has at least as many positive divisors of the form mk + 1 as 
positive divisors of the form mk — 1. Moreover, this property does not 
hold for any other k. 


(AMM 2001) Find all totally multiplicative functions f : N —> C such 
that the function 


n 
F(n) = X f(k) 
k=1 
is also totally multiplicative. 


Proof. There are three such functions: the functions that are identically 
0, respectively 1, and the function f such that f(1) = 1 and f(n) = 0 
for n > 2. For k > 1, we have f (2k) = f(2)f(k) and 


f(2k — 1) = F(2k) — F (2k — 2) — f (2k) 
= F(2)(F(k) — F(k — 1)) — f (2k) 
= (1 + f(2)) f(k) — F(2)f (k) = f(k). 
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Therefore, each value f(n) is a power of f (2). Furthermore, 


f (2) = f(3) = (5) = £9) = (87 = FQ)’. 


Thus f(2) € {0,1}, and the result follows. oO 


Find all nonzero totally multiplicative functions f : N — R such that 
f(n+1) > f(n) for all n. 


Proof. Clearly for any nonnegative real number k the function f(n) = n* 


is a solution of the problem. We will prove that these are all solutions. 
Note that f(1) = 1 and so f(n) > 1 for all n. Consider g(n) = log f (n), 
so that g(n +1) > g(n) for all n, g(mn) = g(m) + g(n) and g(n) > 0 for 
all n. Fix different primes p,q and consider arbitrary positive integers 
a,b. If p° < q, then g(p*) < g(q’), which becomes ag(p) < bg(q), 


or equivalently a < bB P L, Thus whenever x = ¢ is a positive rational 


number such that x < eae we also have x < 2 (a). Since the number eed 
can be approximated at any order by rational numbers, we conclude that 


logg — 9(9) 
logp ~ g(p) 





Arguing similarly (using a,b such that p? > q?) yields the opposite in- 
equality 


> 


mag > I) logg _ 9(q) 


——— sO = g 
logp ~ g(p)’ logp g(p) 


Q 








We deduce that gie) is independent of the choice of the prime p, say equal 


to some k > 0 for all p. Then g(p) = pf for all p and since g is totally 
multiplicative we conclude that g(n) = n* for all n, as desired. E 


(Erdös) Let f : N — R be a nonzero multiplicative function such that 
f(n+ 1) > f(n) for all n. Then there is a nonnegative real number k 
such that f(n) = nf for all n. 
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Proof. Since f is multiplicative and nonzero, we have f(1) = 1, and 
using the hypothesis of the problem we obtain f(n) > 1 for all n > 1. 
We will prove that f is totally multiplicative, which will be enough to 
conclude thanks to the previous example. For this, we will prove that 
for any prime p and any k > 1 we have 


Ft) = Flp) fo’). 


Fix such p and k > 1. For any integer n > 1 not divisible by p we have 


f(n+p)f(p") f(p) = f(np* + p***) f(p) > foën + 1)f(p) 
= f(n + p) > f(n) 
= f(t) f (n). 


Similarly, 
f(p**") f(n + p) = f(n + pt?) > ftn p) 


= f(p)f(p*n + 1) > f(p)f(p*n) 
= f(p) f(p") f(n), 


We deduce that setting 


f(p*t") _1_ ff") 


— FOF) =a fer)” 


we have 
f(n+p) 2 af(n), f(n+p) 2 bf(n) 
for all n relatively prime to p. Iterating the first inequality yields 
f(n + jp) 2 a’ f(n) 


for all j > 1 and all n relatively prime to p. Taking j = 2 | we have 
f(n + jp) < f(2n) and so 


f(2n) > ale] f(n). 
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Choosing n odd, the previous inequality becomes a k < f(2). Choosing 
n very large (relatively prime to 2p), we deduce that a < 1. Similarly, 
we obtain b < 1, which yields a = b = 1 and so 


F) = fp) f"). 


Since p was an arbitrary prime and k an arbitrary positive integer, we 
deduce that f is totally multiplicative, as desired. O 


Are there infinitely many n > 1 such that n | 27 — 1? 


Proof. Let F; be the ith Fermat number and choose arbitrary prime 
factors go, qı, ... Of Fo, Fi,..., so for instance go = 3, qı = 5, etc. Define 
Nd = q0q1---qa for all d > 1. We claim that ng | 2°(na) — 1, Since o(na) 
is a multiple of 2%, it suffices to prove that qoq1...dq | 22° _ 1. Since the 
Fermat numbers are pairwise relatively prime, so are qo, ..., qaq, thus it 
suffices to prove that each of the numbers qo, ..., gq divides 92° _1. This 
is clear, since 2 _lisa multiple of F;_; for i < d. oO 


An integer n > 1 is called perfect if o(n) = 2n. Prove that an even 
number n > 1 is perfect if and only if n = 2?-1(2? — 1), with 2? — 1 
prime. 


Proof. Suppose first that n = 2?-1(2? — 1), with 2? — 1 prime. Since o 
is multiplicative, we have 


A oP —1 
a(n) = 0(2?-*)-o(2? — 1) = T 2 2m, 


hence n is perfect. The converse is more difficult. Suppose that n = 2*m 
is perfect, with k > 1 and m odd. Again, by multiplicativity of o we 
have 

2Ftim = 2n = o(2")a(m) = (2**1 — 1)0(m). 


Since ged(2*+1,2*+! — 1) = 1, there is an integer a such that m = 
a(2F+i — 1) and o(m) = 2**1a. If a > 1, then 1,a and m are divisors of 
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m, hence o(m) > 1+a +m = 1 +2ftta, a contradiction. Hence a = 1, 
m = 2F+1 — 1 and a(m) = 2F+t1 = m + 1. The last equality implies that 
m is a prime, which finishes the proof, since n = 2*m = 2% (2+1 —1). O 


Let n be an even positive integer. Prove that o(o(n)) = 2n if and only 
if there is a prime p such that 2? — 1 is a prime and n = 2°71. 


Proof. Suppose that n = 2-1 with 2—1 prime. Then o(n) = 2?—1 and 
o(o(n)) = 1+2? —1 = 2? = 2n. Conversely, suppose that o(o(n)) = 2n 
and write n = 2km, with k > 1 and m odd. Suppose by contradiction 
that m > 1 and note that the condition o(o(n)) = 2n can be written 


o((2"*! — 1)a(m)) = 2**1m. 


Since 1,0(m) and (2*+!—1)a(m) are different divisors of (2*+1—1)a(m), 
we deduce that 


tim > 1+0(m) + (2**1 — 1)0(m) > 2**46(m) > 2**1m, 


a contradiction. Hence m = 1 and n = 2*+!, with o(2*+1 — 1) = 271, 
This clearly implies that 21+! — 1 is a prime, hence k +1 = p is a prime. 
The result follows. O 


(Romania TST 2010) Prove that for each positive integer a we have 
olan) < o(an + 1) for infinitely many positive integers n. 


Proof. The idea is to choose n prime (so that an has few divisors) such 
that an+1 has many prime divisors. Suppose that pı, ..., Pk are pairwise 
distinct primes that do not divide a and that n > a is a prime such that 
an + 1 = 0 (mod p...p,). Then 


o(an +1) > (an+ 1): JI (1++) > an-[](1+4). 


Pi i=l Pi 


1=1 


On the other hand 


olan) = a(a)o(n) = o(a)(1+ 7) < 2a0(a)n. 
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It is thus enough to ensure that 


k 
1 2 
Il (1 + 2) sa 
i=1 Pi į 

in order to have o(an) < o(an + 1). It is now clear how to proceed: let 


p1, P2, ... be the increasing sequence of primes that do not divide a. Since 
only finitely many primes divide a, by theorem 4.74 there is k such that 


k k 

1 1 2o0(a 

(+>) > — sa 

i=l Pit jai Pi j 

Fixing such a k, Dirichlet’s theorem yields the existence of infinitely 

many primes n such that an+ 1 = 0 (mod pjpo...pz,). The result follows. 
O 


(IMO Shortlist 2004) Prove that for infinitely many positive integers a 
the equation T(an) = n has no solutions in positive integers. 


Proof. We will prove that if a = p?-', with p > 3, then the equation 
has no solutions. Assume that n is a solution and let m = an, so that 
aT(m) =m. Since a divides m, we can write m = p’s with r > p— 1 
and s relatively prime to p. Then the equation becomes 


(r + 1)r(s) =p" ?t's. 


This forces r > p (otherwise r = p — 1 and the right-hand side is not a 
multiple of p, while the left-hand side is divisible by p). Let k = r—p+1, 
so that k > 1 and 


(k +p)r(s) = p*s. 
Since 7(s) < s, we deduce that k + p > p*. Assume that k > 2, then 


p”? ~p=p(p*' — 1) > 3(3""! — 1) > 3- 2(k — 1) > k, 


a contradiction. Thus k = 1 and (p + 1)r(s) = ps. Write now the prime 
factorization of s, 


— pal Ad 
S = pi -pg 
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Then for all į we have 











——— = TE < a; < = 


E: o 


Combining these inequalities yields 


oi 
o(% <ai+1 


for all i. Since p > 4, this immediately implies a; = 1 for all 7. But then 
the equation (p + 1)r(s) = ps becomes 


p T(s) oe 


On the other hand 


(p+ 1)2¢ = p - py...pa- 


We deduce that p | 2“(p + 1), which is obviously impossible. Therefore 
for such a the equation has no solution and the result follows. O 


(IMO) Let T(n) be the number of divisors of a positive integer n. Find 
T(n?) 


T(n) 





all positive integers k such that k = for some n. 


T(n?) 
T(n) 


n = l then k = 1. Ifn > l andn = pi’ ... p1. is the prime decomposition 
of n then T(n?) = (271; + 1)... (2r + 1) is an odd number and hence k 
is odd. Conversely, let k = 2m + 1 is an odd number. We shall prove by 
induction on m that there are r1,...,T and hence n such that 


— (2r1+1)...(2rs +1) T(n’) 
© (r1+1)...(rs+1) T(n)’ 


for some n. If 





Proof. Answer: all odd positive integers k. Let k = 





If m = 1 then 
7 (2-2+1)(2-4+4+1) 


(2+ 1)(44+1) 
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Suppose that for all m < M we can write 2m + 1 as a fraction of the 
desired form and let k = 2M +1. Ifk+1=2!-t, where t is odd then 


_k+1 k+l, 


t= k. 
2 = 2 





Consider the numbers 
EE PADA E 2° ra =A i E ye oe 
Then for nı = pj! ...p;’ we have 


p = T03) _ (2m +1)---Qrn+1) _ 2m+1_ 2t 
T(n)  (r1+1)...(1+1) m+41 : 








2 
Since t < k we now that there is nog = qj? ...q@* such that t = we 
Then choosing the primes p),...,p; different from q1,...,qs we set n = 
nın and get 





T(n?) _ T(ni) _ 7(n3) 


T(n)  T(nı) T(n2) 


Hence the induction is finished and the statement is proved. E 


— kıt = Xt -1 =k. 











A positive integer a is called highly divisible if it has more divisors than 
any number less than a. If p is a prime number and a > 1 is an integer, 
we write v,(a) for the exponent of p in the prime factorization of a. 
Prove that 


a) There are infinitely many highly divisible numbers. 
b) If a is highly divisible and p < q are primes, then vp(a) > vp(a). 


c) Let p,q be primes such that pë < q for some positive integer k. Prove 


that if a is highly divisible and a multiple of q, then a is a multiple of 
k 


p”. 

d) Let p,q be primes and let k be a positive integer such that p* > q. 
Prove that if p? divides some highly divisible number a, then q divides 
a. 


e) (China TST 2012) Let n be a positive integer. Prove that all suffi- 
ciently large highly divisible numbers are multiples of n. 
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Proof. We will constantly use the formula 


r(x) = [ [C + (2) 


pix 
for the number of divisors T(x) of x. 


a) Suppose that there is a largest highly divisible number a. Then for 
b > a we have T(b) < max;<y7(j), hence the sequence (7(b))p>a is 
bounded. This is clearly absurd. 


b) If up(a) < v(a), then b = BOF TIOT die Mena is less than a and 
T(b) = Tr(a), contradicting the fact that a is highly divisible. 


c) Let b = cas Note that b < a, hence 7(b) < 7r(a), since a is highly 
divisible. We deduce that 


va(a)(vpla) + k +1) < (1+ vp(a))(1 + v4(@)), 


which simplifies to kug(a) < 1+ vp(a). Since vg(a) > 1 by assumption, 
it follows that vp(a) > k, thus p* divides a and we are done. 


d) Suppose that q does not divide a and let b = De Again, b < a hence 
T(b) < Tr(a), which translates into 


(1 + vp(a) — k)(2 + vg(a)) < 1 + v(a). 


Since vg(a) = 0, this reduces to 1+ vp(a) < 2k, contradicting the fact 
that p°% divides a. 


e) Let pi, po, ... be the increasing sequence of primes. It suffices to prove 
that for all n and k, all sufficiently large highly divisible numbers are 
multiples of (p1...~n)". By part b), it suffices to ensure that such numbers 
are multiples of p*. Suppose that this is not the case, hence infinitely 
many highly divisible numbers a; are not multiples of pë. Let q be a 
prime greater than pr. By part c), a; are not multiples of q, hence their 
prime factors are all less than q by part a). Let q1, ..-, qs be all primes less 
than q and let m be such that q? > q. If a; is sufficiently large, then at 
least one of the numbers vg, (ai), ..., Vgs (ai) is greater than 2m. By part 
d) it follows that q divides a;, a contradiction. The result follows. E 
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Let n > 1 be an integer. Compute 


X (1) 4g(d) 


d|n 
Proof. If n is odd, then so is 5 for all d | n, hence 


\(-1)iy(d) = — X` y(d) = 


d|n d|n 


by Gauss’ theorem 4.112. Suppose that n is even and write n = 2*m 
with k > 1 and m odd. Then 4 is odd if and only if ve(d) = k, that is 
d = 2*e with e | m. Hence 


S-(-1)#e@= X old) -Y plte) =Y old) -29 2* Ty (e) 


d|n d|n ejm d\n elm 
v2(d)<k 


Using Gauss’ theorem 4.112 twice, we obtain 


S-(-1)¢¢(d) =n—2*m=0. oO 
d|n 


(IMO 1991) Let 1 = a; < ag < ... < Gyn) be the totatives of n > 1. 
Prove that a1, d2,..-,@,(n) form an arithmetic progression if and only if 
n is either 6, a prime number or a power of 2. 


Proof. It is clear that if n = 6, a prime or a power of 2, then a1, ..., @y(n) 
form an arithmetic progression, so let us prove the converse. The case 
n < 6 being easy, we assume that n > 7. Then y(n) > 3. If a2 = 2, then 
1,2, -.-; y(n) Must be consecutive numbers and so, since ayn) = n— 1, 
we must have y(n) = n—1. Thus n is relatively prime to 1, 2,...,n — 1, 
and so n is a prime. If ag = 3, then we must have a; = 27 — 1 for all J, 
son —1 = 2y(n) — 1 and n = 2y(n). Write n = 2*m with k > 1 and 
m odd, then the equation becomes m = v(m), with the unique solution 
m = 1, so n is a power of 2. 
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Assume now that a2 > 3. Thus n is a multiple of 3. Moreover, 
n—1= ayn) = 1 + (p(n) — 1)(a2 — 1). 


Note that 3 does not divide ag, and the last relation shows that 3 does 
not divide az — 1, thus ag = 2 (mod 3). But then ag = 2a, — 1 = 0 
(mod 3), contradicting the fact that gcd(a3,n) = 1. Thus this case does 
not lead to any solution, and the result follows. O 


Let n > 2. Prove that n is a prime if and only if y(n) | n— 1 and 
n+1]| a(n) (recall that o(n) is the sum of the positive divisors of n). 


Proof. One direction being obvious, suppose that y(n) | n— 1 and 
n+ 1 |o(n) and let p1, ..., Pg be the (pairwise distinct) prime factors of 
n. If there is i such that p? | n, then p; | y(n) | n — 1, a contradiction. 
Hence n = pıp2...Ppk. Suppose that k > 1. Note that n is odd, since 
y(n) is even (the case n = 2 is excluded by the hypothesis k > 1) and 
y(n) |n—1. Thus all p; are odd, hence 2” | y(n) = (pı — 1)...(pk — 1). 
In particular 4 | y(n) | n — 1 and so 4 does not divide n + 1. Also, 
2F | o(n) = (pı + 1)...(pk + 1). Combining the last two observations, 
we deduce that 2*—! divides on) hence zin) > 2k-1_ This is however 
absurd, since 


w < M2) = (14)... a) < (=) <2. o 


Remark 8.13. A famous conjecture of Lehmer asserts that an integer 
n > 1 is a prime if and only if y(n) divides n — 1 (of course, only one 
implication is difficult). This is still open, even though one knows that 
the possible counterexamples are huge. 


Let k be a positive integer. Prove that there is a positive integer n such 
that y(n) = y(n + k). 


Proof. Let p be the smallest prime not dividing k and choose n = (p—1)k. 
Then y(n + k) = (pk) = (p — 1)y(k). On the other hand, 


on) = (P= Dk) =(p- Hk I (1-4) 


q\(p—1)k q 
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and since all prime factors q of p—1 are prime divisors of k (by minimality 
of p) we deduce that 


= (»— kT] (1- =) =( p—1)p(k) = y(n +k), 











q|k 
solving the problem. O 
Prove that for all n > 1 we have 
p(1) — (2) p(n) 
= 2. 
2—1 21" tan] 


Proof. The key observation is that 
glk) ek) 1 _ A 
w1 2k Tog THA aE 


Hence 





E D- S glk). 


kal” k=1 j>1 d>1 jk=d,k<n 


Now for all d > 1 we clearly have (using Gauss’ theorem 4.112) 
>, olk) <} olk) = 
jk=d,k<n k|d 


thus 





p(k) d 
Es ok] = 94° 
d>1 


Since 
nat? — (n+1)a™!4+e¢ 


(x — 1)? 
we deduce by choosing x = 1/2 and letting n — oo that 
OQO 
d 
ir eee 
d=1 
and the result follows. O 


£ +2? +... HNT? = 
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Remark 8.14. The argument shows that 


y(n) 2, 


a> 2% — 1 





and, more generally, that for all x € (—1,1) we have 


Ya Ga 


n>1 


a) Prove that there are infinitely many integers n > 1 such that 


y(n) > v(k) + p(n — k) 


for alll <k<n-1. 


b) Are there infinitely many n > 1 such that y(n) < y(k) + y(n—k) for 
all<k<n-1? 


Proof. a) We claim that any odd prime p has this property. Indeed, we 
have 


glk) + p(p—k) <k-1l+p—k—-1l=p—2< p(p)=p-1. 


b) The answer is positive. Let p1,po,... be the increasing sequence of 
primes and define ng = p1p2...pq. We will prove that this is a solution 
of the problem for d > 2. Choose any k € {1,2,...,ng — 1} and let 
qi < q2 < ... < qı be the prime factors of k. Note that qi > p1,q2 > po,... 
and since 


Pi -Pd = Na > k > Q..-Gl = Pipa---Pl 
we must have l < d. We deduce that 


ef -T](1-2) > f (1-2) = 92. 
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Since a similar inequality holds with ng — k instead of k, we conclude 
that 


p(k) + (na — k) > k POD 4 (ng k) - 2D. = ng), 
Nad Nd 
proving that ng is a solution of the problem. oO 


(AMM 11544) Prove that for any integer m > 1 we have 





m—1 
m+k 2 
1 = 
2 (2k + 1) ae | m 


Proof. Denote by £m the left-hand side of the equality. Then 
m—1 
m+k+1 mt+k 


Recall that in general kw — |] =1 if and only if k | n + 1, thus 
Lm+1 — Lm = Y(2m + 1) + X (2k + 1). 
0<k<m-1 


2k+1\m+k+1 


The condition 2k + 1 | m + k + 1 is equivalent to 2k +1 |2(m+k+1) 
and also with 2k + 1 | 2m + 1. Since all positive divisors of 2k + 1 are 
odd, we obtain 


p(2m + 1) + ` (2k + 1) = ` y(d) = 2m +1, 
0<k<m-1 d|2m+1 
2k+1\m+k+1 


the last equality by Gauss’ theorem 4.112. Thus 
mii — im 2n4+1 


and the result follows by induction. oO 


960 


Of. 


Chapter 8. Solutions to practice problems 


Remark 8.14. The argument shows that 


p(n) _ 


Il 2—1 





2, 


and, more generally, that for all z € (—1,1) we have 


LO) Te - Ga 


a) Prove that there are infinitely many integers n > 1 such that 


p(n) > plk) + y(n — k) 


foralll<k<n-1. 


b) Are there infinitely many n > 1 such that y(n) < (k) + y(n — k) for 
alil<k<n-1? 


Proof. a) We claim that any odd prime p has this property. Indeed, we 
have 


plk) + p(p—k) <k-1+p-—k-1l=p-—2< y(p)=p-1. 


b) The answer is positive. Let pi, p2,... be the increasing sequence of 
primes and define ng = p1p2...pq. We will prove that this is a solution 
of the problem for d > 2. Choose any k € {1,2,...,nq — 1} and let 
qi < q2 < ... < qı be the prime factors of k. Note that q1 > p1,q2 > pa,... 
and since 


Di---Dd = Na > k > q1..-q1 = Pip2---Pl 


we must have l < d. We deduce that 


ehh- =th0-2) =e 
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Since a similar inequality holds with ng — k instead of k, we conclude 
that 


p(k) + plna — k) > k- LED + (ng — r) -22A = ping), 
Nd Nd 
proving that ng is a solution of the problem. a 


(AMM 11544) Prove that for any integer m > 1 we have 


m—1 


mt+k _ 2 
Sk +0) i = 





Proof. Denote by £m the left-hand side of the equality. Then 
m—1 
m+k+1 mt+k 


Recall that in general | | — |%| =1 if and only if k | n + 1, thus 
Lm+1 — Lm = p(2m+ 1) + ` (2k + 1). 
0<k<m-1 


2k+1|\m+k+1 


The condition 2k + 1 | m + k + 1 is equivalent to 2k +1 |2(m+k+1) 
and also with 2k + 1 | 2m + 1. Since all positive divisors of 2k + 1 are 
odd, we obtain 


p(2m+1)+ X 9(2k+1)= ` yld)=2m+1, 
0<k<m-1 d|2m+1 
2k+1|m+k+1 


the last equality by Gauss’ theorem 4.112. Thus 
Tm+1 — Zm = 2m + 1 


and the result follows by induction. O 
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59. a) Prove that for all n > 1 we have 


n n n 2 
29> ok) =1+ Sal) [RY 
k=1 k=1 
b) Prove that for all n > 1 we have 


< 2n+nlogn. 





W re E E Zn? 


Proof. a) The identity 


gives 


k=1 k=1 dik d=1 ken 
= SHO y Ga = EuB 


Thus it remains to prove that 
k n 
> e(d) H = 
d=1 
for n > 1. But with a similar argument we obtain 


OHE > Ha) y= > Da 
d=1 ken =1 d|k 


since `q #(d) equals 0 for k > 1 and 1 for k = 1. 
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60. 


b) We will use the inequality 


1 


Ae 


2 
k<n a 


— ? 


n 








which can be proved arguing as in the proof of theorem 4.130. Using 
the inequality x? — |x]? < 2x for x > 0, part a) and the result taken for 
granted, we obtain 








z+ alk |e) -En 





(a +9(2) +... + p(n) - nl = 








nt+1 Q1fn? |n)? n+1 Qn 
< 5 +3-3(-|z] )< 5 en 
using the inequality 
n 
1 
X -< 1 +logn. a 
a 


Let A1, +++ Ap(n 


a)Prove that for all m > 1 we have 


) be the totatives of n > 1. 
m m m _ m m n a 
d|n 


b) Compute a? + a2 + ... + a? 
Proof. a) Note that 


Dr- maa y Pr 


p(n)’ 


djn 1<k<n d|n 1<j<% 
gcd(k,n)=d gcd(j,3)=1 
In other words, if 
1<k<n 


gced(k,n)=1 
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then 








an ->™ as = > Smd, 


d|n (3) d|n 
The desired identity then follows from Mobius’ inversion formula. 


b) Taking m = 2 in part a) yields 


2 
a? + az ee F ‘= N u(d)d? (e +... + | 
d\n 


yuge At) E+) 


d|n 6 
wld 
mH 4 (a) + 2 aula) 
ocala d|n orale 


Using the identities (the second one uses the hypothesis n > 1) 


Se (d) = 20), S uld) — 0 


d|n d|n 
and 
S du(d) =| [0 -p), 
d|n p|n 
we conclude that 
at + as Teat a SF = k — = = [Ip — O 





r 


Remark 8.15. The identity obtained in part a) can be used to prove the 
equidistribution of the numbers %4, “,..., netsh as n — oo. This means 
that for each interval I c [0,1] we hae 


fay OLS 2, ADH 


Jim aa) = length(/) 
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61. 


or equivalently 


for all continuous functions f : [0,1] — R. Finally, this reduces (thanks 
to the Weierstrass approximation theorem) to proving that 


BARG) -an 


for all m > 0, which is a not too difficult (but technical enough) conse- 
quence of part a) of the previous exercise. 


(Serbia 2011) Prove that if n > 1 is odd and y(n), y(n + 1) are powers 
of 2, then n + 1 is a power of 2 or n = 5. 


Proof. Observe first that if a is an odd integer such that y(a) is a 
power of 2, then a is a and all of its prime factors are Fermat 
numbers. Indeed, if a = pi 1__.p* is the prime factorization of a, then 
pitt... pkr—1 (pi — 1)...(pr — 1) being a power of 2 forces kı = ... = ky = 1 
and all pi — 1 being powers of 2, i.e. p; are Fermat primes. Thus 
we can write a = p}...pp and assuming that pı < ... < Pr, we obtain 
Pi+1 — 1 > (p; — 1)? (since p; = 27°* + 1 for some aj < ... < ar). We 
deduce that 
Pi < ee T Pi 
pı—1~ pla) pid 


ONO E 


the last equality being a consequence of the general formula (valid for 
x € (0,1)) 











(1+2)(14+27)(14+ z$)... = ; 5 = 
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which follows directly from the difference of squares formula. We con- 
clude that if a is an odd integer for which y(a) is a power of 2, then 
Pi 


pı— 1 
a)—— <a< gla). À 
p( i= y(a) ear, 





where pı is the smallest prime factor of a. 

Coming back to our problem, write y(n) = 24 and y(n + 1) = 2%, then 
applying the previous discussion to n and to the largest odd divisor of 
n + 1, we obtain 


gå oA Ploeg A P21 


p~l pi — 2’ 
oB+1 < oBt1_W_ < peiz oB+141 — 1 
ee a qi — 2 
where pı is the smallest prime factor of n and qı is the smallest odd 


prime factor of n+ 1 (assuming that n + 1 is not a power of 2). Since 
01,91 > 3, we have m- < 2 and similarly for qı. We deduce that 


OO ee oer. E a yo oat. 


which yields A = B+ 1. Combining this with the previous inequalities 
yields 





—1 1 —2 
qı P. ma T ee | 
a-2 pi-l n g= pial 
The first inequality yields pı > qı — 1, while the second one can be 


rewritten as 
1 pı—4qı—1 


-> +... 
n (p-1)(q-1) 
Since gcd(n,n + 1) = 1, we cannot have pı = qı, thus necessarily pı > 
qı + 2 (since pı, qı are odd). We conclude that 


n < (pı — 1)(qı — 1) < p?. 


Since pı is the smallest prime factor of n, we deduce that n = pı. Thus 
pı = 1 + 2/ and (24 + 2) = 28. Since we assumed that n + 1 is 
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not a power of 2, we have A > 1, thus y(24-! + 1) = 27. But then 
24-1 + 1 (which is odd) is a product of distinct Fermat numbers. Using 
the uniqueness of the binary expansion, we easily obtain that 2471 + 1 
must itself be a Fermat prime, i.e. A — 1 is a power of 2. But since 
1+ 24 = pı is a prime, A must also be a power of 2. We conclude that 
A = 2 and so n = 5. The result follows. E 


62. (Komal A 492) Let A be a finite set of positive integers. Prove that 
ST (=2)!S1-1 gea(s) > 0, 
SCA 
the sum running over all nonempty subsets S of A and gcd(S) denoting 
the greatest common divisor of all elements of S. 


Proof. Let ay < ... < an be the elements of A and let N be their least 
common multiple. Let luja; be 1 if u | a; and 0 otherwise. The following 
relation follows directly from Gauss’ formula 


gcd(ai,,..-,i,) = 2 p(u) = >> p(w) - Lula, ees luja, i 


ulgced (ai, ,.--,4i, ) u|N 
We deduce that 


So (- sss 1 ged(S) = > ` (— ai 1 gcd(aj,,-- sii.) 


SCA k=l 11 <...<tik 
n 
= D 2 2 X glu) ` luja; ae Lulas, 
k=1 11<...<tp ul N 
n 
= Y plu) $ (-2)*7 > lula; Paes luja; 
uN k=1 tiL. Lik 
7 Pie aia) a) 
= > phu) i A a aa 


u|.N 
All terms in the previous sum are nonnegative, and the term correspond- 
ing to u = an is equal to y(a,). We conclude that 


X (—2)8? ged(S) > (an) > 0. i 
SCA 
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8.4 Congruences involving prime numbers 


1. Prove that for all primes p the number 





TL el 22 seine 9 1256.9 
Ss —— 


Pp p Pp 


is divisible by p. 


Proof. The result is clear for p = 2 and for p = 3 it follows by computing 
the sum of digits of the numbers involved, so assume that p > 3. By 
definition we have 
ae ae a 10? — 1 10? — 1 10? — 1 
— 108?. —__ 19.19 ?. ——__— . 
Th eal 22 ce 2 ie 99. 9= 10 9 +2-10 9 +...+9 y 
p p p 





Therefore, we need to prove that 
— — 10? — 1 
10% “== 082 (10. E 0r) o (2 -1) 


is divisible to p. It suffices to check that 10%? . *4=* = 10* (mod p) 
for all k > 0. By Fermat’s little theorem we have 10%? = 10% (mod p), 
hence it suffices to prove that 10% . +=? = 0 (mod p). This follows 
from Fermat’s little theorem since p £ 3. O 





2. (Baltic Way 2009) Let p be a prime of the form 6k — 1 and let a,b,c be 
integers such that p | a+b+ cand p | at +bt + ct. Prove that p | a,b,c. 


Proof. We have a = —b — c (mod p) and so 
b¢+c*++(b+c)*=0 (mod p), 


which can be rewritten as 2(b? + bc + c*)*? = 0 (mod p). Thus p | 
b? + be + c* and then p | b,c by corollary 5.30. The result follows. O 
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3. (Poland 2010) Let p be an odd prime of the form 3k + 2. Prove that 


p—i 

L? +k+1)=3 (mod p). 

k=1 
Proof. Since p = 2 (mod 3), the map x — x? (mod p) is a permuta- 
tion of {0,1,...,p — 1} (by corollary 5.30) and induces a permutation of 
{2,...,p —1}. Thus 


—l p—1 
(p— 2)! [JK +k+1)=3: [[(k-1)(k? +k+1) 
k=1 k=2 


p—l p—l1 
=3 ][(k°-1) =3- [[(&-1) =3(—- 2)! (mod p) 
k=2 k=2 


and we conclude using the fact that gcd((p — 2)!,p) = 1. oO 


4. (Iran 2004) Let f be a polynomial with integer coefficients such that for 
all positive integers m,n there is an integer a such that n|f(a™). Prove 
that 0 or 1 is a root of f. 


Proof. Let p be a prime and choose n = p and m = p—1. By hypothesis 
there is a such that p | f(a?-'). Since a?! = 0,1 (mod p), we have 
f(a?-+) = f(0), f(1) (mod p) and so p | f(0)f(1). Since this holds for 
any prime p, we deduce that f(0)f(1) = 0, hence the result. O 


5. (Cippola, Rotkiewicz) Prove that if nı > n2 >... > ng > 1 are integers 
with k > 1 and 2% > nı then Fy,...Fy, and (271 — 1)...(2%™* — 1) are 
pseudo-primes, where F, = 2?” + 1 is the nth Fermat number. 


Proof. Both numbers are clearly composite. Letting n = Fp,...Fn,, we 
need to prove that n | 2”71 —1. Since Fy,,..., Fn, are pairwise relatively 
prime (see example 3.12), it is enough to prove that Fp, | 2”71 —1 for all 
1<i<k. Since Fa, | 22"'*" — 1, we are further reduced to 22" — 1 | 
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2”-! —1, or equivalently 2"*t* | n—1. Since Fp; = 92°F 4 1 and 2" >n; 
we have Fn, =1 (mod 2"**?) for all j and son — 1 = Fm, -Fn —1 = 0 
(mod 2”**!). as desired. 


Now let m = (2? —1)...(27%* —1). Again, since Fy,,..., Fn, are pairwise 
relatively prime, so are the numbers 24% —1, ..., 2Fnk —1 and so it suffices 
to prove that 2°") — 1 | 2”-! _ 1 for all j, or equivalently Fy, |m—-1 
for all j. For this, it suffices to prove that 2" — 1 = 1 (mod Fy,) for 
all 1 <u,j < k, or equivalently Fn, | 2**«~' — 1. Since Fn, | een 
we are further reduced to 2%t! | Fa, — 1 for all j,u, which is again an 
immediate consequence of the hypothesis that 2"* > nı. O 


. (India TST 2014) Find all polynomials f with integer coefficients such 


that f(n) and f(2”) are relatively prime for all positive integers n. 


Proof. If f is constant, then clearly f is a solution of the problem if and 
only if f = 1 or f = —1, so assume that f is not constant. Then there is 
N > 1 such that |f(2)| > 1. Let p be a prime divisor of f (21). For any 
positive integer k we then have p | f (2 + kp) and using the hypothesis 
of the problem it follows that p does not divide f (22™+kp), Note that 


92” +kp = 92" ok (mod p), hence f (22° +kp )=f Cue (mod p), 


thus p does not divide f(2?” -2*). Since p | f(2™) and 22" . 2k — 2N | 
f(22” -2*) — (2%), we deduce that p cannot divide 22" 2k —2N for any 
k > 1. This is absurd: we can always choose k > 1 such that ON+k=WN 
(mod p—1) and then p | 22" . 2k — 2N by Fermat’s little theorem. Thus 
no nonconstant polynomial can be solution of the problem and the only 
solutions are f = 1 and f = —1. oO 


. (Rotkiewicz) An integer n > 1 is called pseudo-prime if n is composite 


and n | 2” — 2. Prove that if p,q are distinct odd primes, then the 
following statements are equivalent: 


a) pq is a pseudo-prime. 
b) p | 297} — 1 and q | 27} — 1. 
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c) (2? — 1)(2% — 1) is a pseudo-prime. 


Proof. Let n = (2? — 1)(24—1). Suppose that pq is a pseudo-prime and 
let us prove b). By symmetry, it suffices to prove that p | 2971 — 1. But 
since pq is pseudo-prime, we have pq | 2P4 — 2, thus 2°? = 2 (mod p). 
On the other hand, by Fermat’s little theorem 2?4 = 21 (mod p) and so 
27 = 2 (mod p), as desired. Thus b) holds. 


Suppose that b) holds and let us prove that n is a pseudo-prime. Since 
2P — 1 and 29 — 1 are relatively prime, it suffices to prove that each of 
them divides 2”71 — 1, or equivalently that p and q divide n — 1. But by 
Fermat’s little theorem n — 1 = 27 — 1 — 1 = 2% — 2 (mod p) and since 
b) holds we obtain p | n — 1 and, by symmetry, q | n — 1, as desired. 


Finally, assume that c) holds. Then 2? — 1 | n | 2-1 — 1, thus p| n — 1. 
As in the previous paragraph n — 1 = 21 — 2 (mod p) and so p | 29 — 2 
and, by symmetry, q | 2P — 2. Now Fermat’s little theorem and what we 
have already established yield 


2P1 = (2P)1 = 27=2 (mod p) 
and similarly 2°41 = 2 (mod q), thus pq | 2? — 2 and a) is proved. oO 


2P—1—1 
p 





8. (Gazeta Matematica) Find all odd primes p for which is a perfect 


power. 


Proof. It is easy to check that p = 3 and p = 7 are solutions and we will 
show that these are the only solutions. 


Write 2P71 — 1 = pr” for some z,n > 1. We will discuss two cases. 


If n is even, write n = 2k and z = zf, then 2 F — DOF +1) = p22. 
—1 —1 

Since 2 F — 1 and 2°2 +1 are relatively prime, we deduce that there 

is r E€ {—1,1} such that 


p— 


a +r=u? 


pol 2 
, 22 —r=pv 
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for some positive integers u,v with uv = z. If r = 1, then u? — 1 is 
a power of 2, which implies that u = 3 and p = 7. If r = —1, then 
27 | u? + 1 and since u? + 1 cannot be a multiple of 4 we conclude 
p < 3, then p = 3. 

Suppose now that n > 1 is odd, then a similar argument yields the 
existence of r € {—1,1} and u,v > 0 such that os +r = u” and 


27 — r = pv”. Then 


IF =u- r=u -r= (u — r) (uT? + ... + r”7t) 


and u”™t +... +r”7t} is odd. We deduce that u”™t +... +r”7i = 1 and 
this gives u = 1, r = —1 and p = 3. O 


. (IMO Shortlist 2012) Define rad(0) = rad(1) = 1 and, for n > 2 let 


rad(n) be the product of the different prime divisors of n. Find all poly- 
nomials f(x) with nonnegative integer coefficients such that rad(f(n)) 
divides rad(f(n™4(™)) for all nonnegative integers n. 


Proof. Let f be such a polynomial and suppose that f is not the zero 
polynomial (which is clearly a solution of the problem). Note that 
rad(n*) = rad(n) for all n and all k > 1. Let n be a nonnegative 
integer and define x9 = n and £k} = graer) Then by assump- 
tion rad(f(xz,)) divides rad(f(xķ+1)) for all k. On the other hand, 
rad(£k+1) = rad(z,) = rad(n) for all k, hence z_ = n™4(")", We con- 
clude that rad(f(n)) divides rad(f(n™®4(™")) for all n and all k. 


Since f is not the zero polynomial and since its coefficients are nonneg- 
ative, we must have f(1) # 0. Let p be any prime greater than f(1) 
and suppose that p divides f(n) for some nonnegative integer n. We 
will prove that p divides n. Replacing n by n + pm for a suitable m, 
we may assume that p — 1 divides n. Thus for k large enough we have 
p —1 | rad(n)* and since p does not divide n, Fermat’s little theorem 
gives n™4(")" = 1 (mod p), thus f(n™4™") = f(1) (mod p) and so p 
does not divide rad(f(n™4™")). This contradicts the first paragraph 
and the fact that p divides f(n). 
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Thus for all primes p > f(1) such that p | f(n) for some n we have p | n. 
Writing f(X) = X*g(X) for some nonnegative k and some polynomial 
g such that g(0) 4 0, we claim that g is constant. Indeed, otherwise 
by Schur’s theorem 4.67 there are infinitely many primes p for which 
p | g(n) for some n. By the previous paragraph each such p divides n 
and so it also divides g(0). But then g(0) = 0, a contradiction. Hence 
g is constant and f(X) = cX* for some nonnegative integer c. Since all 
these polynomials are clearly solutions of the problem, we are done. O 


(Turkey TST 2013) Find all pairs of positive integers (m,n) such that 
2” + (n-y(n) -—1)!=n™" +1. 


Proof. Let n,m be a solution of the problem, then clearly n > 1. Let p 
be the smallest prime divisor of n, then 


n 
n—-Y(n) > — 
p(n) 7 


since all multiples of p between 1 and n are not relatively prime to n. 


If p < n — y(n) — 1 then taking the original equation modulo p yields 
p | 2 — 1. Since p | 271 — 1 we obtain p | 284("P-1) — 1 = 1, the 
last equality being a consequence of the fact that p is the smallest prime 
factor of n, thus ged(n, p—1) = 1. Hence we must have p > n—y(n) > F, 
that is n < p?. Since p is the smallest prime factor of n, we deduce that 
n = p or n = p°. If n = p the equality becomes 2” = n™ which forces 
n = 2 and then m = 2. Suppose that n = p? for a prime p, then the 
equation becomes 2P” 4 (p—1)! = p™ +1. Ifp > 3 then the left-hand side 
is a multiple of 4, while the right-hand side is not. Thus p < 3. For p = 2 
we obtain m = 2 and for p = 3 we obtain 513 = 9™, with no solution. We 
conclude that the solutions of the problem are (m,n) = (2, 2), (2,4). O 


(Serbia 2015) Find all nonnegative integers x,y such that 


Cas ra 1)7 XA 92015 = oy al 1. 
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Proof. There are two obvious solutions, namely (x,y) = (0,2015) and 
(x,y) = (1,2016). Assume now that (x,y) is a solution with x > 1. 
Then 2¥ > (27015 + 1)?, so y > 4030. Taking the equation mod 24030 
yields 

14+ 2° 427° =142%=1 (mod 2%), 


which shows in particular that 16 | +1. Next, we work modulo 17. We 
have 24 = —1 (mod 17), thus 


QS or Se BO” (mod 17). 


thus we obtain 107 +8 = 2¥ (mod 17). Since z = —1 (mod 16), we have 
by Fermat’s little theorem 


107 = 107} = -5 (mod 17). 


We conclude that 2” = 3 (mod 17). Writing y = 4k +r with 0 <r < 3, 
we finally obtain (—1)* - 2” = 3 (mod 17). A simple verification shows 
that there are no such r, k, showing therefore that there are no solutions 
with x > 1. Therefore we have already found all solutions. O 


(Italy 2010) If n is a positive integer, let 


On = gn +1 _ gn?+1 4 antl 
Prove that infinitely many primes divide at least one of the numbers 
Q1,Q2,...-. 


Proof. Suppose that this is not the case and let pj,...,p, be all odd 
primes dividing at least one of the numbers a1, a2, .... Let 


n = s(pı — 1)...(pk — 1) 


for some positive integer s. Note that since 5 is among p1, ..., Pk (as 
5 | a1) we have 4 | n and so an = 2 (mod 4), an = 1 (mod 3) and 
an = 2+1 } 29?+1 = 4 (mod 5). In particular if an > 2 (which is 
definitely the case for s large enough, actually even for any s > 1) then 


8.4. 
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an must have a prime factor p greater than 5. By assumption this prime 
factor is among p1, ..., pk and so p— 1 | n. Using Fermat’s little theorem 
we obtain an = 2 — 3 + 5 = 4 (mod p), a contradiction. O 


(China TST 2010) Find all positive integers m,n > 2, such that 
a) m + 1 is a prime number of the form 4k — 1; 


b) there is a prime number p and a nonnegative integer a such that 
1 
= m” + p°. 


Proof. Let q = m + 1 and note that by assumption m = 2 (mod 4). 
Taking the equation mod 4 yields 3 = q = p° (mod 4), which forces a 
being odd and p = 3 (mod 4). 

Next, write the equation as 


ye 1 
ao Ot +1) = mp 


Assume inet n + 1 is even, and let vo(n + 1) = r, then Salis! T <N SO 
that m?” +1 divides both ™ col and m™+!+41. Thus m?” +1 | mp® and 


since gcd(m” + 1,m) = ae we deduce that m?” +1 is a power of p. But 
then p | m?” + 1, a contradiction with p = 3 (mod p 





Hence n + 1 is odd. Then q = m + 1 divides both m? —1 and m”+! + 1, 
hence as before q | p°. This forces q = p. Now, aie (hè equation as 





dim tm tstm lam tg: 


If n > 3 then the left-hand side is congruent to q + 4 mod 8, while the 
right-hand side is congruent to q° = q (mod 8), a contradiction. Hence 
we must have n = 2 and the equation reduces to m + 1 = p*. We must 
have a = 1, hence the answer is given by pairs (m,n) = (q — 1,2) with 
q a prime of the form 4k — 1. oO 
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Let p be a prime. Prove that there is a positive integer n such that p is 
the smallest prime divisor of n! + 1. 


Proof. Simply choose n = p — 1. By Wilson’s theorem p | n! + 1, and if 
q is a prime divisor of n!+1 then clearly q > n = p—1 (otherwise q | nl, 
a contradiction with q | n! + 1) and so q È> p. O 


Let n > 1 and suppose that there is k € {0,1,... n — 1} such that 
k(n —k—1)!+(-1)* =0 (mod n). 


Prove that n is a prime. 


Proof. Suppose that n is composite and let p be its smallest prime factor. 
Then p < yn. On the other hand by assumption p does not divide 
k!(n — k — 1)!, thus p > k+ 1 and p > n— k. We deduce that 2p > 
n +1 > p?+1, that is (p — 1)? < 0, a contradiction. Hence n is a prime 
number. oO 


For each positive integer n find the greatest common divisor of n! + 1 
and (n + 1)!. 


Proof. Suppose that a prime p divides n!+1 and (n+1)!. Then p < n+1 
(since it divides (n+ 1)!) and p > n (otherwise p divides n!, hence cannot 
divide n! + 1). Thus p = n + 1. This shows that if n + 1 is not a prime, 
then gcd(n! + 1, (n + 1)!) = 1, while if n+ 1 = p is a prime, then 
gcd(n! + 1, (n + 1)!) is a power of p. By Wilson’s theorem, p divides 
n! +1 = (p— 1)!+ 1. Hence p divides gcd(n! + 1, (n + 1)!). Moreover, 
p? does not divide (n + 1)!, since otherwise p would divide n! and so 
n +1 = p < n, a contradiction. Therefore gcd(n! + 1, (n + 1)!) = p if 
n +1 = p is a prime. E 


Let p be a prime and let aj, a2, ...,ap-1 be consecutive integers. 
a) What are the possible remainders of a1a2...ap—1 when divided by p? 


b) Suppose that p = 3 (mod 4). Prove that a1, ..., a@ap—1 cannot be parti- 
tioned into two sets with the same product of their elements. 


8.4. 


18. 


Congruences involving prime numbers O17 


Proof. a) If one of the a,’s is divisible by p, then clearly the remainder 
of a1a2...€p_1 when divided by p is 0, so assume that aj,...,ap)-1 are 
not divisible by p. Since a1, ...,a@p—1 are p — 1 consecutive integers, they 
give pairwise different remainders when divided by p, and by assump- 
tion these remainders are nonzero. It follows that the remainders of 
1, ...)@p—1 when divided by p are a permutation of 1,2,...,p — 1 and so 
by Wilson’s theorem 


Q1Q2...dp-1 = 1-2-...:(p—1) =(p—1)!=—-1 (mod p). 


Hence the answer of the problem is given by 0 and p — 1. 


b) Suppose that there is such a partition in two sets A and B and let 
x,y be the product of the elements of A, respectively B. By assumption 
x = y, thus 
a? = ry = A1AQ...dp—1- 

If a1a2...ap—1 is not a multiple of p, then part a) yields x? = —1 (mod p), 
thus p | z?+1, contradicting the fact that p = 3 (mod 4). Thus a1...ap—1 
is a multiple of p and so one of the a;’s is a multiple of p. Since a1, ..., dp—1 
are p— 1 consecutive integers, exactly one of them is a multiple of p. But 
then exactly one of the numbers z and y is a multiple of p, contradicting 
the equality x = y. E 


Find two primes p such that (p — 1)! + 1 = 0 (mod p°). 


Proof. Clearly p = 5 is a solution of the problem. One can tediously 
check that p = 13 is also a solution. Here is a rather tricky way to do it 
without actually computing 12!: we have 


12! = (2-3-4-7)-(6-11-8-2-4)-(5-9-5-3) 


and one easily checks that the products in each parenthesis are congruent 
to —1 (mod 169): for the second set of parentheses note that 


6-11-8-2-4= 64-66 = 657 -1=-1 (mod 137) 
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and similarly for the third one note that 
5-9-5-3 =25.27 = 26*-1=-1 (mod 13°). 


The only known such primes are 5, 13,563, all others are > 2-10. O 


Find all sequences aj, a2, ... of positive integers such that for all positive 
integers m,n 
m! +n! | am! + an!. 


Proof. Clearly n! | an! for all n, thus a, > n for all n > 1. Next, if p 
is a prime then Wilson’s theorem gives p | 1! + (p — 1)! | ai! + ap-1!. If 
p > aj, then p cannot divide a;! and so p cannot divide ap_1!. Since 
Ap-1 > p—1, we must have ap_1 = p — 1 for all p > aı. Thus for all 
n > 1 and all primes p > a; we have (p—1)!+n! | (p—1)!+a,!, thus also 
(p—1)!+n! | a,!—n!. Fixing n > 1 and varying p yields an! = n!. We 
conclude that the only solution of the problem is given by the sequence 
Qn =N for all n > 1. O 


Let p be an odd prime. A subset A of Z is called a complete set of 
nonzero residue classes modulo p if A consists of p — 1 integers giving 
pairwise distinct and nonzero remainders when divided by p. Prove that 
if A = {a1,a@2,...,@p-1} and B = {b1,b2,...,bp—1} are complete sets 
of nonzero residue classes modulo p, then {a1b1,...,@p-1bp_1} is not a 
complete set of nonzero residue classes. 


Proof. Using problem 17 it follows that for any complete set A of nonzero 
residue classes modulo p we have [[,<4a@ = —1 (mod p). Therefore 


p—1 —1 
[[ a= ][&=-1 (mod p) 
i=1 i=1 


and consequently 


JI (aiti) = 1 = —1 (mod p). 
,=1 


i= 
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It follows that {a1b1,...,@,-1bp-1} is not a complete set of nonzero 
residue classes. O 


(Clement’s criterion) Let n be an integer greater than 2. Prove that n 
and n + 2 are both primes if and only if 


A((n—1)!4+1)+n=0 (mod n(n + 2)). 


Proof. Suppose that n and n+ 2 are both primes. By Wilson’s theorem 
A4((n—1)!+1)+n=0 (mod n). By theorem 5.49 we have 2(n—1)! = —1 
(mod n + 2), thus 


A((n—1)!+1)+n=-24+4+n=0 (modn+2). 


This proves one implication, since gcd(n,n + 2) = 1. 

Assume now that 4((n — 1)!+1)+n=0 (mod n(n + 2)), in particular 
n | 4((n—1)!+ 1). Let us prove that n must be odd. Write vo(x) for 
the exponent of 2 in the prime factorization of x. If n is even, then 
vo(n) < v2(4((n —1)!+1)) = 2. Moreover, if d is the largest odd divisor 
of n, then d < n so d | (n — 1)! and since d | n | 4((n — 1)! + 1) we 
deduce that d | 4 and then d = 1, that is n is a power of 2. Since 
v2(n) < 2, it follows that n = 2 or n = 4, but neither of these satisfies 
A((n—1)!4+1)+n=0 (mod n(n + 2)). 

Thus n is odd, and since n | 4((n—1)!+1) we deduce that n | (n—1)!+1 
and then that n is a prime. Next, let k = n + 2, then 


k | 4((k -3)!+1)+k-2=4(k-3)!+k+2, 


thus k | 4(k — 3)! + 2. Since k is odd, we deduce that k | 2(k — 3)! + 1. 
But then 


(k —1)! = (k —3)\(k —2)(k - 1) = 2(k—-3)!= -1 (mod k), 


thus k is a prime and we are done. O 
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Let n > 1 be an integer. Prove that there exists a positive integer k and 
e€ E {—1,1} such that 2k +1 |n + ek!. 


Proof. Let p be an odd prime divisor of n? + 1 (such p exists since 
n? +1 > 4 and is not divisible by 4). Then p = 1 (mod 4) so taking 
k= pt we have p = 2k+1 | (k!)?+1 and p | n*+1, hence p | (k!)? —n?. 
Since p is a prime, p = 2k + 1 divides one of the numbers n + k! and 
n — k!, and the result follows. O 


(Moldova TST 2007) Prove that for infinitely many prime numbers p 
there is a positive integer n such that n does not divide p—1 and p | n!+1. 


Proof. The key is the congruence 
k!(p — 1 — k)! =(—-1)*+ (mod p) 


established in theorem 5.49. Take for now an arbitrary even number k 
and assume that p | k! — 1, then necessarily p > k (otherwise p | k!) 
and the above congruence shows that p | (p — k — 1)! + 1. We want to 
ensure that p — k — 1 does not divide p — 1. If p— k — 1 | p— 1, then 
p—1-—k |k. To make our life easier, choose k = 2q with q > 2 a prime, 
then necessarily p > 3 (since p > k) and so p — 1 — k (which is assumed 
to divide k = 2q) equals 2 or 2q. We cannot have p — 1 — k = 2 since in 
this case p | 2! + 1 = 3, thus p — 1 — 2q = 2q and so p = 1 + 4q. It is 
now very easy to conclude: for each odd prime q choose a prime divisor 
p of (2q)! — 1 of the form 4k + 3 (this is possible since (2q)! — 1 = 3 
(mod 4)), then by the above discussion p is a solution of the problem. 
Since p > 2q, when q varies over all odd primes we get infinitely many 
solutions of the problem. O 


Find all polynomials f with integer coefficients such that for all primes 
p we have f(p) | (op —1)!+1. 


Proof. If f is constant, say f = c, then c | 2 and c | 3 thus c = +1. 
Conversely, the constant polynomials +1 are solutions of the problem, 
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so assume now that f is not constant. Replacing f with —f we may 
assume that the leading coefficient of f is positive. Thus if p is a large 
enough prime, then f(p) > 1. Let q be a prime factor of f (p) and assume 
that q Æ p. By Dirichlet’s theorem there are infinitely many primes r = p 
(mod q). Then f(r) = f(p) = 0 (mod q) and so q | f(r) | (r— 1)! +1, 
yielding q > r for infinitely many primes r, a contradiction. Hence if p is 
a large enough prime, then f(p) is a power of p, say f(p) = p°? for some 
positive integer ap. If d = deg f, then there is a constant c > 0 such that 
f(x) < cx® for all z > 1. Thus p®? < cpt for all large enough p and so 
the sequence (ap) is bounded. It follows that there is a positive integer 
a such that f(p) = p° for infinitely many primes p, but then f(x) = x° 
for all x. We deduce that p° | (p — 1)! + 1 for all primes p and so 2° | 2. 
But then a = 1 and f(x) = x. Hence the solutions of the problem are 
the polynomials +1, +X. E 


(adapted from Serbia 2010) Let a,n be positive integers such that a > 1 
and a” +a”! +... +a+1 divides a™ +a! +... +a!! +1. Prove that 
n=lorn=2. 


Proof. In general, suppose that a” + a”! + ... + a + 1 divides a"! + 
... + ač” +1 for some positive integers k;. Let r; be the remainder of 
ki modulo n+ 1. Since a®+...+a+1 | a™t! — 1, it follows that 
a” +...ta+1]a™+...+a' +1. Suppose that c; is the number of r;’s 
equal to 7. Thus co+...+c, = n and a"+...+a+1 | cna"+...+c,a+co+l1. 


Consider now an n + 1-tuple (bo, ... bn) of nonnegative integers which 
minimizes bp + ... + bn subject to the condition a” + ... +a + 1 | bna” + 
...+bja+bo. If some b; > a, then replacing b; by b;—a and bi+1 by bj41+1 
does not change bna” +... +b1a+bo, but diminishes bo+...+6, and yields 
an n+ 1-tuple with a smaller sum, a contradiction. Hence all b; are less 
than a and so b,a"+...+b,a+bo = r(a"+...+a+1) for somer < a. But 
uniqueness of base a representation then yields bn = ... = bọ = r. We 
conclude that the minimal value of bo +... + bn = n + 1 and is obtained 
only when bo =... = bn = 1. 
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Combining the previous paragraphs, we deduce that cn = ... = co = 1 
and so 11,...,%! are a permutation of 1,2,...,n. Applying this to our 
initial problem, we deduce that 1!, 2!,...,n! give remainders 1, 2,...,n (in 


some order) when divided by n+ 1. If n+ 1 is a composite number and 
n > 3, then n! gives remainder 0 when divided by n+ 1, hence this case 
is impossible. If n+ 1 = p is a prime and p > 3, then Wilson’s theorem 
gives (p—2)! =1 (mod p), hence (n—1)! and 1! give the same remainder 
mod n+1, again a contradiction. Hence necessarily n = 1 or n=2. O 


Let p be a prime. Prove that the sequence of remainders mod p of the 
numbers 1, 27, 3°, 44, ... is periodic and find its least period. 


Proof. To prove periodicity, note that 
(n+p? —p)*t?? =n™"-P =n” (mod p), 


the last congruence being a consequence of Fermat’s little theorem. We 
need to find the smallest positive integer T for which (n+ T)"*? = n” 
(mod p) for all n. Taking n = p we obtain (p + T)?*? = pP (mod p), 
which reduces to T = 0 (mod p). But then n” = (n + T)**? = nett 
(mod p) for all n. Hence p | n™(n? — 1) (mod p). It follows that n? = 

(mod p) for all n relatively prime to p and so (by corollary 5.76) p—1 | T. 
Conversely, if p — 1 | T, then p | n” (n? — 1) for all n, by Fermat’s little 
theorem. We conclude that T is a period of the sequence if and only if 
p(p— 1) | T. Thus the smallest period is p(p — 1). O 


(Don Zagier) Somebody incorrectly remembered Fermat’s little theorem 
as saying that the congruence a”tt = a (mod n) holds for all integers 


a. Describe the set of integers n for which this property is in fact true. 


Proof. The answer is 1, 2,6, 42,1806. Let n be such an integer, then n is 
squarefree: if p | n we can choose a = p and obtain n | p(p” — 1), thus p? 
does not divide n. So, assuming that n > 1 (note that n = 1 is clearly 
a solution), we can write n = p1...pk with pı < ... < pk distinct primes. 
Fix i € {1,2,...,4}. By assumption for any a which is not a multiple of 
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pi we have p; | n | a(a” — 1), thus p; | a” — 1. We deduce from corollary 
5.76 that p; — 1 | n. In particular pı — 1 | n and since pı is the smallest 
prime factor of n, this forces pı — 1 = 1 and so pı = 2. Similarly, from 
p2—1 | n and gced(p2—1, p2...pk) = 1 we obtain p2— 1 | 2 and then pz = 3 
(if k > 2). Continuing like this we obtain p3 = 7 (if k > 3), then p4 = 43 
(if k > 4). Assuming that k > 5 we obtain ps — 1 | 1806. It is however 
easy to see that there is no such prime ps, thus k < 4 and the solutions 
are given by 1,2,2-3,2-3-7,2-3-7-43, ie. 1,2,6,42, 1806. It is not 
difficult to see, using Fermat’s little theorem, that if n is squarefree and 
p— 1 |n for all primes p | n, then n is a solution of the problem. O 


Let p be an odd prime. Find the largest degree of a polynomial f with 
the following properties: 


a) deg f < p. 
b) the coefficients of f are integers between 0 and p — 1. 


c) If m,n are integers and p does not divide m — n, then p does not 
divide f(m) — f(n). 


Proof. First of all, the polynomial f(X) = X?~? is a solution of the 
problem. Indeed, assuming that p | m?~* — nP-? and that p does not 
divide m—n, we see that p does not divide mn. But then using Fermat’s 
little theorem we obtain m~! = n7! (mod p) (where x7! is the inverse 
of x modulo p) and then m =n (mod p), a contradiction. 


We will now prove that there is no polynomial f of degree p—1 satisfying 
a), b) and c). Suppose that such a polynomial exists, and write 


f=cXP t +g 
with c € {1,2,...,p — 1} and deg(g) < p — 2. By condition c) 


FO)+f)+...+f(p—1)=0+1+...+(p—1) = pw- =0 (mod p). 
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On the other hand Fermat’s little theorem combined with corollary 5.77 
yield 
fO) +f) +...+ f(p—1) = c(1?-1 +2} +... + (p— 19?) 
+ 9(0)+9(1) +...+9(p — 1) 
=c(l+1+..+1)+0=-c (mod p), 


a contradiction since c is not a multiple of p. Thus the answer of the 
problem is p — 2. O 


(Iran TST 2012) Let p > 2 be an odd prime. If i € {0,1,..,p —1} and 
f = ao + a1X +... + an X” is a polynomial with integer coefficients, we 
say that f is i-remainder if 


aj=i (mod p). 
j>0,p—1|j 


Prove that the following statements are equivalent: 
a) f, f7,..., f?~? are 0-remainder and f?! is 1-remainder. 


b) f(0), f(1), ..., f(p — 1) form a complete residue system modulo p. 
Proof. Corollary 5.77 shows that for any polynomial 

f = ao + a1ıX +... + anX” 
with integer coefficients we have (with the convention 0° = 1) 


fO +f) +...+flp-1)= Sa, (07 +134+...4 (p—1)) 
j=0 


=— ` aj (mod p), 


j>0,p—1]j 


hence f is 7-remainder if and only if 


f(0)+ f(1)+...+f(p-—1) = -7t (mod p). 
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Suppose first that f (0), f(1),..., f(p— 1) form a complete residue system 
modulo p. We need to prove that f(0) + ... + f(p — 1) = 0 (mod p) 
for 1 < j < p — 2 and f(0)? 1+4...4 f(p — 1)P7} = —1 (mod p). But 
since f(0)) + f(1)) + ... + flp — 1) = 0 +11 + ...+(p— 1) (mod p), 
the result follows from corollary 5.77. 

Conversely, assume that f, f*,...,f?~* are 0-remainder and f?~' is 1- 
remainder and let a; = f (j). By assumption aj +...+a5_; =0 (mod p) 
for 1 < j < p—2 and ap +... + ai = —1 (mod p). This last 
congruence combined with Fermat’s little theorem shows that exactly 
one of ao, ..., a@p—1 is a multiple of p. Similarly, if c is any integer then 


= ar oi y 
X (ak —cpPt= z a — ( r eS ah“ +... + p(—c)?“" 
k=0 k=0 k=0 

=-1 (mod p) 


and so exactly one of ao — c, ..., dp—1 — C is a multiple of p. This is equiv- 
alent to the fact that ao,...,@p-1 is a complete residue system modulo 
Pp. O 


Find all integers n > 2 for which n | 2” + 3” + ... + (n — 1)”. 


Proof. Let n be such a number and let p be a prime divisor of n. Write 
n = kp and observe that 


1” +2” +...+(n-— 1)” = k(1" +2” +...+(p—1)”) (mod p), 
since 
(px +1)” +... + (pr +p- 1) =1" +...+(p—1)” (mod p) 
for all x. We deduce that 
k(1” +2” +...+(p—-1))=1 (mod p). 


In particular p does not divide k, i.e. p? does not divide n. Since p 
was an arbitrary prime, this means that n is squarefree. On the other 
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hand, the sum 1” +2” +... + (p — 1)” is not divisible by p thanks to the 
previous congruence. Corollary 5.77 implies therefore that p — 1 | n and 
so 1” + ...+ (p — 1)” = —1 (mod p). Thus k = —1 (mod p). In other 
words, n must be squarefree, p — 1 | n and p | = + 1 for all p | n. The 
solution of problem 27 shows that the first conditions are already enough 
to ensure that n = 6, 42 or 1806. It is not difficult to check that each of 
these numbers is a solution of the problem: by the above computations 
this comes down to checking that p — 1 | n and p | 5 +1 for each p | n, 
which is straightforward. Thus the solutions of the problem are 6,42 
and 1806. oO 


(Alon, Dubiner) Let p be a prime and let a1, ..., agp, b1, ..., b3p be integers 
such that 


3p 3p 
Sai = X bi =0 (mod p). 
i=1 i=1 


Prove that there is a subset I C {1,2,...,3p} with p elements such that 


So ai =% b; =0 (mod p). 


iEI ze] 


Proof. Consider the following system of congruences 


3p—1 
` ajx? =0 (mod p), 
i=1 
3p—1 
> biz?! =0 (mod p), 
i=1 
3p—1 
z?-'=0 (mod p). 
i=1 
Since 3(p — 1) < 3p — 1 and z1 = 22 =... = £3p-1 = 0 is a solution, by 


corollary 5.88 the system has a nontrivial solution (2;)1<i<3p-1. Let 


I = {ill <i<3p—1,2;40 (mod p)}, 
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then Fermat’s little theorem combined with the equations of the system 
yields 

X aj =0 (mod p), X bi =0 (mod p). 
iel ic 
Moreover, we have p | |Z|, thus |I| = p or |I| = 2p. In the first case 
it suffices to choose the set J, in the second case we can choose its 
complement (this is where the hypothesis that the sum of the a,’s and 
the sum of the b;’s are multiples of p is used). O 
Prove that for any n > 1 the number (")*+ (")*+...4 (”)* is a multiple 
of any prime p € (n, én). 
Proof. Let 
A =(n+1)(n+ 2)...(p—1), 
with the convention that A = 1 if p = n + 1. For all j € {0,1,...,n} we 
have 
alr \ = (p—1)-...-n(n—1)...(n-—7 +1) 
J J! 
~ (p—ji)p-— j+ lato 1 
Since (p — j)(p — j + 1)...(p — 1) is congruent to (—1)/ - j! modulo p, we 
deduce that 
n n 4 n 
S ( i =) f(i) (mod p), 
j=0 \J j=0 
where 
f(X) = (n- X +1)t-....(p- X — 1)*. 
Note that 


deg(f) =4(p—1-—n)<p-1 
thanks to the hypothesis of the problem. Also 


f(n+1)=..=f@—1) =0, 
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thus (using corollary 5.77) 


n p—l1 
S fG) = >> fG) =0 (mod p) 
j=0 j=0 


and we conclude that A? . j=0 a is a multiple of p. Since A is not a 
multiple of p, the result follows. O 


Let f be a monic polynomial of degree n > 1, with integer coefficients. 
Suppose that b1, ..., bn are pairwise distinct integers and that for infinitely 
many primes p the simultaneous congruences 


f(x + bi) = f(x +b) =...=f(x+b,)=0 (mod p) 
have a common solution. Prove that the equations 
f(x + bı) =... = f(x +bn)= 0 


have a common integral solution. 


Proof. Since b1,...,bn are pairwise distinct, they are pairwise distinct 
modulo p for all sufficiently large primes p (more precisely for all primes 
p not dividing the nonzero integer [];.;(b; — bj)). We only consider such 
primes p from now on. By assumption for infinitely many such primes 
p we can find an integer £p such that f(r) + bi) = 0 (mod p) for all 
1<z<n. Using Lagrange’s theorem, we deduce that 


f(X) = [][(X—2p—;) (mod p), 
i=1 


since the difference between the two sides is a polynomial of degree at 
most n — 1 that has at least n distinct roots modulo p (namely the 
numbers £p + b; with 1 <i < n). Writing 


f(X) = X” + ay 1X" 14+... + a0, 
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we deduce that 
n 
An—1 = —NTp — > b; (mod p). 
i=1 


Letting 
n 
A= —an-1 — S > bi, 
i=1 


we obtain nzp = A (mod p). Since nzp = A (mod p) and f (xp +b;) =0 
(mod p), it follows that for alll <<i<n 


nif (= + i) =0 (mod p). 


The left-hand side is independent of p and since the congruence holds 
for infinitely many primes we deduce that f (4 + bi) =QOforl<i<n. 


By the rational root theorem the rational number 4 + 6; must be an 
integer, thus z := 4 is an integer and f(x +b;) =0 for 1 < i < n. The 
result follows. O 


(Romania TST 2016) Given a prime p, prove that 


A 
Le 
k=1 
is not divisible by q for all but finitely many primes q. 


Proof. Since each prime q # p is of the form q = pn + r for some 
1<r<p-1, it will be enough to prove that for each such r there are 
only finitely many n such that pn +r | 12-14 2P-14....4nP-!. Let us 
fix r € {1,2,...,p — 1} and assume that pn +r | 1?-14+...4+n?—! for 
infinitely many n. 


The first key observation is that for each k > 1 there is a polynomial 
fk with rational coefficients, of degree k + 1 and leading coefficient ET? 
such that 

1 +2" +... +n" = feln) 
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for all n > 1. This is easily established by induction on k, using the 
following relation to pass from k —1 to k 


k+1 k+1 
(nt+1)*t1_1 = ( i atna È Jitna 
This relation follows immediately by adding up the relations (for 1 < 
j <n) 


; , k+1\. k+2\ p 
ganm- =] ; )im+( ; J ged 


deduced from the binomial formula. 


Let f = fp—1, so that 


Ply op ts tne = f(n) = - +... 
Choose the smallest integer M > 1 such that Mf has integer coefficients. 
Then p | M, since the leading coefficient of f is F We know that 
pn+r | M f(n) for infinitely many n. But pn+r also divides pP (M f (n) — 
Mf(—5)), thus pn + r divides pM f(—}) for infinitely many n. This 
yields M f F) = 0. Using example 3.64, we obtain the existence of a 
polynomial g with integer coefficients such that 


M f(n) = (pn + r)g(n) 


for all n. Since f(n) is an integer for all n, p | M and gcd(p, pn+r) = 1, 
we deduce that p | g(n) for all n. However degg = deg f — 1 = p — 1, 
thus Lagrange’s theorem yields g = 0 (mod p). But then 


M wx) = (px +7). 9D 
= F(X) = (PX +r) a 


has integer coefficients, contradicting the minimality of M. The result 
follows. L 
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35. (China 2016) Let p be an odd prime and aj, ag, ..., ap be integers. Prove 
that the following two conditions are Ke 


a) There is a polynomial P of degree < #5 + such that P(i) = a; (mod p) 
for all 1 <i < p; 


= 
b) For any 1 < d < #>- 


Pp 


S (Gita —aj)*=0 (mod p), 


i=1 


where indices are taken modulo p. 


Proof. The fact that a) implies b) is fairly easy. Indeed, if a; = P(t) 
(mod p) and deg P < pt, then considering Q(X) = P(X +d) — P(X) 
we have deg Q < P, thus deg(Q?) < p — 1 and so (by corollary 5.77) 


p 


X Q(i)* =0 (mod p), 


i=1 
which is exactly the content of part b). 


Let us turn now to the interesting implication. Note that since p is odd 
and 1 + d,2 + d,...,p +d is a complete residue system modulo p, the 
congruence in part b) is equivalent to 


p 
a? = ` Qili+d 


4=1 


ts 


I 
— 


i 


for alll < d < = pot . Consider a polynomial P of degree < p—1 such that 
P(i) = a; (mod p) for 1 < i < p (P is actually unique by Lagrange’s 
theorem). It is not difficult to construct such a polynomial: choose 
integers b; such that b; [];4;(i — j) =1 (mod p) and set 


= X aibi [x = 


i=1 jżi 
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Consider now the polynomial 
p 
Q(X) = X` P(i)P(X +24). 
i=1 


The hypothesis of the problem becomes Q(d) = Q(0) (mod p) for 1 < 
d< p, For such d we also have (using that 1 — d, 2 — d, ...,p — d is a 
complete residue system mod p) 

p 
Q(-d) = X P(i)P(i—d) = LPGA (i) = Q(d) =Q(0) (mod p), 


įi=1 


thus the congruence Q(X) — Q(0) = 0 (mod p) has at least p solutions. 
Since deg Q < p — 1, Lagrange’s theorem yields Q = Q(0) (mod p), i.e. 
all coefficients of the polynomial Q — Q(0) are multiples of p. 


Finally, write 
P(X) =aX"+ BX" 14... (mod p), 


with a #4 0 andr < p—1. Assume that r > 2>* and let k = 2r—(p—1). 
Note that k > 0 and k < r. Since 


X) = So P(i)[a(X +i) + BX +T + ..], 
1=1 


the coefficient of X* in Q(X) — Q(0) is 


PA val; ) jr- +0 pete 
4=1 


and this is 0 mod p by the previous discussion. We deduce that 


afo) 5 Pair * + a(" A ‘ NO Piit +...=0 (mod p). 
i=1 i=1 
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Note that since deg(P - X7~*-J) = 2r — k — j = p — 1 — j, we have (by 
corollary 5.77) 


Par =-—a (mod p), Pe i7-*-1=Q (mod p),... 


i=1 


Thus the previous congruence becomes 


a? 4 =0 (mod p). 


This is certainly impossible, since œ is not a multiple of p and p > r > 
k. O 


(USAMO 1999) Let p be an odd prime and let a,b,c,d be integers not 
divisible by p such that 


ra rb rc rd 
ee ee eee =2 
p P p p 
for all integers r not divisible by p (where {x} is the fractional part of x). 


Prove that at least two of the numbers a+b,a+c,a+d,b+c,b+d,c+d 
are divisible by p. 


Proof. This is a very difficult problem! Let r(x) € {0,1,...,p— 1} be the 
remainder of x mod p, so that the hypothesis of the problem becomes 


r(an) + r(bn) + r(cn) + r(dn) = 2p 


for any n relatively prime to p. Call such a 4-tuple (a,b,c,d) good. 
Clearly if (a, b,c, d) is good, then so is (ka, kb, kc, kd) for any k which is 
not a multiple of p. Note also that if (a, b, c, d) is good, then a+b+c+d= 
0 (mod p), since r(a) + r(b) + r(c) +r(d) = 2p = 0 (mod p). 

Let 

2r(x) — r(2x) 


Q(x) = F 
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in other words Q(z) = 0 if 1 < r(x) < (p — 1)/2 and Q(x) = 1 if 
(p —1)/2 < r(x) < p. It follows from the first paragraph that 


Q(ka) + Q(kb) + Q(ke) + Q(kd) = 2 
for all 1 < k < p and all good 4-tuples (a, b,c, d). 


Next, choose! a polynomial P(X) with integer coefficients, of degree 
at most p — 2, such that P(x) = Q(x) (mod p) for all x not divisible 
by p, and define R(X) = P(X +1) — P(X). Then R(x) = 0 (mod p) 
for z = 1,...,58, 26... p- 2 and R(®*) is not divisible by p. We 
deduce from Lagrange’s theorem that the coefficient of X?~? in R is not 
divisible by p and hence the coefficient of X?~? in P is not divisible by 


p. Next, letting 
S(X) = P(Xa) + P(Xb) + P(Xc) + P(Xd), 


the congruence S(x) = 2 (mod p) has at least p — 1 solutions (by the 
second paragraph and the choice of P) and since deg S < p—2, we deduce 
from Lagrange’s theorem that S(X) = 2 (mod p), thus the coefficient of 
XP-2 in S is divisible by p. Combining the previous observations yields 


aP? 4 bP? 4 cP-24 dP-*=0 (mod p), 
which can be also written (by Fermat’s little theorem) 
a `t +b t +e +d t= (mod p), 


where we write z~/ for the inverse of x modulo p. Sincea+b+c+d=0 
(mod p), it follows that 


a`! +t +t = (a+b+c)! (mod p) 


and multiplying by abce(a+b+c) we easily obtain (a+b)(b+c)(c+a) = 0 
(mod p). By symmetry, we may assume that a + b = 0 (mod p). Since 
a+b+c+d=0 (mod p), we also have c+d = 0 (mod p) and the result 
follows. E 


‘The existence of such a polynomial follows easily from Lagrange’s interpolation theorem; 
see the solution of the previous problem for the simple argument. 
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37. Let n be a positive integer such that p = 4n + 1 is a prime. Prove that 


38. 


n” =1 (mod p). 


Proof. We have 4n = —1 (mod p), thus 4” -n” = (—1)” (mod p). It 
suffices therefore to show that 4” = (—1)” (mo in But 

4m = 9?s* = (-1)"=* = (~1)""*" = (-1)" (mod p), 
as needed. E 


Let p be an odd prime. Prove that the number of integers n € 
ws 2, ..., p — 2} such that n and n + 1 are both quadratic residues mod p 


p-(-1) © ar i 


Proof. Let N be the desired number and observe that 


vO CE) 


since the term indexed by n in the sum is 1 if n and n + 1 are both 
quadratic residues mod p, and 0 otherwise. Expanding the product and 
rearranging terms yields 


voi +id(2)+ pees Mey ae 


47=1\ P n=l p 








On the other hand, we clearly have 


5O-G)--a0 EEH- 


n=1 n=1 





while proposition 5.111 gives 
> (a2) -5 dan L 


The result follows by combining these relations. oO 
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Remark 8.16. One can also establish this result directly, by carefully 
analyzing the solutions of the congruence y? — z? = 1 (mod p). 


(Gazeta Matematica) Prove that for any n > 1 the number 3” + 2 does 
not have prime divisors of the form 24k + 13. 


Proof. Suppose that p = 13 (mod 24) is a prime divisor of 3” + 2 for 
some n > 1. Since p = 1 (mod 4) and p = 1 (mod 3), we deduce from 
the quadratic reciprocity law that 


9-0- 


However since p = 5 (mod 8), we also compute that 


Ouo ak 
p p/\p | 
This is a contradiction since 3” = —2 (mod p), but the left-hand side is 
a quadratic residue modulo p while the right-hand side is not. O 


Prove that there are infinitely many primes p = —1 (mod 5). 


Proof. Let n > 1 and consider a prime divisor p of N = 5(n!)* — 1 
such that p is not congruent to 1. mod 5. Such a prime exists since 
otherwise N would be congruent to 1 mod 5, which is certainly not the 
case. Since p | N, we have 5 = (5n!)? (mod p), thus 5 is a quadratic 
residue mod p. The quadratic reciprocity law then implies that p is a 
quadratic residue mod 5, and since p is not congruent to 1 mod 5, we 
must have p = —1 (mod 5). Since p > n, varying n we obtain infinitely 
many primes p = —1 (mod 5). o 


Let p = a? + b? be an odd prime, with a,b positive integers and a odd. 
Prove that a is a quadratic residue mod p. 
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Proof. It suffices to prove that any prime factor q of a is a quadratic 
residue mod p. Note that q # p and that p = b? (mod q), thus (2) =. 
Using the quadratic reciprocity law, we deduce that 


(2) He ee on 


Pp 


the last equality being a consequence of the fact that p = 1 (mod 4) 
(since p is a sum of two squares). The result follows. O 


Let n be a positive integer and let a be a divisor of 36n* — 8n? + 1, such 
that 5 does not divide a. Prove that the remainder of a when divided 
by 20 is 1 or 9. 


Proof. It suffices to prove the same statement for each prime factor of 
a, thus we may assume that a = p is a prime. 

First, since p | (6n? — 1)? + (2n)? and p does not divide simultaneously 
6n* —1 and 2n, we deduce that p = 1 (mod 4). It remains to prove that 
p = 1,4 (mod 5). Since p Æ 5, by the quadratic reciprocity law this is 
equivalent to showing that 2 = 1, i.e. that 5 is a quadratic residue 


mod p. But p | (6n? +1)? — 5. (2n)? and p does not divide 2n (otherwise 
p would also divide 6n* + 1, impossible), which makes it clear that 5 is 
a quadratic residue mod p. The result follows. oO 


Are there positive integers x,y,z such that 8ry = z + y + 27? 


Proof. Assume that such integers exist, then they also satisfy 
(8a — 1)(8y — 1) = 82? + 1. 


If p is a prime divisor of 8x —1 or 8y—1, then p | 8z7+1, thus (4z)? = — 

(mod p) and so —2 is a quadratic residue mod p. We deduce that p = 1,3 
(mod 8). Since 3-3 = 1 (mod 8), the product of a finite number of primes 
of the form 8k + 1 or 8k +3 is congruent to 1 or 3 modulo 8. We deduce 
that 82 — 1 = 1,3 (mod 8), which is absurd. Thus the equation has no 
solutions. O 
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(Komal A 618) Prove that there are no integers x, y such that 
r’ —r+9= By”. 


Proof. Assume that x,y are such integers. Note that the left-hand side 
is odd and a multiple of 3, thus y must be odd and a multiple of 3, say 
y = 3t. Then z?—2+9 = 5y? = 5 (mod 8), thus z?—21+4 = 0 (mod 8), 
which implies that x is even and then that 4 | x, say x = 4z. Note that 
z must be odd, as x = 4 (mod 8). The equation can be rewritten 


4z(1627 — 1) = 9(5t? — 1). 


Note that 5¢? — 1 is not a multiple of 3 (for any t), thus the highest 
power of 3 dividing the right-hand side is 9. Also, one of the numbers z 
and 162? — 1 must be a multiple of 9 and the other must be relatively 
prime to 3. If p 4 3 is a prime factor of z or 162? — 1, then p | 5t? — 1, 
thus 5 is a quadratic residue mod p. The quadratic reciprocity law (note 
that p # 2 as z and 16z? — 1 are odd) yields p = +1 (mod 5). Thus all 
prime factors different from 3 of z and 16z* — 1 are +1 mod 5. Since z 
is either relatively prime to 3 or of the form 9u with u relatively prime 
to 3, we deduce that z = +1 (mod 5). It follows that 1627 — 1 = 0 
(mod 5), which is impossible since 9(5t? — 1) is not a multiple of 5. Thus 
the equation has no solutions. a 


Let p be an odd prime divisor of n* — n°? + 2n? +n + 1, for some n > 1. 
Prove that p = 1,4 (mod 15). 


Proof. Let 
f(n) = 4(n* — n? + 2n? +n+4+1). 


One can directly check the equalities 
f(n) = (2n? —n +1)? + 3(n +1)? = (2n? — n +3)? — 5(n - 1)". 


Note that 2n? — n + 1 cannot be a multiple of 3 and 2n? —n+3 cannot 
be a multiple of 5. Thus p Æ 3,5. We have 


(2n? —n+1)* = —3(n +1)? (mod p) 
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and p does not divide 3 or n + 1 (if p | n + 1, the previous congruence 
yields p | (2 + 1 + 1)?, impossible), we obtain (2) = 1, which by the 
quadratic reciprocity law can be rewritten ($) = 1. Thus p = 1 (mod 3). 
Similarly, the congruence 


(2n? — n +3) =5(n—1)* (mod p) 


combined with the quadratic reciprocity law yields (2) = 1, thus p = 1,4 
(mod 5). Combining these we conclude that p = 1,4 (mod 15). O 


Prove that infinitely many primes don’t divide any of the numbers 
2+1 3" with n > 1. 


Proof. Suppose that p > 3 is a prime that divides gn?+1 3n for some n. 
Thus 27° +! = 3” (mod p). Note that n and n? +1 have different parity. 
We deduce that (2) = lor (3) = 1. The first case happens if and only 
if p = +1 (mod 8), while the second case happens (using the quadratic 
reciprocity law) if and only if p = +1 (mod 12). We conclude that p 
must be congruent to one of the numbers 1, 7,11,13,17,23 modulo 24. 
By Dirichlet’s theorem we can find infinitely many primes congruent to 5 


modulo 24, and the previous argument shows that none of them divides 
a number of the form 2+! — 3”. oO 


a) (Gauss) Prove that an odd prime p can be written a? + 2b? for some 
integers a,b if and only if p = 1,3 (mod 8). 


b) (Euler, Lagrange) Prove that a prime p Æ 3 can be written a? + 3b? 
if and only if p = 1 (mod 3). 


Proof. a) Suppose first that p = a? + 2b?. Then a? = —2b? (mod p). 
Since b is not a multiple of p, we deduce that (2) = 1, which is equiv- 
alent to p = 1,3 (mod 8). 

Conversely, assume that p = 1,3 (mod 8), so that by the above discus- 
sion —2 is a quadratic residue mod p. Let u be an integer such that 
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u? = —2 (mod p). Using Thue’s lemma (see theorem 5.59), we can find 
integers a,b such that |a|, |b| < „p, a,b are not both 0 and a = ub 
(mod p). Then a? = u?b? = —2b? (mod p), thus p | a? + 2b?. Since 
a? + 2b? < 3p, we deduce that p = a? + 2b? or 2p = a? + 2b. In the 
first case we are done, so assume that 2p = a? + 2b, so that a = 2c and 
p = b? + 2c?. This finishes the proof. 


b) The proof is very similar to that of a) and we leave the details to the 
reader. The key point is that —3 is a quadratic residue mod p if and 
only if p = 1 (mod 3) (this follows directly from the quadratic reciprocity 
law). This immediately settles one implication. For the more difficult 
implication, one uses ‘Thue’s lemma as above to deduce the existence of 
integers a,b such that |a|, |b| < ./p, a,b are not both 0 and p | a? + 3b. 
If p = a? + 3b? or 3p = a? + 3b2, one immediately obtains the desired 
conclusion. If 2p = a? + 3b? one obtains a contradiction by taking the 
relation mod 3. O 


Remark 8.17. Proceeding in a similar (but slightly more technical) way, 
one can prove the following result of Lagrange and Gauss: if p Æ 5 is a 
prime, then p can be written a? + 5b? for some integers a,b if and only if 
p = 1,9 (mod 20), and 2p can be written a? + 5b? if and only if p = 3,7 
(mod 20). In general, given an integer n > 1 it is a very delicate problem 
to describe all primes that can be represented z? + ny? for some integers 


L,Y. 
(Moldova TST 2005) Let f,g : N — N be functions with the properties: 
i) g is surjective; 

ii) 2f(n)? = n? + g(n)? for all positive integers n. 

iii) |f(n) — n| < 2004,/n for all n € N. 

Prove that f has infinitely many fixed points. 


Proof. Let pn be the sequence of prime numbers of the form 8k + 3 (the 
fact that there are infinitely many such numbers follows from Dirichlet’s 
theorem, or from example 5.131). Then ( ) = —1 for all n. Letting £n 


n 
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be an integer such that g(£n) = pn, we obtain 2f (£n)? = x2 + p2, thus 
2f (£n)? = x2 (mod pn). Since (2) = —1, we deduce that pn|£n and 
Pn|f (tn). Thus there exist sequences of positive integers an, bn such that 
Ln = AnPn and f (tn) = bnpn for all n. Using ii) we obtain 2b2 = a2 +1 
and iii) yields 


2004 A) _ 4) = * al, 
tf De, En An 





Thus 


2 WEF _ 5 


wit 


and so Jim. an = 1. Therefore, starting from a certain n onwards, we 
have an = 1 = bn, that is f (pn) = pn. The result follows. E 


(Romania TST 2004) Let p be an odd prime and let 
p—1 


oE (a 


1=1 


a) Prove that f is divisible by X — 1 but not by (X — 1) if and only if 


p = 3 (mod 4); 


b) Prove that if p = 5 (mod 8) then f is divisible by (X — 1)? but not 
by (X — 1). 


Proof. a) Note that f(1) = } $2 ; i (2) = = 0 and 


fay=S6-9 (2) =¥s (2) =De-9 (4) 


i=l 


-y Eo- (2) = -cro 


i=1 
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Hence for p = 1 (mod 4) we have f’(1) = 0 and f is divisible by (X —1)?. 
If p = 3 (mod 4), then 


ray ALA, po- _ 
f= Di (5)= via st (mod 2), 


i=1 
thus f is divisible by X — 1 but not by (X — 1)?. 
b) Using part a) we obtain 
p—1 i p—1 i 
f(t) =D? -31+9) (2) =P (2) 
i=l P ji-1 P 


and we need to show that this is nonzero. We will prove that f”(1) = 4 
(mod 8). Since 7” (#) = = į (mod 2) and (2i — 1)? = 1 (mod 8) for all å, 
we have 





n= Ese (2) + Ba A) 


p-1 


“Bee D) 244 (224) (mod 8), 








pol 
since 50,2, i = pl = 1 (mod 2). It suffices therefore to prove the 


equality 


pol 


S (7*) =0 


i p 





For this, simply note that since p = 1 (mod 4) we have 





Darr aaa O ee 


since J22} (ż) = 0. This finishes the proof. O 
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50. For an odd prime p, let f(p) be the number of solutions of the congruence 


y2 = r — x (mod p). 


a) Prove that f(p) = p for p = 3 (mod 4). 
b) Prove that if p = 1 (mod 4) then 


p-1 
f(p) = cy (24 ] (mod p). 


4 


c) For which primes p do we have f (p) = 


Proof. We have 


p—i Pg p—i P =a 
age) AS) 


a) If p = 3 (mod 4), then for all x we have 


on ae alee oe ee 


PaL goa ee 23 -r ER (—2x)3 — (—2) = 
ES) EG) ES) 


and f(p) = 
b) Writing p — 1 = 4l, we have (using the binomial formula and the 














thus 








congruence (2) =a F (mod p)) 





p—1 e: -Fie E Z1 al 2l gP—14+21—2k (_4)k 
- eae x) > sE? a 


p D 


2l 2] p— 
- ROS Yar 20-9 (mod p). 
k=0 


z=l 
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Note that 


p—1 p—1 
y gP—1+2(1-k) — y g2ll—-k) (mod p) 
z=1 z=1 


and (by corollary 5.77) the last sum is congruent to 0 mod p unless | = k 
(as this is the only case when 2(l — k) is a multiple of p — 1 = 4l, for 
0 < k < 2l), in which case the sum is congruent to —1 mod p. We 


conclude that 
pal 3 
x? — 2 2l 
` ( =(1) ( 4 (mod p), 


= p 





as desired. 


p—1 
c) Since Given (p21) is obviously not a multiple of p, we conclude that 


4 
no p = 1 (mod 4) is a solution of the problem. Combining this with part 
a) shows that the solutions are the primes of the form 4k + 3. oO 


Is there a polynomial f of degree 5 with integer coefficients such that f 
has no rational root and the congruence f(x) = 0 (mod p) has solutions 
for any prime p? 


Proof. The answer is positive, we will show that f(X) = (X*+3)(X°+2) 
is a solution of the problem. Clearly f has degree 5 and no rational root. 
If p = 2, then f (0) = 0 (mod p), so assume that p > 2. If p = 1 (mod 3), 
then a simple calculation using the quadratic reciprocity law shows that 
(2) = 1 and so there is z such that z? + 3 = 0 (mod p). Thus the 


congruence f(x) =0 (mod p) is solvable in this case. Suppose now that 
p = 2 (mod 3), then the map z ++ z3 (mod p) is bijective (see theorem 
5.29), so the congruence z3% + 2 = 0 (mod p) is solvable. Thus f is a 
solution of the problem. L 


Remark 8.18. For more details on this problem, the reader can consult 
the article "Polynomials (x3 — n)(x? +3) solvable modulo any integer" by 
A. M. Hyde, P. D. Lee and B. K. Spearman, published in the American 
Mathematical Monthly, vol. 121, no. 4, p. 355-358. 
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52. Let p be an odd prime and let a be an integer not divisible by p. Let 
N (a) be the number of solutions of the congruence y? = x?+az (mod p) 


and let 

P-1 /73 

k? + ak 
s(a) = (Fes) | 

ko \ P 
1) Prove that N(a) = p+ S(a). 
2) Prove that if p = 3 (mod 4) then S(a) = 0 for all a, hence N(a) = p. 
We assume from now on that p = 1 (mod 4). 


3) Prove that if b is not a multiple of p, then 
9 b 
S(ab*) = 5 S(a). 


4) Prove that 


p—i1 
S S(a)* = 2p(p — 1) 


a=0 
and that if A = S(—1) and B = S(a) for any quadratic non-residue a, 
then 
A? + B? = 4p. 


5) Prove that A = —(p+1) (mod 8). 

6) Deduce the following theorem of Jacobsthal: let p = 1 (mod 4) be 
a prime and write p = a? + b? with a,b integers, a odd and a = —”$1 
(mod 4). Then the congruence y? = x°—z (mod p) has p+ 2a solutions. 


d= 


Proof. 1) This is clear, since for each x the congruence y r’ + ax 


(mod p) has 1 + (ter) solutions. 


2) Since 


(p — k)? +. a(p—k) = —k? — ak = —(k? +ak) (mod p) 
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and p = 3 (mod 4), we obtain for all k 


(gosto) 7 (=) (=+) o (=+) 
p © AP p z p J` 


Adding these relations for k = 0,1,..., bo gives S(a) = 0 and N(a) = 


3) Since the remainders of 0, b, 20, ..., (p — 1)b when divided by p are a 
permutation of 0, 1,...,p —1, we obtain 


PI (1.3 1. ah? p—1 Iiag P- ABR La 
sa) = 5 (ELAR) E (tay) ES (#02 +08) 
k=0 


k=0 P k=0 P P 
p—-1 /13 
= (2) > (Feet) = (2) S(a). 
PIN P p 
4) We have 








Foor Hea OF) 
_ -£ - N5 (Eres) 


a=0 p 


For fixed k,l, the inner sum Da (aita) equals —1 when k? and 


l? are not congruent modulo p and p— 1 otherwise, by proposition 5.111. 


It follows that 
p—1 p—1 
kl kl 
E sla)? =p 3 (=)- > (=). 
a=0 0<kI<p-1, k?=12 (modp) `P  kī=0 \? 


Next, we have 
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Finally, note that if k? = 1? (mod p) and k,l are not multiples of p, then 
(#) = 1, since k = +l (mod p) and (=) = 1. It follows that 


kl 
(=) = 2(p — 1) 
0<k,l<p—1, k2=l2 (mod p) p 


and so 


p—1 
5 S(a)? = 2p(p — 1). 


a=0 


The second part follows, since S (a) = A whenever (2 i = land S(a) = 
whenever (2) = —1, thus 


+ s(a)? = S(0)* + (p — 1)(A? + B?) = (p — 1)(A? + B?). 


a=0 


5) This is fairly tricky. Note that 
ee £ k? — k -5 (#3) (*) | ey 
p oN. P p p J 
Next, consider the expression 
p—-1 
— 1 
B= > (1+ ())-0+G)) G+). 
= p p p 


and note that for k Æ 0,1, p—2 the corresponding term in the sum is the 
product of three even numbers, thus a multiple of 8. When k = 0,1,p—1 





we use the fact that (=) = 1 to obtain 


E=4+4(1+ (=) =4 (mod 8). 


608 


53. 


Chapter 8. Solutions to practice problems 


On the other hand, brutally expanding we obtain (using proposition 
5.111) 


p-1 ; p—1 l , 

k k k 

pags S D +I) 4 D x (! +4)( DV +A 
je{—1,0,1} k=0 ` P i<je{—1,0,1} k=0 p 


=p+ SY 0+ Š, (-1)+A=p-34+A4. 
jE{—1,0,1} i<jE{—1,0,1} 


Thus p — 3 + A = 4 (mod p), which yields A = —(p+1) (mod 8). 


6) It is immediate to check that A and B are even numbers, hence 


= (3) +) 


is the unique way to write p as the sum of two squares, up to sign. The 
previous part determines uniquely A and the result follows easily. m 


(Mathematical Reflections) Find all primes p with the following prop- 
erty: whenever a,b,c are integers and p | a?b? + b?c? + c?a? + 1, we also 
have p | a2b?c? (a? + b? + c? + a?b?c?). 


Proof. This is a very difficult problem! The answer is 2, 3,5,13 and 17. 
Define X1(p) as the set of solutions in {0, 1, ...p — 1}° of the congruence 
a*b? + b?c? + c?a? +1 = 0 (mod p), and similarly let X2(p) be the set of 
solutions of the congruence a?b?c? (a? + b? + c? + a*b*c*) = 0 (mod p). 
We want to find all primes p for which Xı(p) C X2(p). 

First, we prove that 2,3,5,13 and 17 are solutions of the problem. Sup- 
pose that (a,b,c) € Xi(p) \ X2(p) for some prime p. Letting z = a’, 
y = b?, z = c’, it follows that z,y,z are quadratic residues modulo p, 
cy +yz +zz+1 = 0 (mod p) and zyz(x +y + z + xyz) is not divisible 
by p. Since 


el(zxy +yz +zz+1)+(xz+y +z + zgryz) = (x+e)ly+e)(z+e) 


for € = +1, we deduce that z, y, z are not equal to 0 or +1 modulo p. This 
already excludes the cases p = 2, p = 3 and p = 5. Moreover, we cannot 
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have x+y = 0 (mod p) (and similar congruences obtained by permuting 
the variables x, y, z), as otherwise we would also have ry+1 = 0 (mod p) 
and then x+y+z+2yz =0 (mod p), a contradiction. Similarly, we can- 
not have ry+1 = 0 (mod p) (and similarly with permutations of x,y, z). 
Finally, x, y, z must be pairwise distinct if p € {13,17}, for one tediously 
checks that for these primes the congruence z? +2zx+1 = 0 (mod p) has 
no solutions with xz, z quadratic residues modulo p different from 0, +1. 
Using these observations and the fact that the quadratic residues modulo 
13 (respectively 17) are 0, +1, +3, +4 (respectively 0, +1, +2, +4, +8), 
one easily (but tediously!) checks that there are no triples (x,y,z) with 
all the previous properties. It follows that 2, 3,5,13 and 17 are solutions 
of the problem. 


Next, we prove that if p > 3 is of the form 4k+3, then X1(p) is nonempty 
and disjoint from X2(p), hence p is not a solution of the problem. Pick 
an integer c such that c? is not congruent to 0 or 1 mod p (such c exists, 
since p > 3). Note that if a € {0,1,..., bh, then p does not divide 
a? + c? (as p = 3 (mod 4) and p does not divide c), thus we can define 
a map f by imposing f : {0,1,..., pt} — {0,1,...,p — 1}, 


f(a)(a* + ê) = —(a*c? +1) (mod p). 


We claim that this map is injective. Indeed, if f(a) = f(aı), then an 
easy computation gives (a? — a?)(c* — 1) = 0 (mod p), hence a = ay 
(mod p) (because c° + 1 are not divisible by p). Since f is injective and 
since there are ptl quadratic residues mod p, it follows that there are 
a,b € {0,1,...,p — 1} such that f(a) = b? (mod p), which is equivalent 
to (a,b,c) € Xı(p). Hence Xı(p) # @. 

Next, suppose that (a,b,c) € X1(p)M X2(p). Since p = 3 (mod 4), 
p does not divide abc, hence a*(b*c? + 1) + b? + c* = 0 (mod p) and 
a? (b? + 2) + b?c? +1 = 0 (mod p). This yields (at — 1)(b? + c?) = 0 
(mod p), then a? = 1 (mod p) and finally (1 + b?) (1 +c?) = 0 (mod p), 
a contradiction with p = 3 (mod 4). 


Finally, suppose that p = 1 (mod 4) and p > 17. We will construct an 
element of Xı(p) which is not in X2(p), finishing the solution. Since 
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p = 1 (mod 4), there exists x € Z such that z? + 1 = 0 (mod p). We 
will need the following 


Lemma 8.19. The congruence a? + ab + b? 
p— 1 solutions. 


x (mod p) has at least 


Proof. Write the congruence as (2a + b)? + 3b? = 4x (mod p). So it is 
enough to prove that the congruence u? + 3v? = t (mod p) has at least 
p — 1 solutions when p does not divide t. But the number of solutions is 
p+ Ba (22) and the result follows from proposition 5.111. O 


Now let S be the set of solutions of the previous congruence. For each 
(a,b) € S we have an element (a, b,c) of X1(p), where c = —a—b. Indeed, 


a*b* +b + cea? +1 = (ab +be+ ca)? +1= (a? tabt b’)? 41 
=g°+1=0 (mod p), 


hence (a,b,c) € Xı(p). Now we bound the number of these elements 
that lie in X2(p). Suppose that (a, b,c) E€ Xo(p). If a = 0 (mod p), then 
b? = x (mod p) and (a,b) takes at most two values mod p. Similarly the 
cases b = 0 (mod p) and c = 0 (mod p) yield each at most 2 values for 
(a,b) mod p, hence we have at most 6 elements of this form in X2(p). 
The other possibility is that a? + b? + c? + a*b*c? = 0 (mod p). Since 


a? +b? +e E= 2a? +b ab) =2x (mod p) 


and 
a*c? = (a(a + b))? = (x£ — b°)? (mod p), 


we obtain 2x + b? (x — b?)? = 0 (mod p). This congruence has at most 
6 solutions by Lagrange’s theorem, and each solution b corresponds to 
at most two pairs (a,b). Hence X2(p) contains at most 12 elements of 
this type. Thus in total X2(p) contains at most 18 of these elements of 
Xı(p). Since p > 17 and p = 1 (mod 4), we have at least one element of 
Xı(p) which is not in X9(p). O 
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54. Let n be a positive integer and let p > 2n + 1 be a prime. Prove that 


Oo. 


Qn\ _ : p—i 
fe = (—4) ( i ) (mod p). 
Proof. We have 


ee (2n)! 2-4-...+(Qn) 1-3- (2n— 1) 


n!2 n! n! 
1-3-...-(2n—1) 
n! 


n 


= Qn 


Since n < p we have gcd(n!,p) = 1 and so the desired congruence is 
equivalent (after multiplication by n! and division by 2”) with 


— 1 — 1 — 1 
1-3-....(2n—1) = (omne (5 — 1) (2 -n+ 1) (mod p). 
2 2 2 
This congruence follows by multiplying the congruences 
—] 
(-2) (25-5) say 41 
forO<j<n-1. O 


(Mathematical Reflections O 96) Prove that if q > p are primes, then 


p+q q 
pq | Š -1. 
P P 
Proof. If p = q, this comes down to @) = 2 (mod p?) and has already 


been proved (see example 5.157). So suppose that q > p. By Vander- 
monde’s identity 


72") =()() +20) +-+()() 


and each term in the sum except for the first and last one is a multiple 
of pq. O 
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(Hewgill) Let n = no +2n1 +...+2%ng be the binary representation of an 
integer n > 1 and let S be the subset of {0, 1, ..., n} consisting of those 
k such that (7) is odd. Prove that 


Se a ee 
kes 


where Fk = 22" +1 is the kth Fermat number. 


Proof. By Lucas’ theorem, the elements of S are precisely those 
k = ko + 2k, +... + 2%kg € {0,1,...,n} 
with 0 < ki < n; for all 0 < i < d. We deduce that 
no nı Nd Nd 

SoS as JO Date, eS 5> 2ko |. YO 22ra], 
keS ko=0 kı=0 kg=0 ko=0 kag=0 
It suffices to observe that since no, ..., na € {0,1}, we have 

= ad d d 

Sor O21) gS 2 RS a 

ko=0 


(Calkin) Let a be a positive integer and let 


“2 (i) 


for n > 1. Let p be a prime, n an integer greater than 1 and let 
n = no tpn +... + pîna 


be its base p representation. Prove that 


d 


Tn = Il Zn, (mod p). 
1=0 
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Proof. Clearly 


In= >> 4 (mod p), 


kESn 


where Sn is the set of those k € {0,1,...,n} for which p does not divide 
le By Lucas’ theorem the set Sn consists of the numbers 


k = ko + pki +... + p*ka 


with 0 < k; < n; for all 0 < i < d, and moreover for each k € S we have 


d 
nm\ Tli 
GEU) (omen. 
We obtain therefore 


oon SS E(t) -AE E) ) -e man 


ko=0 kı=0 kg=0i=0 i=0 \k;=0 i=0 


as needed. O 


58. Let p be a prime and let k be an odd integer such that p — 1 does not 
divide k + 1. Prove that 


1 
2y = 0 (mod p°) 
—1J 
j=1 
But : i ‘ 
LF, 1) Strona 
= j=1 ge (p=g)* j=l j*(p— j) 
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and since k is odd, the binomial formula gives 
j? + (p — j)! =kpj** (mod p°). 
It suffices therefore to prove that 


p-1 1 


or equivalently that 


This follows from proposition 5.149. O 


59. (Tuymaada 2012) Let p = 4k + 3 be a prime and write 


1 ze 1 ee 1 o m 
02+1 12+1 ` (p—1)2+1 n 


for some relatively prime numbers m,n. Prove that p | 2m — n. 


Proof. Since p = 3 (mod 4), the numbers 0? + 1,17 + 1,...,(p — 1)? + 1 
are not multiples of p by corollary 5.28. Next, we argue as in the proof 
of Wilson’s theorem, by creating pairs of the form (x,y) with z,y € 
{2,3,...,p — 2} uniquely determined by zy = 1 (mod p). Note that for 
such a pair (x,y), 


1 1 1 1 


2241 y+ 241 143 





=1 (mod p). 


Since the congruence z? = 1 (mod p) has no solutions in {2,...,p — 2} 


we deduce that 
1 1 p—3 


eee ENE E E d 
Pris pant ote): 


+ 
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hence 

1 1 1 p—-3 1 pti 
a ee ee ee e y d 
Pa r Gate” ee 
The result follows. O 


(IMO Shortlist 2012) Find all integers m > 2 such that n | (_.",,,) for 
any integer n € [7,5]. 


Proof. We will prove that the solutions of the problem are exactly the 
prime numbers. If m is a prime number, then for any n € [3,5] the 


number 
n n— i1 
_ 2 = 
a a (aan) lee ' 


is a multiple of n and since gcd(n, m — 2n) = 1 we obtain n | (n Zon): 


Conversely, let m be a solution of the problem. If m is even, choosing 
n = yields % | 1 and som = 2. Assume that m is odd and let us 
suppose that m is composite. Then the smallest prime factor p of m is 
less than or equal to F. Let n = *5*, so n € [%, 3] and by assumption 
n | (7). We obtain p | (n — 1)(n — 2)...(n — p +1), impossible since p | n. 
Thus m must be a prime number. E 


(Putnam 1991) Prove that for all odd primes p we have 


3 a Pad =2P?41 (mod p°’). 


k=0 


Proof. For 1 < k < p — 1 we have 


=1 (mod p) 


ee _ (p+1)(p+2)...(p +k) 
k k! 
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616 
and (?) = 0 (mod p), hence ()(?*) = (2) (mod p?). Thus the congru- 
ence is equivalent to 
Qp\ RS 
1+ P +> (7) =2P +1 (mod p°) 
and then (using the binomial formula) to E = 2 (mod p?). This has 
already been established in example 5.157. O 
62. (ELMO Shortlist 2011) Prove that if p is a prime greater than 3 then 
p-1 
n (Pp 
` 3" =2—1 (mod p°). 
k=0 k 


Proof. We have for 1 < k < = 
P\ _ Py_4yk-1 — 9/_4)k P ¢__4)\2k-1 — 9/_1)k[ P 2 


The congruence is thus equivalent to 
pol 
2 
p k = 2 
1+2 y —3 1=2?-1 d 
t k=1 (3) a ns 


>» Z (—3)* = 2? (mod p°). 


Let a =iV3 € C, then —3 = a” and the binomial formula yields 


25> (J, J = (1+a)? +(1—a)?. 


The result follows now from the equality (1+ a)? + (1 — a)? = 2?, which 
itself follows from 1+ a = 2e3, 1 — a = 2e7 3 and cos (=P) = 5. E 
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63. (IberoAmerican Olympiad 2005) Let p > 3 be a prime. Prove that 


p-1 1 
ar 


i=1 


=0 (mod p°). 
Proof. Let S denote the left-hand side. Then 
a 1 RS iP + (p — i)P 
8-0 (atp) A op 
Using the binomial formula we obtain 
P+ (p— iP =pP(—i)P = piP (mod p’), 


thus it suffices to show that 


p-1 1 
P — — =0 (modp). 
j=1 i(p E i)P 
Since (p — 71)? = p — i = —i (mod p), we are further reduced to showing 
that 
p—1 1 
+ =0 (mod p), 
1 
i=1 
which has already been established in proposition 5.149. E 


64. (AMM) Let Cn = —, (77) be the nth Catalan number. Prove that 


= z 
Cı +Co+...+Cy,=1 (mod 3) 


if and only if n + 1 has at least one digit equal to 2 in base 3. 


Proof. One easily checks the equality 


2k +2 2k 
(it) (k) 520 
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which shows that 


_ (2k+2 2k 
cx (242) - ($) not 
It follows that 


— [/2n+2 2\ 2n + 2 
Ci Op Pa C. = (7h) (1) 14 (RA (mod 3). 


Thus we need to prove that 3 | (7+2) if and only if n+1 has at least one 


digit equal to 2 in base 3. This follows directly from example 5.146. O 


Prove that for any prime p > 5 we have 
p—1 1 a Fe ee 1 > 
1 —} =1— — d p°). 
ee i p 2 zz (mod p°) 


Proof. Letting 


the congruence is easily seen to be equivalent to 
2x1 + p(z? +z2)=0 (mod pf). 


Since xı = 0 (mod p?), this further reduces to 2x21 + pro = 0 (mod pł). 
Note that 


So 
ae ek mik (1 — §) 
Note? that if z = 0 (mod p) then 


1-~(l-z)1l+z2+2)=2°=0 (mod př), 


*This is motivated by the identity + =l+z+27+4+... 
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thus i 


Combining this with z3 = 0 (mod p?) (see example 58) and z4 = 0 
(mod p), we obtain 


p—1 2 
201 = -p >) 1 (14 242) = poy —p2ng -ps4 = -prs (mod p) 
k=1 


as desired. C 


(USA TST 2002) Let p > 5 be a prime number. For any integer x, define 


p—i 1 
fp(z) = 2 (pa + bP 


Prove that fp(x) = fp(y) (mod p?) for all positive integers z, y. 


Proof. Observe that 


1 1 1 
(pe + RP (1 (#8) 
The identity 
1 


suggests the congruence 


1 


whenever z = 0 (mod p). Once we guess that this is true, it is very easy 
to prove it: an explicit computation shows that 


1—(1—2)°(1+ 2z + 32°) = 42° —32* =0 (mod pł). 
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We deduce that 





at (mod p*) and at (mod p), 


we conclude that 


for all x, y, as desired. O 


p-adic valuations and the distribution of primes 


. (Russia 2000) Prove that there is a partition of N with 100 sets such 


that if a,b,c € N satisfy a + 99b = c, then at least two of the numbers 
a,b,c belong to the same set. 


Proof. Let the ith class consist of those n for which vo(n) =i (mod 100) 
for 1 <i < 100. If a+ 99b = c, then necessarily v2(a), v2(b), ve(c) are 
not pairwise distinct (if və(a) Æ ve(b), the strong triangle inequality 
gives vo(c) = min(ve(a), v2(99b)) = min(ve(a),ve(b))), and the result 
follows. oO 


. (Iran 2012) Prove that for any positive integer t there is an integer n > 1 


relatively prime to t such that none of the numbers n+t, n? +t, n°? +4, ... 
is a perfect power. 


Proof. Let p be a prime divisor of t+ 1 and let k = vp(1 +t). We choose 
n such that n = 1 (mod p*t!), then nî +t = 1 +t (mod p*t?) for all 
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j > 1, thus vp(n + t) = k. Assume that nî + t is a perfect power, then 

by the previous relation it must be of the form a™ for some a > 1 and 

N | k. Take now n = c™ with z = 1 (mod p**1). If nî +t =a then 
N =t +b”, where b=zxř. Thus a > b+1 and then 


t>(b+1)¥ -b > Nb>r. 


Choosing x > t and n as above yields therefore a solution of the problem. 
O 


3. Prove that if n,k are positive integers, then no matter how we choose 
signs + 


1 1 1 
+— + —— +... + —— 
k k+l k+n 
is not an integer. 
Proof. Let 
T= POR 20) 


and fix j € {k,...,k + n} such that vo(j) = r. We claim that there is 
no other 7’ € {k,...,k +n} such that v2(7’) = r. Indeed, otherwise we 
may assume that 7’ > j, then writing j = 2" - a, j’ = 2” - b with odd 
integers a,b, we have k < 2"a < 2"b < k+n. But then 2"(a+1) belongs 
to {k,...,k +n} and v2(2" (a + 1)) > r+ 1, a contradiction. 
Thus there is a unique j € {k,...,k + n} with v2(j) = r being maximal. 
It is now easy to conclude: we can write 

1 1 

TOE ee eee oe eee 
k k+l k+n y 9 





yii L,Y integers such that və(y) < r. Since vo(j) = r, it is clear that 
z n = J=Y cannot be an integer: the numerator is nonzero (as v2(y) < 


y 
v2 (2: j)) and has smaller 2-adic valuation than the denominator! O 


4. (Romania TST 2007) Let n > 3 and let aj,...,a, be positive integers 
such that gcd(aj,...,@n,) = 1 and Icm(aqaj,...,a@n) | a1 +... + an. Prove 
that a1a2...an divides (a1 + ag +... + Gn)”~?. 
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Proof. It suffices to prove that for any prime p we have 
Up(G1...dn) < (n — 2)up(a1 +... + an). 


Let x; = vp(a;) and assume without loss of generality that z1 >... > £n. 
Since gcd(a@1,...,@n) = 1, we must have x, = 0. Also, by hypothesis 


vn(ai +... + an) > max Z;. 
pla n) Z max í 


If £tn—1 Æ 0, then a1, ...,an—ı are multiples of p and p | lcm(a1, ..., an) | 
aj + ... + an, a contradiction with the fact that p does not divide an. 
Thus gn-1 = 0. It is then clear that 


Up(Q1...€n) = T1 +...+ En = 214+... + En_2 < (n — 2) max Ti 


< Up( a4 + eee + An), 


as desired. Ol 


. (Erdés-Turan) Let p be an odd prime and let S be a set of n positive 


integers. Prove that one can choose a subset T of S with at least |3 | 
elements such that for all distinct elements a,b € T we have 


Up(a + b) = min(vp(a), vp(d)). 


Proof. Let a1 < ... < an be the elements of S. Set k; = vp(a;) and 
let a; = pb; with b; > 0 not divisible by p. Let I (respectively J) 
be the set of those i € {1,2,...,n} for which the remainder of b; when 
divided by p is smaller (respectively larger) than §. Clearly, if i,j € I 
or i,j E€ J are distinct then b; + b; is not a multiple of p. One of the 
sets I, J has at least [5] elements. Without loss of generality, assume 
that this set is J. Let T = {a;| i € I}. Ifi #97 € T and if k; 4 kj, then 
Up(a;i + aj) = min(vp(ai), Vp(a;)), so assume that k; = k;. Then 


Up(ai + a;) = ki + vp(bj + bj) = ki = min(ki, k;), 


as desired. C 
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6. (Ostrowski) Find all functions f : Q — [0, 00) such that 
i) f(z) = 0 if and only if x = 0; 
ii) f(xy) = f(x) - fly) and f(z +y) < max(f(2), f(y)) for all x,y. 


Proof. First of all f(1) = f(1)-f(1) and f(1) > 0 (by i)), thus f(1) = 1. 
Similarly, we obtain f(—1)? = 1 and f(—1) = 1. In particular f(—z) = 
f(x) for all x. Since f(n) < max(f(n — 1), f(1)) = max(f(n — 1), 1) for 
all n > 2, an immediate induction yields f(n) < 1 for n > 1, and since 
f(—ax) = f(x), we obtain f(x) < 1 for x € Z. 


Suppose first that f(n) = 1 for all nonzero integers n. Then for any 
x E Q* we can find n € Z* such that nz € Z*, thus 1 = f(nz) = 
f(n)f(x) = f(x) and f(x) = 1 for all nonzero x. This function is indeed 
a solution of the problem. 


Suppose now that there is n € Z* such that f(n) Æ 1, ie. f(n) < 1. 
Take the smallest such positive integer n. Then n > 1, and if n is 
composite, say n = ab, then f(a)f(b) < 1 forces f(a) < 1 or f(b) < 1, 
contradicting the minimality of n. Thus n = p is a prime. We claim 
that f(n) = f(p)’?\™ for all n. Since both f and f(p)® are totally 
multiplicative, it suffices to check this for primes n. If n = p this is 
clear, so assume that n is a prime different from p. Then we can find 
integers a,b such that 1 = an + bp, thus 


1 = f(1) = flan + bp) < max(f (a) f(n), f(b) f(p)). 


Since f(b) f(p) < f(p) < 1, it follows that f(a)f(n) > 1 and since 
f(a), f(n) < 1, we must have f(a) = f(n) = 1. Thus f(n) = 1 for all 
primes n # p and the claim is proved. We deduce that for any z = 7 
we have Flm) 
_ mj Up(m)—vp(n) 
g) = =—=— = p pin). 
f(z) Hn) 7 (p) 


Conversely, if a € (0,1) and p is a prime, setting (for nonzero integers 


m,n) 
f (=) — gvp(m)—vp(n) 


n 
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yields a solution of the problem, using the basic properties of the vp- 
map. E 


. Find all integers n > 1 for which 


n+1 nr-l 


n”|(n—-1)”" +(n+4+1) 


n+1 n”? 


Proof. If n is a solution of the problem, then n | (n—1)” — +(n+1) 


If n is even, then 


nr +1 


(n — yer + (n+ 1" = (-1) +1=2 (mod n), 


thus n = 2 and one easily checks that this is not a solution. So all 
solutions must be odd. Conversely, we will prove that odd numbers are 
solutions of the problem, by proving that when n is odd we have 


n” | (n — yr +1 and n”|(n+ 1" —1. 


Let p be a prime divisor of n. Then p is odd and by the lifting the 
exponent lemma 


Up((n— 1)" +1) = up(n) + p(n"*1) = (n+2)up(n) > nvp(n) = vp(n") 
and E 

Up((n + 1)" — 1) = vp(n) + vp(n"™) = vp(n"). 
The result follows. E 


. (Mathlinks Contest) Let a,b be distinct positive rational numbers such 


that a” — b” € Z for infinitely many positive integers n. Show that 
a,b E€ Z. 


Proof. By taking a common denominator of a,b, we are reduced to prov- 
ing the following statement: if a,b,c are positive integers with a Æ b, 
and if c” | a” — b” for infinitely many n, then c | a and c | b. By working 
with each prime factor of c separately, we easily reduce to the case when 
c is a prime. Thus we need to prove the following statement: if a,b are 
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10. 


distinct positive integers and p” divides a” — b” for infinitely many n, 
then p divides a and b. To prove this, assume that p does not divide a, 
so it does not divide b either. But then 


upa” — b”) < vp(a® BD? — BPD?) < v(a? P-D — OD) + up(n) 


< c1 + cologn 


for two constants c1, c2 depending only on a,b, p. As the last quantity is 
smaller than n for large enough n, the result follows. L 


. (Saint Petersburg) Find all positive integers m,n such that m”|n™ — 1. 


Proof. Let p be the smallest prime factor of m. Then p divides n?—+ — 1 
(note that p does not divide n since p | n™ — 1) and also n™ — 1, thus p 
divides n8°4(™.P—-1) — 1 = n — 1. Next, suppose that p > 2, then lifting 
the exponent lemma yields 


nup(m) < vp(n™ — 1) = vp(n — 1) + v(m), 


from which n — 1 < vp(n — 1), that is n — 1 > p"™"} > 3"~!, impossible. 
So p = 2 and n is odd. Then using the lifting the exponent lemma again 
yields 

nvg(m) < ve(n™ — 1) = ve(n? — 1) — 1 + v(m), 


thus (n — 1)ve(m) < ve(n? — 1) — 1. It is not difficult to see that this 
implies n? — 2 > 2"! and so that n = 3 and ve(m) = 1. Next, m’ 
divides 3” — 1. Suppose m > 2 and let q be the smallest prime factor of 
m/2. Then q is odd and q divides gscd(q—1,m/2) _ 1 = 8 a contradiction. 
Thus n = 3 and m = 2. L 


(Balkan 1993) Let p be a prime and let m > 2 be an integer. Prove that 


if the equation 
n N (=) 
2 AN2 
has a positive integer solution (x,y) # (1,1), then m = p. 








626 


11. 


Chapter 8. Solutions to practice problems 


Proof. Suppose first that p = 2 and m > 3. Then 


(ety)?  atty? faty\™_ (ety? 
a aaa ial >)? 





which gives x+y < 4. Since (x,y) # (1,1), we must have x = 1,y = 2 or 
x = 2, y = 1 and in both cases it is easy to check that the given relation 
cannot be satisfied. 


Assume now that p > 2. The function x +> x? being convex on [0, 00), 
Jensen’s inequality yields 


xP + yP z (=) 
2 a 2 ? 


which combined with the given relation yields m > p > 2. Letting 
x = du,y = dv, with gced(u, v) = 1, the given relation can be written as 


dP (u +v)” = 27 "(uP + vP). 


If u+v has an odd prime factor q, then lifting the exponent lemma and 
the previous equality give 


mMug(u +v) = Ug(uP +v”) = valp) + valu +v) < 1+ vlu +v), 
a contradiction with m > 2. Thus u + v is a power of 2 and so 
vo(uP +v) = vo(u +v), 
since p is odd. But then 
mvo(u+v) < vlu+v)+m-1, 


yielding u + v = 2, then u = v = 1, x = y and finally m = p. E 


(China TST 2004) Let a be a positive integer. Prove that the equation 
n! = a? — a° has a finite number of solutions (n, b, c) in positive integers. 
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Proof. Let (n, b,c) be a solution. Note that a > 1 and let p be an odd 
prime not dividing a. Using lifting the exponent lemma and Fermat’s 
little theorem we obtain 


Up(a” —a°)= pla~ =I up (ar =1)= Up(aP~ —1)+p(b—c). 
We conclude that 


Up(aP—! — 1) + uplb — c) > vpla? — a°) = vp(n!) > - —1. 


Therefore vp(b — c) > $ —k, for some constant k independent of n. 
Letting € = p~* > 0, we conclude that b — c > ep”/P and so 


b n/p 


n” >n! =a? — af >a" > a? 


Taking logarithms, we deduce that n is bounded in terms of a. Since 
c,b— c < n!, the result follows. O 


(China TST 2016) Let c,d be integers greater than 1. Define a sequence 
(an)n>1 by aı = cand an4i = af +c for n > 1. Prove that for any n > 2 
there is a prime number p dividing an and not dividing a 1@9...an_1. 


Proof. Suppose that for some n > 1 there is no such prime p. Take any 
prime factor p of an. By assumption there is some j < n such that p | aj. 
Take the smallest such j. We claim that j | n. Indeed, aj+ı1 = ał+c = aj 
(mod p) and an immediate induction shows that aj+u =a, (mod p) for 
all u > 1, i.e the sequence (@n)n>1 is periodic with period j modulo p. 
Writing the Euclidean division n = qj + r and assuming that r > 0, we 
obtain ar = agj+r = Gn = 0 (mod p), thus p | ap. This contradicts the 
minimality of j, thus j | n. 


Next, we claim that vp(an) = vp(a;). Let r = up(a;). Then 


Qj+1 = as +c=c=a, (mod pî) 


and again an immediate induction shows that (an)n>1 becomes periodic 
with period j modulo p™. In particular, since j | n, we have an = Qj 
(mod p% ). Since v,(a;) =r < dr, this gives vp(an) = r, as claimed. 
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The above paragraphs show that for each prime p | an we can find jp < n 
such that vp(an) = vp(a;,). This implies that an divides aja2...an—1, in 
particular an < a1Q@2...dn_1. But an immediate induction shows that 
An > Q1...€n—1 for n > 2. Indeed, this is clear for n = 2 and if it 
holds for n, then the inductive hypothesis combined with the recurrence 


relation yield (using that d > 1) 


l -Q1..-An—] = Q1Q2...An. 


An+1 =a% +c > a$ > af 
This contradiction shows that our assumption was wrong, so there is at 
least one prime dividing an and not dividing a 1Q9...an_1. O 


(Kvant M 1687) Find the largest possible number of elements of the set 
{2” — 1|n € Z} that are terms of a geometric progression. 


Proof. We will prove that a geometric progression cannot contain more 
than 2 elements of the set S = {2" — 1|n € Z} (which will show that 
the answer of the problem is 2). Suppose the contrary and set (for some 
pairwise distinct integers a, b, c) 


27—L=aig*, 2?-l=aiq", 2°-1=ayq7, 


wherea > p > y => 0. Take positive integers m and n, n > m, such that 
n(B—y) = m(a— y). Then one easily checks that the previous equalities 
yield 

Patra" 


Using the identity 27(2~7 — 1) = 1 — 2” and taking absolute values we 
get an equality of the form 


(28 — 1)" = (24 —1)™(2° 1)", 


where A, B,C are pairwise distinct positive integers. This immediately 
implies that max(A,C') > B. On the other hand, the previous equality 
implies that any prime factor of 24 — 1 divides 2? — 1 and similarly any 
prime factor of 2° — 1 divides 28 — 1. We may assume that A > B. 
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Any prime factor of 24 — 1 divides 2? — 1 and so it divides 24 — 1, where 
d = gcd(A, B) < A. Since 24—1 | 24—1, it follows that 27-1 and 24-1 
have the same prime divisors. ‘This contradicts the result established in 
example 6.31. E 


(Iran TST 2009) Let a be a positive integer. Prove that there are in- 
finitely many primes dividing at least one of the numbers 


22 +a, 92° +a, 92" +a,... 


Proof. We argue by contradiction, assuming that there are only finitely 
many such primes, say p1,...,pg- Fix an arbitrary positive integer k and 
let N be an integer (depending on k) such that for all n > N we have 


2” +a> (p1..-pa)*. 
In particular, for any n > N there is in € {1,...,d} such that 
Upi, (27° +a) >k, 


since all prime factors of 2?” + a are among pı, ..., pa. Among the d+ 1 
numbers iy, iN+1,-.-,iN+a (which are all between 1 and d) there must 
be two equal numbers, say in = im with ÑN <n <m < N +d. Then 
pk | 2?" +a and pr = pE | 22" +a. Note that if an integer s divides 
22" +a and 2?” +a, then 


a= = 2T =(-a)*” " (mod s) 


Qm—-n 


in other words s divides a?" "+a. We deduce that pf | a 
(recall that N <n<m<N+d) 


+a, thus 


m-n d 
2° <p <a taca +a. 


Since k was arbitrary and a and d are fixed, this is certainly impossible. 
The result follows. O 
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(China TST 2016) A point in the coordinate plane is called rational if 
its coordinates are rational numbers. Given a positive integer n, can we 
color all rational points using n colors such that 


a) each point receives one color; 


b) any line segment whose endpoints are rational points contains rational 
points of each of the n colors? 


Proof. Give the color 0 (or any number between 0 and n—1) to the origin 
O = (0,0). Extend v2 to Q* by setting v2(x/y) = vo(x) — ve(y) for any 
nonzero integers x,y. This is well-defined and satisfies the same basic 
properties as v2 on Z (this follows immediately from the definition). If 
P Æ O is a rational point with coordinates x,y, give P the color whose 
number is the remainder of min(v2(x), ve(y)) when divided by n. 


Consider now a segment I whose endpoints are P) = (21, y1) and Pz = 
(v2, y2). Fix i € {0,1,...,2—1} and let us prove the existence of a point 
on I whose color is i. We may assume that vo(x1 — x2) < ve(yi — y2), 
which in particular implies that x1 Æ z2. Pick k large enough, to ensure 
that vo(%1—x2)—k < ve(x£2) and, if yı Æ yo, that ve(y1—Yye)—k < ve(y2). 
Let 








1 1 Lı — T — Y2 
asgat- g) E E tu) 


Note that @; belongs to I and is not equal to O for large enough k. Call 
Uk, Uk the coordinates of Qk, so 


Lı — T2 


Yy — y2 
Uk = Ok = 


9k 








+ T2, Uk T Y2 


Thanks to the choice of k we have 


L1—-2 
valus) = v2 ( aE 2) = U9(x1 — £2) — k. 





If y1 = y2 then v2(vk) = vea(y2), while if y1 Æ y2, then a similar com- 
putation shows that və(vķ) = ve(yi — y2) — k. In all cases, taking into 
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account the inequality vo(x1 — x2) < ve(yi — y2) we see that for k large 
enough we have 


min(ve(uz), v2(vk)) = vo(uk) = v2(z1 — 22) — k. 
It suffices therefore to choose k large enough and such that 
vo(z1 — 22) -k =i (mod n), 
and then Qg will receive color i. E 


(China TST 2010) Let k > 1 be an integer and let n = 2*+!. Prove that 
for any positive integers aj < ag < ... < an, the number 


II (a; + aj) 


1<i<j<n 


has at least k + 1 different prime divisors. 


Proof. We will prove a stronger result, with n = 2" + 1 instead of 2°+!. 
Suppose that n = 2*+ 1 and that N = []hcjcj<n(ai + aj) has at most 
k prime divisors. Note that N is clearly even, so let 2,q1,...,q@- be the 
different prime factors of N, with r < k—1. 


By problem 5 we can choose at least 2*—' + 1 integers b1, ..., bok-141 
among the a,’s such that va (bi + bj) = min(vg, (bi), vg, (b;)) for i F 
j. Note that all prime factors of []y<j<j<gk-141(bi + bj) are among 
2, G15 +++) dr- 

Using problem 5 again with the numbers 0j,...,bo9x-1 + 1, we can find 
at least 2*-2 + 1 of them, say cj,...,Ck-24, such that vg (ci + cj) = 
min (Vg (Ci), Vga (cj)) for i # j. Of course, we also have vg (ci + cj) = 
min(vq, (ci), Ug, (c;)) for i # j. Continuing this way we obtain at least 3 
numbers 21, £2, %3 among the a,;’s such that 


Ugy (Ti + £j) = min(vg, (Li), Vay (Zz )) 


for all i Æ j and 1 < k < r. We will prove that this cannot happen. 
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Let 41+ £2 = 2G; * ..ger and note that z1, £2 are multiples of q7” ...q2". 
If vo(x1) Æ v2(x£2), then A = vo(x1 + z2) = min(ve(Z1), ve(r2)) and so 
21,22 are also multiples of 24A, hence 21,22 are multiples of zı + T2, 
impossible. Hence v2(x1) = v2(xz2) and by symmetry we have v2(z1) = 
Vo(x2) = v2(x3). Call this common value B and write z; = 28y; with y; 
odd. Then 


aa 9A-B Q1 


qı 


Qr 


yı F Y2 -dr 


Since y1, yg are odd, we have A — B > 1. Assuming that A -— B = 1, we 
deduce that 2x1, 2£2 are both multiples of zı + x2, hence 227; > z1 + £2 
and 279 > 41 + x2, forcing zı = z2, a contradiction. Thus A — B > 2 
and so 4 | yı + y2. Similarly, 4 | yo + y3 and 4 | y3 + y1. This is however 
impossible, since y1, Y2, yz are odd. oO 


(Komal) Which binomial coefficients are powers of a prime? 


Proof. If 


If (%) =p’, then p* < n by theorem 6.44. Thus (%) < n. Assume 
that2<k<n 


— 2, then 


A =n >n, 


n\ (n — 1)(n — 2)..(n-~k+1) 5 (kK+1)k...-3 k+1 
i. E 


a contradiction. Thus k = 1 or k = n — 1 and the equation reduces to 
t 
n=p’. L 


Prove that (27) | lcem(1,2,...,2n) for all positive integers n. 


Proof. Let p be any prime and let k = vp (CI): Then p* < 2n by 


n 
theorem 6.44, hence p* | lem(1,2,...,2n) since 


Vp(Iem(1, 2, ...,2n)) = log, (2n) 


by example 6.7. The result follows. O 
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19. Prove that for all positive integers n and all integers a we have 


20. 


= (a" — 1)(a" — a)...(a" — a") € Z. 


Proof. We may assume that n > 1. It suffices to prove that for every 
prime p we have 
up(n!) < vp(a™ — 1) + vpla” — a) +... + Up(a™ — a"). 


Theorem 6.49 gives vp(n!) < [z= | , thus it suffices to prove that 





BG — a") > = 7 : 


p— 1 


If p | a, then vp(a” — ak) > k, thus the left-hand side is at least cum > 


n—-1> Kaa If p does not divide a, Fermat’s little theorem shows 


that p divides a*?-)) — 1 for 1 < k < [z=], thus 





p—1 


n—1 n es | 
X vla” — a") = Sup (a* — 1) > |. a 
k=0 k=1 
Prove that if k < n then 
n—i 
n( k ) | lem(n,n — 1,... n — k). 


Proof. It suffices to prove that for any prime p we have 


vp(n(n— 1)...(n — K)) < vp(kl) + max vpli) 


Let N = MaXn—k<j<n Up(j) and consider the numbers n,n — 1,...,n — k. 
For each j < N there are at most 1 + Fa multiples of pf among them. 
Indeed, if k = gp’ +r with 0 < r < p’, then there is exactly one multiple 
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of p) among n— spf, n— spi —1,...,.n—(s+1)p’ +1 for each 0 < s < q—l, 
and at most one multiple of p among n — qp, ... n — k. Thus 


Up(n(n — 1)...(n — k)) < 2 (1 + 5) = Ney 5 < N +vp(k!), 
j= 


j=l 


as desired. g 


(Mathematical Reflections S 206) Find all integers n > 1 having a prime 
factor p such that vp(n!) | n — 1. 


Proof. Write n = kp and observe that by Legendre’s formula 
n 
Up(n!) = k + Fa +...>k. 


Hence (recall that s,(n) is the sum of digits of n in base p) 


n—-1_n-1_ n-—8,(n) 








w 
a 
n 

= 
Ww 


the last equality being a consequence of theorem 6.49. Since Fo is an 

integer belonging to [p— 1, p), it can only be p— 1 and moreover we must 

have sp(n) = 1, that is n is a power of a prime. Conversely, if n = p* for 
n—1 


some prime k and some k > 1, then v(n!) = pai is a divisor of n — 1. 


Thus the solutions are all powers of primes. L 


(Romania TST 2015) Let k be an integer greater than 1. When n runs 
through the integers greater than or equal to k, what is the largest 
number of divisors of (%) that belong to {n — k + 1,n — k +2, ... n}? 


Proof. Since 


n\  n(n-1)...(n—-k+1) n 
4 — eo qi” —1)...n—k+1), 
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we see that (x) can be divisible by n—1,n—2,...,.n-—k+1, by choosing n 
a multiple of k!. If we can prove that (%) is never divisible by all numbers 
n,n—1l,....%7—k+1, then the answer of the problem is k — 1. 


Fix a prime p | k and let 
u = max(v,(N), Vp(n — 1), ..., up(n — k + 1)). 


Recall that 


(G) ge He lgl- El- EË] 


and each z; is either 0 or 1. Note that since p | k, we have 


oa 

zı =|—-|-—---]|-—---]|=0. 

P P P P 

Also if 7 > u, then by the definition of u none of the numbers n, n—1,..., 
m. 


n — k + 1 is divisible by p’. Since Ea is the number of multiples of p 


that are at most m, we conclude that 3 | = kak Therefore x; = 0 
for j > u. Hence 


Up (o) -Xz Spel: 


Thus there must be at least one of the numbers n,n —1,...,.n —kK+1 
which does not divide (;). O 





(Mathematical Reflections O 285) Define a sequence (an)n>1 by a1 = 1 
and Qn41 = 2"(2% — 1) for n > 1. Prove that n! | an for all n > 1. 


Proof. We will prove by induction on n the following stronger statement: 
for all primes p < n+1 we have vp(an) > n—p+1. Note that this implies 
the desired result, since for any prime p < n theorem 6.49 gives 


n-1l n-p 
p—1 p-l1l 








Up(n!) < +1<n-—p+1< vlan), 
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and this implies that n! | an. 


It remains to prove the claim. This is clear for n = 1, so assume that it 
holds for n and let us prove it for n+ 1. Let p< n + 2 be a prime and 
let us prove that vp(@n41) > n — p + 2. This is clear for p = n+ 2, so 
assume that p < n + 1.The result is also clear for p = 2, so assume that 
p> 2. 


Thanks to the inductive hypothesis and the argument at the end of the 
first paragraph, we know that n! divides ay, in particular p—1 | an. Using 
lifting the exponent lemma (theorem 6.22) and Fermat’s little theorem, 
we obtain 


Up(Gn41) = Up(2%" —1) = Up((2?-1) Pt —1)> Up(2P-" =y (=) 


>1+up(an) 2> 1+n-p+1=n-p+2, 


the last inequality being the inductive hypothesis. This proves the in- 
ductive step and finishes the proof. O 


(China 2015) For which integers k are there infinitely many positive 
integers n such that n + k does not divide (*”)? 


Proof. Since the Catalan numbers are integers (see example 2.54), k = 1 
is not a solution of the problem. We will prove that any integer k # 1 is 
a solution, by constructing for such k infinitely many integers n > 1 for 
which n + k does not divide C): Suppose first that k > 2 and let p be 
a prime factor of k. Choose any 7 such that p’ > k and let n = p — k. 
There are at most 7 — 1 carries when adding n to n, since 2n has at most 
j digits in base p, the last one being 0 (since p | k). Therefore pf = n+ k 
cannot divide (2) by Kummer’s theorem. Next, suppose that k < 0 and 
choose any odd prime p > 2|k|. Letting n = p — k, we see that n + k 
does not divide (*”) since there are no carries when n is added to n in 
base p. The result follows. LJ 


Remark 8.20. This result, as well as many other interesting ones ap- 
pears in the article "Divisors of the Middle Binomial Coefficient" by 
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Carl Pomerance, published in the American Mathematical Monthly, vol. 
122, No. 7 (2015), pp 636-644. The author of the paper also proves the 
following two interesting results (the proofs are however more technical 
than that of the problem above): for each k > 1 almost all integers n > 0 
(in the sense of asymptotic density) satisfy n + k | (4), while for each 
k > 0 the set of n > k with n—k | (2) is infinite, but with upper density 
<i. 


(Romania TST 2007) Find all positive integers x, y such that 


72007 _ „2007 _ 


y x! — y!. 
Proof. We will prove that the equation has only the trivial solutions 
(x, x), with x is a positive integer. Suppose that x > y satisfy 


2007 _ „2007 _ 


y x! — y}. 


Clearly y > 1, thus y has a prime divisor p. Considering the equation 
modulo p we obtain p | x, therefore (a very weak version of) theorem 
6.39 gives 


| 
2007 < vp(x?® — y”) = w (a! G — 1) ) = Up(y!) < y. 


Next, choose any prime q < 2007 such that gcd(2007,q — 1) = 1. Then 
q | z! — y!, since y > 2007. We deduce that q | 27007 — y?007 and 
since q | z971 — y1} we obtain q | x — y. Varying q, we easily obtain 
x > y + 2007, which gives 


! 
z! — y! = y! (= = 1) > 2007! - x(x — 1)...(x — 2006) > 77°", 


a contradiction. The result follows. O 


a) Prove that for all n > 2 we have 


7 (e — (-1}” (°")) EE Sona), 
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where s2(n) is the sum of the digits in the base 2 expansion of n. 
b) (AMM E 2640) Find the exponent of 2 in the prime factorization of 


the number 
on+1 gn 


(on) _ (4n)! ( n! ) 


Proof. a) Note that 


2") (2n)! \(2n)! 





and for all k 


| As : De tre an ; _ 
a 4... 2k n. (2k — 1) 98.1.3... (2k—1). 


We conclude that 

An, n[2n 2n\ Fy,(4n) 

-pr = (Joe 

2n n n j (2n—1)!! 
where (2n — 1)!! = 1-3- ...- (2n — 1) and 
F(X) = (X —1)-(X —3)-.... (X — 2n + 1) — (—1)-(-3)-...- (1 — 2n). 
A brutal expansion shows that 

Fa(X) = -n° X + n(1 —4n+3n?)X*4+..., 


thus 8 
F, (4n) = —4n? + zn (l a e 


The first term has v2(4n?) = 2 + 3v2(n), the next term has vg > 3 + 
3v2(n), and all other terms are multiples of (4n)?. The strong triangle 
inequality gives therefore 


v2(F,(4n)) =2+ 3u2(n). 
Combining this relation with v2 (7) = s(n) yields the desired result. 


b) The answer is 3n and this follows directly from part a). O 
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27. (China TST 2016) Define a function f : N — Q* as follows: write a 
positive integer n = 2*m with k > 0 and m odd, and set f(n) = m=. 
Prove that for all n > 1 the number f(1)f(2)...f(n) is an integer divisible 
by any odd positive integer not exceeding n. 


Proof. For each prime p we extend vp to Q* by setting 


Up(x/Yy) = Up(x) — Up(y) 


for all nonzero integers x,y. Fix an odd prime p < n and let S; be the 
set of those k € {1,2,...,n} for which v2(k) > j, i.e the set of multiples 
of 27 among 1,2,...,n. Note that if k = 2"m with m odd, then 


Up(f(k)) = v(m”) = (1 — r)up(m) = (1 — r)up(k) = (1 — v2(k))vp(k), 
the last equality using that p is odd. Thus 


up(f(1)f(2)...f(m)) = D (1 — v2(k))up(k) =X 0-3) $, vlk) 
k=1 j20 vo(k)=j 
=} (1-32 w(K) — Dd vlk). 
j29 keS; kKES541 


Let 
Bho 
25 = D yh) = Yo y) = vp(| 1D. 


keS; l=1 
Then the previous equality yields 
volf (1) f(2)..-F(m)) = X (0 — 5) (#5 — 2541) 
j29 
= T0 — Ti — (xq — x3) — 2(x3 — £4) — 3(x4 — £5) —... = Tto — T1 — T2 —... 
Using Legendre’s formula and the previous observations (as well as the 


easily checked identity |2] = ka for each real number x), we end up 
with 





w(F)FQ)--F(n)) = (8 eae |) 


s>1 
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It suffices to prove that the last quantity is not less than N := log, (n) | 


(which is the maximal value vp(a) can take when a varies among odd 
positive integers not exceeding n). Letting 


w= la E 


it suffices to prove that y, > 0 for all s, and that y, > 1 forl<s< WN. 
Fix any s > 1 and let x = z| Using again the equality [2] = tzl 


T 
ps s n 
for all x € R we obtain 


Since É | < = for all j, it is clear that ys > 0. Moreover, if s < N then 


23 | — 29 
T T 
DERD EE 


x > 1 and so 
j21 j21 


the inequality being strict because there is at least one j for which 2/ 
does not divide x. Thus for s < N we have ys > 0 and since ys is an 
integer, we finally obtain y, > 1. We have just proved that 


vp(f(1)...f(n)) > vp (a) 


for each odd prime p and each positive odd integer a not exceeding n. 
The result follows. O 


(IMO Shortlist 2014) If x is a real number, we denote by ||x|| the distance 
between x and the nearest integer. Prove that if a, b are positive integers, 
then we can find a prime p > 2 and a positive integer k such that 


2 
př 


a a+b 


pk 


+ 
pk 



































=i 
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Proof. Let us start by observing that 


ij- 


since E + 3 | is the nearest integer to x. Thus |z +4 | = g + ||æ|| for all 
x. We deduce that for all a,b, p, k we have 
a+b fell, | A 


Ea 5 +3] È +5|=+ 

pe 2) [p 2] {Ip 2 p* pF ll pF 
Suppose that we manage to prove that the left-hand side is > 1 for some 
prime p > 2 and some k > 1. Each term in the right-hand side has 
absolute value < + thus the only possibility for the previous equality to 
happen is that the left-hand side is 1 and all signs are + in the right-hand 
side, i.e. that the conclusion of the problem is satisfied. 


al] = 


? 








b 
































Thus we only need to prove the existence of p > 2 and k > 1 such that 


the number 
a+b 1 a 1 b 1 
fk) =|" lt ea ie ke 





is positive. Using the easily checked identity E + 3 | = |2z| — |z], 
Legendre’s formula gives 


piap [e-o jes 


k 

k>1 k>1 k>1lt P 
tole] oleltLlal 
->|*|+x[8|-r|2|+x|4 
k>1 E k>1 p“ k>1 p° k>1 p" 


= Up((2a + 2b)!) — vp((a + b)!) — vp((2a)!) — vp((2b)!) + vp(a!) + vp(b!) 


_ / (2a+2b)lalb! 
T tp C + T | 


Since for all n > 1 


2n)! 
aN as 
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we can rewrite 
(2a + 2b)!alb! 1-3-...-(2a+ 2b—-1) 


1-3-...-(2b—1) 


This shows that A > 1 and that A is a rational number with odd numer- 
ator and denominator. Thus there must be an odd prime p such that 
Up(A) > 0. For such p we obtain >°,5, f(p,k) > 0, thus f(p,k) > 1 for 
at least one k > 1, finishing the proof. o 


(Erdös-Palfy-Szegedy theorem) Let a,b be positive integers such that 
the remainder of a when divided by any prime p does not exceed the 
remainder of b when divided by p. Prove that a = b. 


Proof. Taking primes larger than a and b, it is clear that a < b. Assume 
that a < b from now on. 

Note that if q is a prime factor of b(b—1)...(b—a+1), then the remainder 
of b when divided by q is between 0 and a—1, thus q < a by assumption of 
the problem (otherwise the remainder of a when divided by q isa > a—1). 
Thus all prime factors of b(b — 1)...(b— a + 1) are between 1 and a. Let 
P be the set of primes between 1 and a. For each p € P and k > 1 let 


TEPENE 


Then z(k,p) is 0 or 1 for all k,p, and the assumption of the problem 
implies that z(1,p) = 0. Indeed, consider the Euclidean divisions a = 
qp +r and b = q'p + r', then r’ > r by assumption, so 





r' -r 
z(1,p)=q -q- ld -a+ : |=0. 


Letting kp be the largest k for which x(k,p) = 1, these observations 
combined with Legendre’s formula yield 


Up (C) = 2£(1,p) + (2, p) +... < kp — 1, 
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thus (°) divides [],<p p“?! and so 


b(b — 1)...(b-a+1) ! a! 
Ilpep p*r Ilpep Dp ) 





Next, let us observe that since z(kp, p) > 0, we have 


b b-a 0 
pel [p]? 


which means that one of the numbers b—a+1,b—a-+2,...,b is a multiple 
of pr. Since this happens for all p € P, we deduce that 


b(b-1)..(b-a+1) , 
per pv”? 7 





(b—a+1)* "1, 


Indeed, once the divisions are being made, there are still at least a — |P| 
factors available at the numerator, and each of them is at least b—a+1. 
On the other hand, clearly 
a! 
[pep P 





< alll, 


We conclude that b— a+ 1 < a and so 2a > b. However, note that 
if a,b is a solution of the problem with a < b, then so is b — a and b 
(as the remainder of b — a when divided by any p will be the difference 
between the remainder of b and that of a, under the stated assumptions). 
Applying the above reasoning, we also obtain 2(b — a) > b. But then 
adding the two relations yields the absurd inequality 2b > 2b. Thus 
a= 0b. O 


Remark 8.21. This result is the topic of the article "a (mod p) < b 
(mod p) for all primes p implies a = b" of P. Erdös, P. P. Palfy and M. 
Szegedy, published in the American Mathematical Monthly, Vol. 94, No. 
2 (1987), pp. 169-170. 


Prove that there exist two consecutive squares such that there are at 
least 2000 primes between them. 
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Proof. Let k = 2000. Assuming that between any two consecutive 
squares there are at most k primes, it follows that the total number 
of primes between 1 and n is at most k- (1+ |vn]). Thus we obtain 


n(n) < k (1+ |V7]) < 2kVvn 


for all n. On the other hand theorem 6.63 gives 


hence we obtain 


E agian 
vas $ = Inn, 


which is impossible for n big enough. oO 


A finite sequence of consecutive positive integers contains at least one 
prime number. Prove that the sequence contains a number that is rela- 
tively prime to all other terms of the sequence. 


Proof. Let x,x+1,...,y be the terms of the sequence. Let p be the largest 
prime appearing in the sequence. Then 2p > y, for otherwise Bertrand’s 
postulate shows the existence of a prime q between p and 2p, and such 
a prime would be in the sequence and greater than p, contradicting the 
maximality of p. Since 2p > y, it is clear that p is relatively prime to any 
term of the sequence which is different from p. The result follows. O 


kemark 8.22. This statement may look innocent, but it actually im- 
mediately implies Bertrand’s postulate (by applying it to the sequence 
2,3, ..., 2n, where n > 1 is a given integer), so it is actually equivalent to 
Bertrand’s postulate! 


Prove that 2pn41 > Pn +Pn+2 for infinitely many n, where pn is the nth 
prime. 


Proof. Assume that this is not the case, say 2Pn+1 < Pn + Pn+2 for all 
n > N and some N > 1. Since —2pn41 + Pn + Pn+2 is even, we actually 
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have Pn + Pn+2 => 2Pn41+2 for n > N. Let £n = pnii — Pn, then 


the previous inequality can be written £n+1 > £n +2 for n > N, thus 
In > £N +2(n — N) > 2(n — N) for n > N. But then 


n—1 


N (peti — Pe) > 201+ 24...4+(n-1—N)) > (n-1-N)? 
k=N 


for n > N, hence pn > (n — 1 — N} for n > N. This contradicts the 
result established in example 6.64. oO 


(AMM) Find all integers m,n > 1 such that 


11-31- (2n — 1)! = ml. 


Proof. Clearly (n,m) = (1,1), (2,3) are solutions. The equalities 
3!.5!=6!, 3!-5!-7!=720-7!=8-9-10-7!= 10! 


show that (n,m) = (3,6) and (n,m) = (4, 10) are also solutions. We will 
prove that there are no other solutions. Note that if 3!-5!-7!-9! = ml, 
then m! > 11! and so 11 | m! = 3!-5!-7!-9!, which is impossible. One 
proves similarly that n = 6,7,8 are not solutions. Suppose now that 
n > 9. If pis a prime factor of m!, then p divides 1!-3!-...-(2n—1)! and 
so p < 2n — 1. Thus any prime not exceeding m also does not exceed 
2n — 1. By Bertrand’s postulate there is a prime p € (%,m) and so 
m < 2(2n — 1). On the other hand, we have 


m > v(m!) = > v2( (28 —1)!)> dt - 1) = sia 


i=1 1=1 


We conclude that n(n — 1) < 4(2n — 1), which contradicts the fact that 


n> 8. Thus the only solutions of the problem are 


(n,m) = (1,1), (2,3), (3, 6), (4, 10). L 
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(EMMO 2016) Let a; < a2 < ... be an infinite increasing sequence of 
positive integers such that the sequence (2) is bounded. Prove that for 
infinitely many n the number a,, divides lem(a1, ..., @n—1). 


Proof. Assume by contradiction that an does not divide lcm(ay, ..., an—1) 
for n > N, for some N > 2. Thus for each n > N we can find a prime 
Pn dividing an such that 


Vpn, (an) > Upn (Icm(a1, i an—1)) = rere Vpn, (aj). 


Let £n = pre” (an) be the largest power of pn dividing an. Choose k > 1 
such that a, < kn for all n > 1, thus £n < kn for all n. On the 
other hand, the inequality above immediately implies that £n Æ £m for 
different n,m > N. Indeed, if x, = £m for some N < n < m then 
Pn = Pm and Vp, (An) = Vpm (am), contradicting the inequality 


Upm (am) > Upm (an) = Upn (an). 


Thus for n > N the set {1, 2, ..., kn} contains at least n— N + 1 pairwise 
distinct prime powers, namely £y, ..., £n. On the other hand, it is clear 
that the number of prime powers in {1, 2, ..., kn} is bounded by 


n 





n(kn) + Vkn+ Vkn +... < n(kn) + loga(kn) -Vkn < ee 


for some constant c depending on k (this uses theorem 6.62). We deduce 
that for n > N we have 





n-N+1<c - 
logn 


which is obviously absurd. oO 


Remark 8.23. As the proof shows, it is enough to ensure that the a;’s are 
pairwise distinct and that a, has order of growth smaller than n logn. 


Does the equation z! = y!(y + 1)! have infinitely many solutions in pos- 
itive integers? 
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Proof. The answer is negative. If x > 8, choose a prime q € (5, z], which 
is possible by Bertrand’s postulate. Then vg(xz!) = 1 = 2ug(y!)+u9(y+1). 
It follows that vg(y!) = 0 and vg(y+1) = 1, which can only happen when 
y =q-—l1. In particular there is a unique such q, namely y+ 1. Letting 


n = |3] we obtain 


Po= [| p=q=ytl<a<2nt+2. 
n<p<2n—-1 


Theorem 6.69 immediately implies that this is impossible for n large 
enough. Thus x must be bounded and the equation has only finitely 
many solutions. a 


Remark 8.24. Using the previous argument as well as explicit estimates, 
it is not difficult (though tedious) to prove that the only solutions in 
positive integers are given by (x,y) = (2,1) and (10,6). 


(Richert’s theorem) Prove that any integer larger than 6 is a sum of 
distinct primes. 


Proof. We will prove by induction on n > 5 the following statement: 
each of the numbers 7, 8, ...,19 + pe + ... + Pn is a sum of distinct primes 
among 1,...,Dn (here, as usual, pn denotes the nth prime). For n = 5 
we need to show that each of the numbers 7, 8, ...,19 is a sum of distinct 
primes among 2,3,5,7,11. This is clear for 7,8 = 3+5, 9 = 247, 
10 = 34+ 7, 11, 12 = 5 +7, 13 = 2411, 14 = 3411, 16 = 5 + 11, 
18 = 7+ 11 and a little bit less for 15, 17, 19, which can be written as 
$+54+7,2+3+4+54+7,3+5+411 respectively. 


Assume now that the statement holds for n and let us prove it for n+1. 
Write 
Ln = 19 + pe + ... + Pn. 


Consider a number N € [7,2n41]. If N € |7, £n], we are done by the 
inductive hypothesis, so assume that zn < N < %n41. We deduce that 


In — Pati < N — Prii S Tm 
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If we manage to prove that £n — pn+i > 6, the inductive hypothesis will 
show that N — pn4i is a sum of distinct primes among p1, ..-, Pn and so 
N is a sum of distinct primes among 7},...,Pn+1, aS needed. 


It remains to prove that £n — Pn+1 > 6, which we do by induction. 
Indeed, for n = 5 this is reduced to the equality 19 — 13 = 6, while if 
— Pn+1 => 6, then thanks to Bertrand’s postulate 


Inti — Pnt2 > In+1 — 2Pn+1 = Tn — Pn+1 2 6. E 


Remark 8.25. Schnirelman proved in 1930 that there exists k such that 
any n > 1 is a sum of at most k primes. Riesel and Vaughan proved 
that every even positive integer is the sum of at most 18 primes, so every 
integer n > 1 is the sum of at most 19 primes. 


(China TST 2015) Prove that there are infinitely many integers n such 
that n? + 1 is squarefree. 


Proof. We fix a large integer N and count the numbers n in {1,2,..., N} 
for which n? +1 is not squarefree. If n is such a number, then since 4 does 
not divide n? + 1, there must be an odd prime p such that p? | n2 +1. 
Then p? < N? +1, sop < N. Let us fix an odd prime p < N and 
see how many integers n € {1,2,...,N} satisfy p° | n*+1. If n,m are 
two such integers, then p does not divide mn and p° | (m — n)(m + n). 
Since p cannot divide simultaneously m — n and m + n, we deduce that 


p? | m-n or p? |m-+n. Thus any two such integers m,n are either 


congruent modulo p or their sum is a multiple of p*. It is not difficult 
to deduce that there are at most 2 (1 + z) such integers n. Therefore 


the number of n € {1,2,..., N} for which n? + 1 is squarefree is greater 
than or equal to 


N 
N- > 2(1+5) >N-2n(N)-2N > 
2<p<N p 2<p<N 
On the other hand 


1 1 1 1 8 
2 z EDIE 2 (35+ satret~)=2(et5) <5 


2<p<N p 
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Thus the number of n € {1,2,...,N} for which n? + 1 is squarefree is 
greater than 


N 
N - SN- 2r(N) = i 2r(N). 
Since m(N) < x for N large enough, the result follows. O 


(USAMO 2014) Prove that there is a constant c > 0 with the following 
property: if a,b,n are positive integers such that gcd(a + i,b+ j) > 1 
for all i,7 € {0,1,...n}, then 


n 
2 


min{a, b} > c- n2. 


Proof. We will prove a stronger statement, with cn? replaced with 
c"n” for some constant c > 0. Note that it is enough to establish such 
an inequality for n large enough, as then we can always replace c by a 
smaller constant so that the new inequality holds for all n. Thus n will 
always be assumed to be sufficiently large. 


The idea is fairly simple: consider an (n + 1) x (n + 1) table and put 
an arbitrarily chosen prime factor p of gcd(a +7,b+ j) in cell (i, j) for 
0<1,7 <n. We will prove that at least half of the primes in this table 
exceed 0.001n? when n is large enough. This will be the technical part 
of the proof, so take this for granted for a moment and let us see how 
to conclude. It follows that there is an index i € {0,1,...,n} such that 
for at least half of the numbers j € {0,1,...,n} the prime in cell (i, j) 
exceeds 0.001n?. All these primes divide a + į and they are pairwise 
distinct, since if one of these primes divides both b + jı and b + j2 with 
0 < 71 < jo < n, then 0.001n? < p < j2 — jı < n and this is impossible 
for n large enoughlt follows that a + i is divisible by at least 5 primes, 
each greater than 0.001n? and so 


a +n > (0.001n?)2, 


which immediately yields the desired result by symmetry in a and b. 


Now, let us prove that at least half of the primes in the table exceed 
0.001n7. Let M = |0.001n?| and let S be the set of primes not exceeding 
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M. Let us see how many cells can be occupied by a prime p € S. If p 
occupies cells (71, 71) and (i2, 72), then it divides i2 — 71 and jo — 71 since 
it divides a+%1,a+%2,6+ 71,b+ j2. There are at most 1+ 2 pairwise 
congruent mod p numbers between 0 and n, hence the number of cells 


2 
occupied by p does not exceed (1 + ntl ) . It is thus enough to prove 
that for n large enough we have 


1 1)? 
> (1 pee att)’ < daa 
pes P 
Expand the left-hand side and rewrite the inequality as 


1)2 
CERDD T TEDD + |S| < re 
pes P pes 


Now, by problem 4.77 the first term in the sum does not exceed 
0.49(n + 1)?. The last term does not exceed 0.001n? by the definition of 
S. Finally, the second term is bounded by 


M 
1 
(wed) UF <(n+1)logM < 2(n+1)logn 
k=1 


and this is less than (0.5 — 0.49 — 0.001)n? for n large enough. E 
(Mertens) Prove that for all n > 1 


—6 < DH — lnn < 4. 
p<n 


Proof. We will use the prime factorization of n!, which yields 


logn! = X up(n!) log p. 
p<n 


By theorem 6.39 we have 





n 
—-—1l<v,(n!) < 
a p( 
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Combining the inequality vp(n!) > > — 1 with the obvious inequality 
nlogn > log n!, we obtain 


l 
nlogn > logn! = ` vp(n!) logp >n ` ae log I] p. 
psn pan p<n 
Employing Erdés’ inequality (theorem 6.57) yields 
Se DEP — logn < 4, 
pín 


as desired. 


Next, similar arguments (using the inequality vp(n!) < 55) yield 
logn! lo lo 
8 c S 8p + y == . 
no è En Pe PD) 


In order to bound from above the second sum appearing in the right- 
hand side, one uses the inequality logp < „2p (a consequence of the 
inequality e” > x for x > 0), which gives 


lo 
a ae = SID aE 


290-1). 29@ =) 


Finally, we leave to the reader as an amusing exercise to prove the in- 
equality 


> ea <3 


Combining all this yields the desired inequality. o 


(Mertens) Prove that the sequence (an)n>2 defined by 


= S~t- hninn 


pín p 


is bounded, where the sum is over all primes not exceeding n. 
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Proof. The fact that the sequence is bounded from below is an immediate 
consequence of Euler’s theorem 4.74. In order to prove that the sequence 
is bounded from above we define (for 2 < k < n) uk = log k if k is a prime 
and uk = 0 otherwise. Letting S; = 0 and Sk = u2+...+Uk fr2<k<n, 
we have 


_ Sk — Sk—1 = 1 Sh 
E: =e Ea ae Ink res ecu tae 


By the previous problem 


l 
S=) Œ <mk+4 


psk 


for 2 < k < n. Therefore 
1 ln k lan +4 
25“ a +> (1; "csi la Inn ` 


On the other hand for each 4 < k < n — 1 we have (the last inequality 
can be proved using the function f(z) = InInz) 





nk (1 +§) 1 1 
so es iin ed 
hee ne ee) e 


The result follows now easily by adding the previous inequalities (note 
that the resulting sum is telescopic). E 


Congruences for composite moduli 


. (Poland 2003) A polynomial f with integer coefficients has the property 


that gcd(f (a), f(b)) = 1 for some integers a 4 b. Prove that there is an 
infinite set of integers S such that gcd(f(m), f(n)) = 1 whenever m,n 
are distinct elements of S. 
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Proof. It suffices to prove that if a1, ...,a,% are integers such that 


gcd( f(a), f(a;)) =1 


for 1 < i Æ j < k then there is an integer az; different from a1, ..., ak 
and such that ged(f(a;), f(a;)) = 1 for 1 <i Ag < k+1. Pick ak+ı 
such that aps, = a; (mod f(aj41)) for 1 < i < k — 1 and aga, = ay 
(mod f(a,)), which is possible by the Chinese remainder theorem. Then 
f(ak+ı) = f(ai) (mod f(aiz1)) for 1 < i < k and f(ak+1) = f (ax) 
(mod f(a1)). Thus gcd(f(ae+1), f(ai+1)) = gcd(f (ai), f(ai41)) = 1 for 
1<i<kand similarly ged(f(az41), f(a1)) = 1, as desired. o 


Remark 8.26. In particular, consider two relatively prime integers a, b. 
Then the problem implies that in the arithmetic progression (an + b)n>0 
there is an infinite set of pairwise relatively prime numbers. This is of 
course a direct consequence of Dirichlet’s theorem on primes in arith- 
metic progressions, but as the problem shows one can also prove it by 
purely elementary means (and with an argument which generalizes to 
higher degrees, for which no analogue of Dirichlet’s theorem is known). 


2. Prove that for all positive integers k and n there exists a set S of n 
consecutive positive integers such that each x € S has at least k distinct 
prime divisors that do not divide any other element of S. 


Proof. Consider a matrix (pi;)1<i<n with n rows and k columns and 
1<j<k 


whose entries are pairwise distinct primes greater than n. Let Rj,..., Rn 
be the products of the entries in rows 1,2,...,n of the matrix. Then 
R,,..., Rn are pairwise relatively prime, so by the Chinese remainder 
theorem there is a positive integer x such that x = —i (mod Ri) for 
1<i<n. Then z +i has at least k distinct prime divisors (namely the 
entries of the kth row of the matrix) and none of these divides x + j for 
j #1: if p is an entry of the matrix and p | x +i and p | x + j then 
p | j — i, contradicting the fact that p > n. Thus x +1,...,x + n satisfy 
all required properties. O 
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3. A lattice point is called visible if its coordinates are relatively prime 


integers. Prove that for any positive integer k there is a lattice point 
whose distance from each visible lattice point is greater than k. 


Proof. It suffices to prove that for each k we can find a square of side 
length k with sides parallel to the coordinate axes and consisting of 
invisible points. In other words, we want to find distinct integers x,y 
such that gecd(x + iy +j) > 1 for 1 < i,j < k. Consider a k x k 
matrix whose entries (pij)1<i;j<k are pairwise distinct primes, and let 
Rı,..., Rk (respectively C1, ..., Ck) be the products of the numbers in 
rows (respectively columns) 1,2,...,k of the matrix. Then Rı,..., Rk 
(respectively C1, ...,C,) are pairwise relatively prime, so by the Chinese 
remainder theorem there are integers x Æ y such that x = —i (mod R;) 
for 1 <i<kandy=-—j (mod C;) forl <j < k. Then foralll < i,j < 
k the prime p;; divides both x +i and y+ j, hence gcd(x +i, y +4) >1 
and we are done. O 


. a) Prove that for all n > 1 there is a positive integer a such that 


a, 2a, ... na are all perfect powers. 


b) (Balkan 2000) Prove that for all n > 1 there is a set A of n positive 


integers such that for all 1 < k < n and all z1, £2, ..., £k E A the number 
zitz2t.-+2k is a perfect power. 


Proof. a) Choose pairwise distinct primes p1, ..., Pn. We will prove that 
there is a > 1 such that ia is a p;th power for 1 < i < n. Letting 
q1, -qk be all primes not exceeding n, we can write each 1 < į < n as 
i=qi"...q,* with aj; > 0. We look for a of the form a = qjq...q,*. If 
1 < i< n, then ia = qf” +1...q t" is a pith power if aj + z; = 0 
(mod p;) for 1 < j < k. By the Chinese remainder theorem we can 
choose for each 1 < j < k a positive integer x; such that 7; = —aj; 


(mod p;) for 1 < i < k and the problem is solved. 


Let us remark that there is also a very simple inductive proof: we prove 
the result by induction on n, taking a = 4 for n = 1. Suppose that 
we can find a such that ka = hi for 1 < k < n, where xx, yz are 
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integers greater than 1. Let m be a common multiple of yj,..., Yn and 
choose b = (n+ 1)™a™t!. For 1 < k < n the number kb is a yth 
power since Yk | m and since ka is an ygth power. On the other hand 
(n+1)b=((n+1)a)™*! is also a perfect power, so we are done. 


b) By part a) there is a positive integer a such that a, 2a,...,n- nla 
are all perfect powers. Consider the set A = {nla,2nla,...,nn!a}. If 
T1,- Zk E A and 1 < k < n, then zitte is of the form nam with 
1<m<nk. Thus Tit. FTk is indeed a perfect power by the choice of 
a. O 


5. Let a,b,c be pairwise distinct positive integers. Prove that there is an 
integer n such that a+n,b+n,c+7 are pairwise relatively prime. 


Proof. It is not difficult to see that there is k such that at least two of the 
numbers a+k,b+k,c+k are odd. Replacing a,b,c with a+k,b+k,c+k 
and making a permutation of these numbers, we may assume that a and 
b are odd. Let pı, ..., Pm be the odd prime divisors of (a — b)(b—c)(c—a) 
(we allow m = 0). For all 1 < i < m the numbers a,b,c give at most 
two different remainders when divided by p; (since p; divides a — b or 
b— c or c — a), thus (since p; > 2) there is an integer n; such that 
a+ ni, b+Nni,c+n; are not multiples of p;. Using the Chinese remainder 
theorem, we can find an even integer n such that n = n; (mod p;) for 
1<i<m. Then n+a,n +b,n + c are pairwise relatively prime: by 
construction the only possible common prime factor of any two of the 
numbers n +a,n +b,n + cis 2 (note that any such prime factor would 
divide (a — b)(b—c)(c—a)), which is excluded since n +a and n +b are 
odd. The result follows. E 


6. (AMM) Prove that there are arbitrarily long sequences of consecutive 
integers, none of which can be written as the sum of two perfect squares. 


Proof. Letting n be a positive integer, we will construct a positive integer 
x such that none of the numbers gz + 1,...,£ +n is a sum of two squares. 
For this, we choose pairwise distinct primes p1, ..., Pn that are congruent 
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to 3 modulo 4 (this is possible thanks to example 4.56), and then use 
the Chinese remainder theorem to find x such that 


t+1l=pi (mod p?),2+2=p2 (mod pd),...,c+n=pn (mod p). 


By theorem 5.60 none of the numbers x + 1,...,£ +n is a sum of two 
squares. LJ 


. Let f be a nonconstant polynomial with integer coefficients and let n 


and k be positive integers. Prove that there is a positive integer a such 
that each of the numbers f(a), f(a+1),...,f(a+n-—1) has at least k 
distinct prime divisors. 


Proof. Choose pairwise distinct prime numbers (pij)i<ij<k such that 
f (xij) = 0 (mod pij) for some positive integers zij, which is possible 
using Schur’s theorem 4.67. Thanks to the Chinese remainder theorem, 
we can find a > 1 such that a+i—1 = qzi; (mod p,;) for all i, j. But then 
each of the numbers f(a), f(a+1),..., f(a+n—1) has at least k distinct 
prime divisors, since p;; divides f(a +i-— 1) for all 1 < i,j < k. oO 


. (IMC 2013) Let p and q be relatively prime positive integers. Prove that 


(ltl _ fO if pq is even 
k0 1 if pq odd 


Proof. Write : r 
s= ple al 


for 0 < k < pq—1. Suppose first that pq is even. If k € {0, 1, ..., pq — 1}, 
then writing k = ap + r with 0 < r < p we obtain 


pt ne [EA] va -a-170 -1l 
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and a similar formula with p replaced by q. Since p+ q must be odd in 
this case, it follows that 


f(pq—1—-k) =q+p-—2-f(k)=1+f(k) (mod 2), 


which immediately yields 


pq—1 pq-1 pq—1 
5 (—1)f) = > (21) PIER) = y (—1)f) 


and then 2%)" (—-1)f = 0. 


Suppose now that pq is odd. Writing the Euclidean division of k € 
{0,1,...,pq — 1} by p and q in the form k = akp + rk and k = byq+ Rk, 
we obtain (since p and q are odd) 


f(k) =ak+bk = k-—rg+k-— Rk =rk+Rk (mod 2). 


Next, for each (r, R) € {0,1,...,p — 1} x {0,1,...,q — 1} the Chinese 
remainder theorem yields the existence of a unique k € {0,1,..., pq — 1} 
such that (rg, Rk) = (a,b). We conclude that 


p—1q—-1 p—1 q—1 
So Pes > Do 1) = X (-1)° -X (-1} = 
a=0 b=0 a=0 b=0 
The result follows. O 


9. (IMO 1999 Shortlist) Find all positive integers n for which there is an 
integer m such that 2” — 1 | m? + 9. 


Proof. Clearly n = 1 is a solution of the problem, so assume from now 
on that n > 2. If 2” — 1 | m? +9 for some integer m, then 2” — 1 has no 
prime divisor p > 3 such that p = 3 (mod 4), by corollary 5.28. On the 
other hand, if d > 1 is an odd integer, then 24 — 1 = —1 (mod 4) and 
3 does not divide 2¢ — 1, thus 2% — 1 has a prime factor p = 3 (mod 4) 
different from 3. We deduce that n cannot have any odd divisor d > 1 (as 
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otherwise 2¢—1 | 2”—1 | m?+49, contradicting the previous observations) 
and so n is a power of 2. 


Conversely if n is a power of 2, then n is a solution of the problem. 
Indeed, write n = 2* and observe that 


gk-1 


1S 8 (2? 2108 1).(2? 1). 


Choosing m = 3a, it is enough to find a such that 
(2? + 1)(24 +1)...(22"” + 1) divides a? +1. 


Since the Fermat numbers 2” + 1 are pairwise relatively prime (by ex- 
ample 3.12), by the Chinese remainder theorem there is an integer a 
such that a = 22° (mod 22 + 1) for 1 <i < k— 1. Then a? +1 = 0 
(mod 2%” +1) for 1 < i < k—1 and so (22+1)(24+1)...(22" +1) divides 
a? +1. The solutions of the problem are therefore all powers of 2. O 


(Bulgaria 2003) A finite set C of positive integers is called good if for 
any k € Z there exist a Æ b € C such that gcd(a + k,b + k) > 1. Prove 
that if the sum of the elements of a good set C equals 2003, then there 
exists c € C such that the set C — {c} is good. 


Proof. Say a prime p is good for a set C C Z if for any i € {0,1,...,p—1} 
the congruence z =i (mod p) is satisfied by at least two elements of C. 
It is clear that if there is a prime p good for C, then C is good. The 
crucial remark is that the converse holds. Indeed, assume that C is 
good but no prime p is good for C. Let S be the set of all primes not 
exceeding max(C’). Then for all p € S we can find ip € {0,1,...,p — 1} 
such that x = ip (mod p) for at most one element x of C. Using the 
Chinese remainder theorem, we can find an integer k such that k = —ip 
(mod p) for all p € S. Since C is good, there are a 4 b € C such that 
gcd(a + k,b + k) > 1. Letting p be a prime divisor of gcd(a + k,b + k), 
we have p € S, since p | b—a and ja — b| < max(C). But then a = 
—k = ip (mod p) and b = ip (mod p), contradicting the choice of ip. 
This establishes the claim. 
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It is now rather easy to solve the problem. Let p be a prime good 
for C, so we can find a; # b; E C such that a; = b; = i (mod p) for 
0<i<p. Note that {apo, ..., @p—1, bo, ..., bp_1} is a good set and so is any 
set containing it (as p is good for any such set). Thus it suffices to prove 
that C F {ao, ..-; @p—1, bo, «--, bp-1}. If C = {Ao, ..-; p—1, bo, ..., bp_1}, 
then the hypothesis yields 


p—1 
S (ai + bi) = 2008. 
i=0 
On the other hand 
p—1 p—l 
S (ai +b;)= 24 =0 (mod p), 
i=0 i=0 


thus p divides 2003 and then p = 2003. Since a;,b; > 1, this makes the 
equality 52 i (o; + b;) = 2003 impossible and finishes the proof. O 


Is there a sequence of 101 consecutive odd integers such that each term 
of the sequence has a prime factor not exceeding 103? 


Proof. Such a sequence exists. Let d be the product of all odd primes 
not exceeding 47. Let x be an odd positive multiple of d and consider 
the sequence of 101 consecutive odd integers 


x — 100, x — 98, x — 96,...,z,2+2,...,2 + 100. 


If 1 < 7 < 50 is not a power of 2, then the terms x2j of this sequence are 
not relatively prime to d (since 7 has an odd prime factor, which divides 
d). There are still 12 terms of the sequence we have to take care of, 
namely z—2/ and +2) for 1 < j < 6. Call these terms z — a1, ..., £ — Q12 
and let pı = 53, ..., p12 = 103 be all primes in (47, 103]. Choosing x such 
that x = a; (mod p;) for 1 < i < 12, which is possible by the Chinese 
remainder theorem, yields a sequence which has the desired property. UL 
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(USA TST 2010) The sequence (an)n>1 satisfies aj = 1 and 


On = Caa + On/3] +--+ + 4[n/n| +1 


2) 


for all n > 2. Prove that a, = n (mod for infinitely many n. 


Proof. For n > 3 we have 


n n—1 n—1 
A= ûn- = Aln|— Cine) =e Ain} —Q\n-1)). 
1= LeMay ~ Laas] =1+ D(a pj — a 250) 


Since |] — |e | is 0 unless k | n, in which case it equals 1, we deduce 
that 
Qn —Qn-1=1+ X (ag—ag-1), 
2<d<n 
d|n 
which also holds for n = 2. Defining x; = 1 and £n = an — an-ı for 
n > 1, the previous relation becomes (for n > 2) 


In = > üa: 


d|n 
d<n 


Next we prove by strong induction on n that 
gmaxpin Up(n)—1 | Tn. 
This is immediate for n = 1 and n = 2, so assume that n > 2 and that 


the previous divisibility holds for 1,2,...,n — 1. Take any prime p | n 
and let k = vp(n). We have (assuming n # p, as otherwise everything is 


clear) 
tr =) tat Dba = Wee + ta 
d|> p*|d p*|d 
d<n d<n 


By the inductive hypothesis 2*—! divides 2z,, Jp and also xq for all d < n 
such that p* | d. Thus 2*~! | x, and the inductive step is proved. 
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It it now easy to conclude. Let N = 27°19—1 and choose pairwise distinct 
primes 71,...,.pn. By the Chinese remainder theorem there are infinitely 
many integers z > 1 such that z = —i (mod p?) for all 1 <i < N. 
The previous paragraph shows that 22010 | z,.; for 1 < i < N, thus 
Qaz+i = Az44-1 (mod 27919) for 1 < i < N. Since one of the numbers 
z,z + 1,...,Z + N is congruent to a, modulo 27°!" it follows that for 
each such z we can find n € {z, z + 1, ..., z + 22010 — 1} such that a, =n 


(mod 22010) which finishes the proof. O 


(China TST 2014) A function f : N > N satisfies for all m,n > 1 
gcd( f(m), f(n)) < ged(m,n)?™t and n< f(n) < n + 2014. 


Prove that there is a positive integer N such that f(n) =n for n > N. 


Proof. Letting k = 2014, we will prove that we can take N = k*. First, 
let us observe that f is injective on (k*,0o), for if f(a) = f(b) with 
a>b>k*, then a < f(a) = f(b) < b+ k, hence 


a < f(a) = gcd( f(a), f(b)) < gcd(a,b)* < (a—b)* = k*, 


a contradiction. This observation combined with the inequality n < 
f(n) < n + k yields the following result: if x > kë and f(x +1) =x+i 
for all 1 < i < k, then f(n) = n for all n € (k*, a]. It is thus sufficient 
to prove the existence of infinitely many z such that f(x +i) = x+ i for 
alll <i<k. 


Let n > 1 be an integer such that f(n) Æ n. By example 7.8 we know 
that all prime divisors p of f(n) divide n and so they divide f(n) — n. 
Since n+1 < f(n) < n + k, it follows that any such prime p cannot 
exceed k. Calling a number n > 1 nice if it has at least one prime factor 
greater than k, it follows that f(n) = n whenever f(n) is nice. Thus, 
in order to finish the proof it suffices to prove that for infinitely many x 
each of the numbers 7+1,...,2+k is nice. This is however an immediate 
consequence of the Chinese remainder theorem: simply choose different 
primes q1,..-,@x each greater than k, and choose x such that x +i = 0 
(mod q;) for 1 <i<k. go 
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(Iran 2007) Let n be a positive integer such that gcd(n, 2(21386 — 1)) = 1. 
Let a1, 42,.-..,@,(n) be a reduced residue system modulo n. Prove that 
rfal8®6 4 a3386 4... 4 91386 
Proof. Since n is odd, 2a1, 2a2,...,2,/n) is also a reduced residue sys- 

tem modulo n, hence 


33864 q1386 4.4 ai 388 = (2a; )1986 + (2a) 13864... .4 (2a,¢n))#386 (mod n). 


The result follows, since n is relatively prime to 21886 — 1. c 


Let n > 1 be an integer and let r1,72,...,ry(n) be a reduced residue 
system modulo n. For which integers a is rı + a, r2 +4,...,T y(n) +a a 
reduced residue system modulo n? 


Proof. Note that rı +a, ..., T(n) +a are pairwise distinct modulo n, since 
T1,++-)Ty(n) are so. So the question is when they are all relatively prime 
ton. Let N = [pin P be the product of the different prime factors of 
n. If N | a, then clearly gcd(z + a,n) = 1 whenever gced(z,n) = 1, so 
any such a is a solution of the problem. Conversely, let a be a solution 
and assume that N does not divide a, so there is a prime factor p of n 
which does not divide a. Write n = p’k with k relatively prime to p 
and choose, using the Chinese remainder theorem, x such that xz = —a 
(mod p) and z = 1 (mod k). Then clearly gcd(z,n) = 1, so there is 
i such that x = r; (mod n). It follows that x +a = r; + a (mod n) 
and so gcd(z + a,n) = ged(r; + a,n) = 1. This is clearly absurd, since 
p | gcd(a + a,n). Thus the answer of the problem is: all multiples of 
Haz P. O 


Prove that any positive integer n has a multiple whose sum of digits is n. 


Proof. Write n = 2° . 5? . m, with gcd(m,10) = 1 and a,b > 0, and 
consider the number 


A= 10 (0A + 10770) 4... 4+ 0r, 
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Clearly the sum of digits of A is n. It remains to check that A is a 
multiple of n. It suffices to prove that m divides 10°(™ + 10%) +... + 
1072m) which follows from Euler’s theorem. oO 


For which integers n > 1 is there a polynomial f with integer coefficients 
such that f(k) =0 (mod n) or f(k) =1 (mod n) for any integer k, and 
both these congruences have solutions? 


Proof. If n is a power of a prime, then Euler’s theorem shows that X?) 
is a solution of the problem. If n is not a prime power, we can write 
n = ab with a,b > 1 and gcd(a,b) = 1. Fix some r,s with f(r) = 0 
(mod n) and f(s) = 1 (mod n). The Chinese remainder theorem gives 
a t with t = r (mod a) and t = s (mod b). But then we see that 
f(t) = f(r) = 0 (mod a) and f(t) = f(s) = 1 (mod b). But then f(t) 
is neither 0 nor 1 modulo n, a contradiction. Thus the solutions of the 
problem are exactly the powers of prime numbers. O 


(Saint Petersburg 1998) Is there a nonconstant polynomial f with 
integer coefficients and an integer a > 1 such that the numbers 
f(a), f(a’), f(a’), ... are pairwise relatively prime? 


Proof. The answer is negative. Assume that f(a), f(a), f(a°),... are 
pairwise relatively prime. Then gcd(a, f(0)) divides both f(a) and 
f(a”), so gcd(a, f(0)) = 1. Choose a positive integer i such that 
|f(a*)| > 2, which is possible since f is nonconstant. Note that 
gcd(a, f(a’)) = gcd(a, f(0)) = 1, thus, letting j = i + (|f (a *)|), Euler’s 
theorem yields af = a’ (mod f (a’)) and f(a/) = f(a’) =0 (mod f(a’*)). 
Thus gcd(f (at), f(a’)) 4 1, a contradiction. oO 


a) (IMO 1971) Prove that the sequence (2” — 3)n>1 contains an infinite 
subsequence in which every two distinct terms are relatively prime. 


b) (Romania TST 1997) Let a > 1 be a positive integer. Prove the same 
result as in a) for the sequence (a”*1 + a” — 1)n>1. 
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Proof. a) We prove by induction on k > 2 the existence of an increasing 
sequence nı < ... < nx such that ged(2™ — 3,2") — 3) = 1 for all i # j € 
{1,2,...,k}. For k = 2 take nı = 1 and ng = 2. Assuming that nı <... < 
nk are constructed, we will construct nz41 > nk such that 2”k+1 — 3 is 
relatively prime to N := M$- (2”i—3). Simply take ng4}ı = (ng+1)y(N) 
and observe that nk+ı > nk and by Euler’s theorem 2”k+1 — 3 = —2 
(mod N). Since N is odd, it follows that 2"*+1 — 3 is relatively prime to 
N, as desired. 


b) Let £n = a”*! + a” — 1. As in part a), we prove by induction on 
k > 1 the existence of a sequence nı < ... < nx such that £ni, --., En, 
are pairwise relatively prime. There is nothing to be done for k = 1, so 
assume the existence of nı < ... < ng. Let N = Zn,...2n, and note that 
gcd(N,a) = 1. Choose ng41 = (nx + 1)y(N), then by Euler’s theorem 
Tny,ı = a (mod N) and so gced(%p,,,,N) = 1, proving the inductive 
step. O 


(China TST 2005) Integers ao, a1, ..., an and £o, 21,...,Ln satisfy 
aozë + ar? A ee anz” =0 


for all 1 < k < r, where r is a positive integer. Prove that m divides 
aozo + ait? +... + anTth for allr +1 < m < 2r +1. 


Proof. Taker +1 < m < 2r +1 and let p be a prime factor of m and 


u = vp(m). It suffices to prove that p” | }-j=0a;x7". We claim that 


A a (mod p”) for O < j < n. If this holds, we obtain 


a m 
> ajr] = > ajz? (mod p”) 
j=0 j=0 


and the last sum vanishes by assumption, since T € {1,2,...,r}. To 


A 
j? 
and so by 


prove the claim, we discuss two cases. If p | xj, then p” | £? , since 


5 > p“! > u. If p does not divide x; then plp“) | m — T 
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m 


Euler’s theorem x5" = a (mod p”). This proves the claim and finishes 


the solution of the problem. E 


(Hong Kong 2010) Let n be an integer greater than 1 and let 1 < a; < 
... < ak <1 be the totatives of n. Prove that for any integer a relatively 
prime to n we have 


p(n) _ k 
2 : ` = a (mod n) 
n i=l ati n 


Proof. Consider the Euclidean division aa; = qin + r; of aa; by n. Since 
a is relatively prime to n and (a1,...,aķ) is a reduced residue system 
modulo n, so is (aaı, ..., aag), thus r1,..., rk are just a permutation of 
Q1, .--, âk. In particular Ia a; = la Ti. 


Next, take the product of the relations aa; = qin +7; and obtain 
a? \™ay..ag = (qn + r1)..-(qen + rp). 


Expanding the product in the right-hand side and reducing modulo n? 
yields 


a? \™ay...ax =P]...%e tF Terhin + ... $T1...TE-19EN (mod n°). 
Since [][*_, a; = [JÉ ri, we obtain the equivalent congruence 


p(n) _ 1 
ee ae (mod n). 
n ri Tk 


We conclude using the fact that # = = (mod n) and that q; = |%]. 


n 


O 


(Komal) Let £1, £2, ..., £n be integers such that gcd(z1, ...,2,) = 1. Prove 
that if s; = xi + z3 +... + £h, then 


ged(s1, S2,..., Sn) | lem(1, 2, ... n). 
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Proof. By example 6.7 it suffices to prove that p? < n for any prime p 
and any d > 1 such that p® | gcd(s1,..., Sn). Write 


(X — Tial X — By) = X” + in G +...+ a9 


for some integers ao,...,@n. Then z? + TRT + ... + ao = 0 for 
1 <i <n. Multiplying this relation by x? (for r an arbitrary nonnegative 
integer) and adding the resulting relations, we obtain 


Sn+r + An—-18n4tr—1 +... + a0Sr = 0 


for all r > 0. Since pt divides sı,...,Sn an immediate induction using 
the previous relation shows that p? divides s, for all r > 1. Setting 
r = d- (p?) we obtain 


d 
pier BE råe’) =0 (mod pî). 
d 
By Euler’s theorem, each term z%°®® is either a multiple of pê or con- 


gruent to 1 modulo p%. Since gcd(21,...,2n) = 1, there is at least one 
nonzero term. We immediately conclude that p? < n, as desired. O 


(Brazil 2005) Let a and c be positive integers. Prove that for any integer 
b there is a positive integer x such that 


ař+xrx=b (mod c). 


Proof. The solution is very similar to that of example 7.55. We will 
prove by strong induction on c the following statement: for all integers 
b and all a > 1 there are infinitely many x > 1 such that a? + 2 = b 
(mod c). The case c = 1 is clear, so assume that the result holds up 
to c — 1 and let us prove it for c. Fix a > 1 and an integer b. Since 
(c) < c, by the inductive hypothesis there are infinitely many x > 1 
such that y(c) | a?” +x — b. We can thus choose (once and for all) such 
z, with x > maXpjc Up(c) and x > b. Then arguing as in example 7.55 we 
obtain a®t+*¥(°) = a? (mod c) for all k > 1. Write a? + x — b = dy(c) for 
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some d > 1 and set yg = x + (kc — d)y(c) for k > d (k > d/c would be 
enough). Then 


a”: + yk =a” +yk =a" +r -—dy(c) =b (mod c), 


thus all (yk)k>q are solutions of the congruence a” + y = b (mod c), 
proving the inductive step. L] 


(Ibero American 2012) Prove that for any integer n > 1 there exist n 
consecutive positive integers such that none of them is divisible by the 
sum of its digits. 


Proof. Write s(x) for the sum of the digits of x. Choose pairwise distinct 
prime numbers 7), )2,...,)n such that p; > max(3,i) fori < n. Let 
P = pıp2... pn and consider 


we 10(P-10)e(P) — 1 


= 1097) — 1 


+ 10. 


Then B is a multiple of P by Euler’s theorem, and s( B) = P — 9. Since 
gcd(P — 9,p;) = 1 for 1 <i < n, the Chinese remainder theorem yields 
the existence of a positive integer t such that t(P—9)+s(i) =0 (mod pi) 
for 1 <i <n. Define C = BB...B (with t copies of B) and note that 
for x large enough we have 


s(10°C +7) = s(C)+ s(t) =0 (mod p;i) 


fori < n. Then 10°C + 1,..., 107C + n are consecutive numbers and 
none of them is a multiple of the sum of its digits. Indeed, if s(107C' +7) 
divides 10°C’ + i, then p; divides 107C + i and since p; | C (because 
pi | B) we deduce that p; | i, a contradiction. O 


(Russia 2006) Let x and y be purely periodic decimal fractions such that 
x+y and zy are purely periodic decimal fractions with period length T. 
Prove that the lengths of the periods of x and y are not greater than T. 
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Proof. Write x = § and y = $ with c,d > 0 and gcd(a, b) = gcd(c, d) = 
1. Write 

uae eee ti a TF 
and zy = $5 = ¢ in lowest form. 
By assumption f | 107 — 1 and h | 107 — 1. Since f(ad + bc) = ebd, we 
obtain b | fad and so b | fd | d(107 — 1). Next, since ach = bdg, we have 
b | ach and so b | ch | c(107 — 1). 
It follows that b | gcd(c(107 — 1), d(107 —1)) = 107 — 1 and similarly we 
obtain d | 107 — 1. The result follows. 


Here is an alternative argument: by the hypotheses, the polynomial 


ad+be _ e 





P(X) = (10* —1)(X —2)(X —y) 


has integer coefficients and roots x and y. By the rational root theorem, 
it follows that the denominators of x and y divide the leading coefficient 
107 — 1 of P(X). Thus their periods divide T. o 


(Iran 2013) Let p be an odd prime and let d be a positive divisor of p— 1. 
Let S be the set of integers x € {1, 2, ...,p — 1} for which the order of x 
modulo p is d. Find the remainder of | [peg x when divided by p. 


Proof. For each x € S there is a unique y € {1,2,...,p — 1} such that 
zy = 1 (mod p). If k is a positive integer, then the congruence z* = 

(mod p) is equivalent to (xy)! = yf (mod p) or y* = 1 (mod p), thus 
the orders of x and y modulo p are the same and y € S. Moreover, by 
construction zy = 1 (mod p). If x = y then z? = 1 (mod p) and so 
d = 1 or d = 2. Thus for d > 2 the set S has a partition into pairs (x, y) 
as above and so [|,<gz = 1 (mod p). If d = 1 then S = {1} and the 
answer is again 1. If d = 2 then S = {1,p— 1} and the answer is —1. O 


27. Let a,b,n be positive integers with a ~ b. Prove that 





2n | p(a” +b”) and nlo (2 ). 
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Proof. Note that we may assume that gcd(a, b) = 1, by replacing a and b 
with Saab) and wea): We may also assume that a > b, by symmetry. 


We prove first the divisibility 2n | p(a” +b”). Let c be a positive integer 
such that bc = 1 (mod a” + b”) (c exists since gcd(b, a” + b”) = 1) and 
note that gcd(ac,a" + b”) = 1. If k > 1 the congruence (ac)* = 1 
(mod a” + b”) is equivalent to (abc)* = b! (mod a” + b”) and then to 
a! = bf (mod a” +b”). Let d be the order of ac modulo a” + b”. Since 
a?” = b?” (mod a” + b”), the previous discussion yields d | 2n and 
a” +b” | at — bt, in particular d | 2n and d > n. We deduce that d = 2n. 
Since d | y(a” + b”), the result follows. 





a—b 


We prove next the divisibility n | y (=£). Let 


a — b” 
N= -r = aT! + a”T?b +... + bT. 





Since gcd(ab, N) = 1, there is a positive integer c such that bc = 1 
(mod N), and we have gcd(ac, N) = 1. Arguing as above, one proves 
that the order of ac modulo N equals n and concludes that n | y(N). O 


Find all primes p and q such that p? + 1|20037+ 1 and q? + 1|2003? + 1. 


Proof. We may assume that p < q. If p = 2 then 5 | 20032 + 1, which 
forces q = 2 and gives the solution (2,2). Assume next that p > 2. If 
r is a prime factor of p? + 1, then r | 200377 — 1, hence ord, (2003) | 2q. 
Assuming that gcd(q, ord,(2003)) = 1, we infer that 


r | 20037 — 1 = 23 -3 -7 - 11 - 13 - 167. 


Since r = 1 (mod 4) (combine corollary 5.28 with r | p? + 1), it follows 
that r = 2 or r = 13. We cannot have r = 13 since r | 20031 + 1 and 
20031 + 1 = 2 (mod 13). We conclude that r = 2 or q | ord,(2003) | 
r— 1, i.e. any odd prime factor r of p? + 1 is congruent to 1 modulo 
q. Combined with v2(p? + 1) = 1, this gives p? + 1 = 2 (mod q), i.e. 
q | (p — 1)(p + 1). This is however impossible since q > p and p is odd. 
Thus the only solution of the problem is (2, 2). O 
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(MOSP 2001) Let p be a prime number and let m,n be integers greater 
than 1 such that n|m?(-)) — 1. Prove that ged(m”—! — 1,n) > 1. 


Proof. Assume that gcd(m"—+ — 1,n) = 1. Let a = vp(n — 1), let q be 
any prime factor of n and finally let d be the order of m mod q. Since 
q does not divide m”~! — 1, d cannot divide n — 1. On the other hand, 
q divides m?("-)) — 1, thus d divides p(n — 1). It follows that vp(d) > a 
and since d | q— 1, we obtain vp(q— 1) > a+1. Since this happens for all 
primes q dividing n, it follows that n = 1 (mod pt), which contradicts 
the equality vp(n — 1) =a. The result follows. C 


a) (Pepin’s test) Let n be a positive integer and let k = 2?” +1. Prove 
that k is a prime if and only if k|3 7 +1. 


b) (Euler-Lagrange) Let p = —1 (mod 4) be a prime. Prove that 2p + 1 
is a prime if and only if 2p + 1|2? — 1. 


Proof. a) Suppose that k is a prime and let us prove that k | a os 1. 
By Euler’s criterion (theorem 5.99) this is equivalent to (2) = —1 and, 


by the quadratic reciprocity law (theorem 5.124), to ( Sioa . (4) = —1. 
This follows directly from k = 1 (mod 4) and k = 2 (mod 3). 


Suppose next that k3 “F e 1 and let p be a prime factor of k. Since 
p| k |35- -—1, a a dun = aatecesiall sodisa 
power of 2. If d E r —1, then d | $ k-i and p | 3T — 1, contradicting the 


fact that p | k | 3°2 +1. Thus d = k — 1 and since d | p— 1, we obtain 
k < p. Since p | k, we conclude that p = k, as needed. 


b) The argument is very similar. If q = 2p + 1 is a prime, we need to 
prove that q | eae 1, i.e. that (2) = 1, which follows from the fact 
that q = —1 (mod 8) and theorem 5.125. Conversely, if q | 2? — 1, then 
the order of 2 mod q must be p (since it is not 1 and it divides p), and 
the same happens for any prime factor l of q. Thus p | l— 1 for each 
prime factor l of q, which immediately yields the result. O 
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Remark 8.27. Pepin’s test was used for instance to prove that each of 
the numbers F33, Fy4, Fo, F22, Fos is composite, where F, = 27" + 1. 


Let p > 2 be an odd prime and let a be a primitive root modulo p. Prove 
pol 
thata 7 =-—1 (mod p). 


Proof. By Fermat’s little theorem we have a?—! = 1 (mod p), hence 
p-1 p—-1 p—i 
(a 2 —1)(a 2 +1) =0 (mod p). We cannot have a? = 1 (mod p), 
—1 
since the order of a mod p is p — 1 > po Hence a F +1=0 
as desired. O 


Suppose that n > 1 is an integer for which there are primitive roots mod- 
ulo n. Prove that the set {1, 2, ..., n} contains exactly y(y(n)) primitive 
roots modulo n. 


Proof. Pick a primitive root g modulo n. If a is another primitive root 
modulo n, then we can find an integer k € {0,1,..., p(n) — 1} such that 
a = g? (mod n). 

Since the order of g modulo n is y(n), proposition 7.66 shows that the 
order of g* modulo n is y(n) if and only if ged(k, p(n)) = 1. We deduce 
that the primitive roots modulo n in the set {1, 2, ..., n} are precisely the 
remainders modulo n of the numbers g”,..., g**, where a1, ..., ak are the 
totatives of y(n). Their number is k = y(y(n)). O 


Let p be an odd prime. Prove that p is a Fermat prime (i.e. of the form 
2” +1 with n > 1) if and only if every quadratic non-residue mod p is a 
primitive root mod p. 


Proof. There are P quadratic non-residues mod p and y(p — 1) prim- 
itive roots mod p (use the previous exercise or Theorem 7.104 for the 
last assertion). Thus if any quadratic non-residue mod p is a primitive 
root mod p we must have y(p — 1) > pe, Writing p — 1 = 2*m with 
k > 1 and m odd, the previous inequality becomes y(m) > m and forces 
m = 1. Thus p is a Fermat prime. 
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Conversely, assume that p is a Fermat prime, then (p — 1) = pot since 
p— 1 is a power of 2. Since any primitive root mod p is a quadratic non- 
residue mod p and since there are as many quadratic non-residues mod 
p as primitive roots mod p, it follows that every quadratic non-residue 
mod p is a primitive root mod p. The result follows. O 


Let A(n) be the least positive integer k such that zë = 1 (mod n) for all 
x relatively prime to n. Prove that 


a) If k is a positive integer such that zë = 1 (mod n) for all z relatively 
prime to n, then k is a multiple of A(n). 


b) A(mn) = Iem(A(m), A(n)) for m,n relatively prime. 


c) We have A(n) = y(n) when n = 2,4 or a power of an odd prime, and 
d(2") = 2°-? for n > 3. 


d) For each n, the set of numbers ord,,(x) (over all x relatively prime to 
n) is precisely the set of positive divisors of A(n). 


Proof. a) Write k = qA(n) +r with 0 < r < A(n). Assume that r > 0. 
Then for all x relatively prime to n we have 


1 = x? = (xò). r" = 2" (mod n). 


This contradicts the minimality of A(n). 


b) Let M = Iem(A(m), A(n)). Suppose that x is relatively prime to mn, 
so it is relatively prime to both m and n. Now by definition of M we 
have r™ = 1 (mod n) and ze” = 1 (mod m), thus tM = 1 (mod mn), 
since gcd(m,n) = 1. Since x was arbitrary, this yields (thanks to a)) 
A(mn) | M. 


To prove that M | A(mn), it suffices, thanks to a) and to symmetry in 
m and n, to prove that 1°" = 1 (mod n) for all x relatively prime 
to n. Take such x. Note that x is not necessarily prime to m, but 
since gcd(m,n) = 1 we can find y such that y = x (mod n) and y=1 
(mod m) (Chinese remainder theorem). Now y is relatively prime to mn, 
so y(™) = 1 (mod n). But clearly y"™ = zàn) hence the result. 
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c) Note that in all cases A(n) | y(n), thanks to a) and Euler’s theorem. 


Suppose that n is 2,4 or a power of an odd prime. Then we can find 
a primitive root g modulo n. Since g*™ = 1 (mod n) and since g has 
order y(n) modulo n, it follows that y(n) | A(n). Combined with the 
first paragraph, this yields y(n) = A(n) for such n. 


Now consider 2” for n > 3. By the first paragraph A(2”) divides y(2”) = 
2”-1 hence it is a power of 2, say 2*. Thus we need to find the smallest 
k for which z?” = 1 (mod 2”) for all odd numbers x. We saw several 
times that k = n — 2. 


d) Let x be an integer relatively prime to n and let d = ord,(xz). Since 
a") = 1 (mod n), we deduce that d | A(n). Conversely, let d be a 
positive divisor of A(n). We need to prove that we can find z relatively 
prime to n such that ord,(z) = d. 


Let n = pj?...p**. By b) and c) we have A(n) = lem(y(p*"), ..., p(p*)). 
Let d; = gcd(d, y(p;)). Since every prime power factor of d must divide 
at least one of the y(pi*), we have d = lcm(dj,...,ds). Let a; be a 


ki) id. 
primitive root modulo p;*. Then x; = af (P5)/% has order di modulo př. 


Using the Chinese remainder theorem, we can find an integer x such 
that x = x; (mod p;*) for all i. Then z is clearly relatively prime to n, 
and its order modulo p’ is d;. Hence its order modulo n is a multiple of 
d = lcm(dı,...,ds). Conversely, d; divides d for all i and hence zt = 1 
(mod p;*) for all i. Thus zf = 1 (mod n) and hence the order of x 
modulo n divides d. Thus the order must be d. O 


Let p > 2 be a prime and let a be a primitive root mod p. Prove that 
—a is a primitive root mod p if and only if p = 1 (mod 4). 


= 


Proof. Note that if x is a primitive root modulo p then E ae 
(mod p), since (z F 2 = 1 (mod p) by Fermat’s little theorem and z“? 
is not congruent to 1 modulo p since ordp(x) = p — 1. Suppose that 
—a is a primitive root modulo p, then by the preliminary discussion 


we have a= = (—a)*= = —1 (mod p), thus (yz = 1 (mod p) 


| 
= 
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and since p > 2 we deduce that p = 1 (mod 4). Conversely, suppose 
that p = 1 (mod 4) and let d be the order of —a modulo p. Then 
(—a)* = 1 (mod p), thus a?4 = 1 (mod p) and since a is a primitive 
root modulo p we deduce that p — 1 | 2d. If —a is not a primitive root 
modulo p, then necessarily d = p71 and so (—a) F = 1 (mod p). But 
a = (1) Fa F = 1-(—1) = —1 (mod p), a contradiction. Thus 
—a is a primitive root mod p and the problem is solved. oO 


(Unesco Competition 1995) Let m,n be integers greater than 1. Prove 
that the remainders of the numbers 1”, 2”, ...,m” modulo m are pairwise 
distinct if and only if m is square-free and n is relatively prime to y(m). 


Proof. Suppose that the remainders of 1”,2”,...,m” are pairwise dis- 
tinct. If there is a prime p such that p? | m, then m” and (m/p)” are 
both 0 modulo m, a contradiction. Thus m is squarefree, say m = p1...Pk 
for some pairwise distinct primes p1, ..., Pk. We need to prove that n is 
relatively prime to p; — 1 for all 7, since y(m) = (pı — 1)...(p, — 1). Sup- 


pose that d; = gcd(p; — 1,n) > 1 for some i, and pick a primitive root 
pi—1 
g modulo p;. Then z = ga satisfies x” = 1 (mod p;) and z is not 


congruent to 1 modulo p;. Thanks to the Chinese remainder theorem we 
can find y such that y = 1 (mod p;) for all j # i and y = x (mod pj). 
But then y” = 1 (mod m) and y is not congruent to 1 modulo m, a 
contradiction. This proves one direction. 


Next, assume that m = pı...Ppk is squarefree and gcd(n,y(m)) = 1. 
Suppose that for some 1 <i < j < m we have i” = j” (mod m). Then 
i” = j” (mod p,) for all r and since p, — 1 and n are relatively prime, 
we deduce that i = j (mod pr). But then i = j (mod m), which is 
impossible. This proves the opposite direction and finishes the solution. 

L 


(adapted from Tuymaada 2011) Prove that among 2500 consecutive pos- 
itive integers there is an integer n such that the length of the period of 
the decimal expansion of 1 is greater than 2011. 
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Proof. We want to ensure that the order of 10 modulo n is greater than 
2011. It suffices to prove that there is d € {1,2,...,2500} such that the 
order of 10 modulo d is greater than 2011. Indeed, if such d exists, then 
among any 2500 consecutive integers one can find a multiple of d, and 
the result follows. 


We start by finding a prime p for which 10 is a primitive root modulo p. 
Trial and error gives the smallest answer p = 7. Let us see whether 10 is 
a primitive root modulo 49. The order of 10 modulo 49 is a multiple of 6 
and a divisor of y(49) = 42. So if 10 is not a primitive root modulo 49, 
then its order is 6 and so 49 | 10° — 1 = 33 -7 -11 - 13-37. The last result 
is absurd, hence 10 is a primitive root modulo 49, thus also a primitive 
root modulo 7” for all n, by theorem 7.108. Now, it is enough to ensure 
that we can find a power of 7 with y(7") > 2011 and 7* < 2500. It is 
not difficult to see that 7* works, hence the result. O 


Is there a positive integer which is divisible by the product P of its digits 
and such that P is a power of 7 greater than 102016? 


Proof. Fix a positive integer k. We will prove that there is a number z 
divisible by the product P of its digits and such that P = 7f. We saw in 
the previous exercise that 10 is a primitive root modulo 7%. Consider the 
number a = 66...60 = 6- a then 1—9a = 7—6-10* is relatively prime 
to 7 and so there are infinitely many n such that 10” = 1—9a (mod 7*). 
For such n which is greater than k, the number 1071 +a has the product 


of its digits equal to 7* and is a multiple of 7* by construction. oO 





Let m,n be positive integers. Prove that there is a positive integer k 
such that 2% = 1999 (mod 3”) and 2% = 2009 (mod 5”). 


Proof. Using theorem 7.108, it follows easily that 2 is a primitive root 
modulo 3™ and modulo 5”, thus we can find positive integers kı, k2 such 
that 21 = 1999 (mod 3”) and 2*2 = 2009 (mod 5”). Considering these 
simply as congruences modulo 3 and 5, it follows that kı and kə are even. 
The Chinese remainder theorem yields the existence of a positive integer 
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a such that a = ki (mod 3™-!1) and a = ha (mod 2. 5”71). Letting 
k = 2a and using Euler’s theorem, we obtain 2* = 1999 (mod 3”) and 
2* = 2009 (mod 5”), as desired. oO 


(Iran 2012) Let p be an odd prime. Prove that there is a positive integer 
x such that x and 4x are both primitive roots modulo p. 


Proof. Fix a primitive root g modulo p and write 2 = g* (mod p) for 
some positive integer k. If we can find a positive integer a such that a 
and a + 2k are relatively prime to p — 1 then z = g® and 4g = g°t?k 
(mod p) are primitive roots modulo p (see the solution of exercise 32) 
and we are done. Let q1, ...,qs be the prime factors of p — 1, with qı = 2. 
If i > 1 then q; > 2 hence there is a; € {0,1,...,q; — 1} different from 
0 and —2k (mod q;). Set a; = 1. By the Chinese remainder theorem 
we can choose an integer a such that a = a; (mod q;) for all 1 < i < s. 
Then by construction a and a + 2k are not divisible by q; for any 7, so 
they are relatively prime to p — 1. The result follows. O 


(Brazil 2009) Let p,q be odd primes such that q = 2p + 1. Prove that 
there is a multiple of q whose sum of digits is 1,2 or 3. 


Proof. The order d of 10 modulo q divides q — 1 = 2p, so it equals 1, 2, p 
or 2p. If d = 1 then q divides 9 and hence q = 3, which is not possible. 
If d = 2, then q divides 99 and hence q = 11 and we can choose 11 to 
be the desired multiple. If d = 2p, then q | 10? + 1, and we can choose 
10? + 1 as a multiple of q with sum of digits 2. This leaves only the 
case d = p. In this case 10? = 109-))/2 = 1 (mod q) and hence 10 is a 
quadratic residue modulo q. Hence any power of 10 is also a quadratic 
residue modulo q. Since there are p distinct powers of 10 modulo q and 
there are p nonzero quadratic residues modulo q, we deduce that ‘every 
nonzero quadratic residue modulo q is a power of 10. Thus if we can find 
integers x,y that are relatively prime to q and such that q | £2 + y? +1 
we can find integers a and b such that q | 10° +10? +1 which will give the 
desired multiple. Consider the set A of all quadratic residues modulo 
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q, and the set B consisting of the remainders modulo q of the numbers 
—1 — a with a € A. Then A, B are subsets of {0,1,...,¢g — 1}, each with 
at elements, thus A N B # Ø. It follows that there are integers x,y 
such that q | z? + y2 +1. Since q = 3 (mod 4) (which follows from 
q = 2p + 1 and the fact that p is odd), corollary 5.28 shows that x and 


y are necessarily prime to q, which finishes the proof. O 


(Brazil 2012) Find the least positive integer n for which there is a positive 
integer k such that the last 2012 decimal digits of n* are all 1’s. 

Proof. Let s = w We need to understand the congruence n* = s 
(mod 10212). Note that 9s = —1 (mod 102°!) and in particular 9s = 
—1 (mod 16) and 9s = —1 (mod 5). Thus we find s = 7 (mod 16) and 
s = 1 (mod 5). Hence n is clearly odd and k is clearly odd (if k is even, 
then n* = 1 (mod 8)). Hence n* = n (mod 8), and so n = 7 (mod 8). 
If n = 15 (mod 16), then we would get n? = 1 (mod 16) and në = 15 
(mod 16). Thus n = 7 (mod 16). The order of n modulo 5 must divide 
both 4 and k, and since k is odd, the order must be 1, ie. n = 1 
(mod 5). Combining these congruences, we obtain n = 71 (mod 80) 
and so n > 71. 


We will embark now on the technical part of the proof, showing that 
n = 71 is a solution of the problem, i.e. proving the existence of k > 
1 such that 9- 71F = —1 (mod 10777). First, proposition 7.66 gives 
ordən (71) = 20-3 and ordsw(71) = 5%~! for all N > 2. Next, we will 
prove in the next paragraph that for all N > 4 we can find l > 1 such 
that 9-71! = —1 (mod 2%) and m > 1 such that 9-71” = —1 (mod 5%). 
Assuming this for a moment, we can use the Chinese remainder theorem 
to obtain the existence of an integer k > 1 such that k =1 (mod 2™-3) 
and k = m (mod 5-1). Then 9-71* = —1 (mod 10%) and taking 
N = 2012 finishes the proof. 

It remains to prove the existence of l and m. Since ordən (71) 
we deduce that the numbers 1,71,...,712" ~! give 2N-3 pairwise dis- 


tinct remainders modulo 2", and since 71 = 7 (mod 16) and 71? = 1 
(mod 16), all these remainders are of the form 7+ 16r or 1+16r. On the 


— 9N-3 
— ; 
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other hand, there are exactly 20-4 remainders modulo 2% of the form 
7+16r and 2074 remainders of the form 1+ 16r. We deduce that the 
remainders of 1,71,...,71?. -~1 modulo 2% are precisely all remainders 
of the form 7+16r and 1+16r. Since s = 7 (mod 16), it must be one of 
these remainders and hence l exists. Similarly, the powers of 71 modulo 
5 are exactly the numbers congruent to 1 modulo 5, and hence m exists. 
In conclusion the answer is n = 71. E 


(Nieuw Archief voor Wiskunde) Suppose that a > TEY = = 1.43067... 
Prove that for any n > 1, any sequence of n digits (between 0 and 9) 
occurs as a sequence of consecutive digits in the last [æn] digits of some 


power of 2. 


Proof. Consider ag, ..., an-ı € {0,1,...,9} and let 
A = ao + 10aı + ... + 10 ti = laeiki: 


We will prove that we can find [an] —n > s > 1 digits a, ..., œ&s and 
k > n + s such that setting 


B = Aay...d@5 = A- 10° + a1 - 1057! + ... + @s 


we have 2* = B (mod 10"*$). If we succeed in proving this, then the last 
n+s digits of 2" are the digits of B and since s < [an] —n, we deduce that 
A occurs among the last [an] digits of 2*. Let r = [an] —n and observe 
that our hypothesis yields 5len] > 10”, thus 2”+" < 10". It follows that 
there is a multiple Y of 2"*” in the interval (A-10", (A+1)-10"). Let s be 
the smallest positive integer for which we can find a multiple B of 2"T° 
in (A-10%,(A+1)-10*°). We have just established that s < r = Jan] —n. 
We claim that 5 does not divide B. Indeed, otherwise 10 | B and so 
s > 2, but then 2 E€ (A. 10571, (A + 1) - 10571) and 2”+s-1 | Zia 
contradiction with the minimality of s. Since 2 is a primitive root modulo 
5” (use theorem 7.108), there is an integer k > n + s such that B= 2k 
(mod 5”+°) and then clearly B = 2* (mod 10”+5), as desired. o 


Remark 8.28. One can prove that TEF is the least number with this 
property. 
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44. Find all sequences of positive integers (an)n>ı such that 
a) m—n|@m — an for all positive integers m, n; 


b) If m,n are relatively prime, then am and a, are relatively prime. 


Proof. We prove first that ap is a power of p for any prime p. Suppose 
that p Æ q are primes and q | ap. Since q | ap+q — ap, we have q | ap+q, 
but then gcd(ap, @p+q) > 1 while gcd(p,p+q) = 1, a contradiction. Thus 
we can find a sequence of nonnegative integers (np), indexed by the set 
of odd primes such that ap = p”? for all p. 


Next, we prove that np = ng for all odd primes p,q. Fix a positive 
p?” +1 





integer m and set u = =~, an odd number since 4 does not divide 
m e 2” e ° ° 
p* +1. Choose an integer n > m such that v := 4 y is relatively prime 





to u (such n exists, since the numbers (ejs are pairwise relatively 
prime, by an argument identical to that in example 3.12). Combining the 
Chinese remainder theorem and Dirichlet’s theorem yields the existence 
of a prime r such that 


r=p (modu) and r=q (mod v). 


We deduce that u | r—p | ar — ap = r™ — p"? and also u | r—p | 
r™ —p”, thus u | p”? —p”. Since the order of p modulo u is 2™*? (this 
follows using the standard argument starting with p?” = —1 (mod u)) 
we deduce that 2”! | np —n,. A similar argument shows that 2"*" | 
Ng — Nr and since n > m we deduce that 2+! | np — ng. Since m was 
arbitrary, it follows that np = ng, as claimed. 


Write n for the common value ng = n5 = n7 = ny = ..., SO that ap = p” 


for all odd primes p. If k is a positive integer and p is an odd prime, 
then p—k | ap — ak = p” — ay and since p — k | p” — k”, we deduce 
that p — k | ak — k”. Since this happens for any odd prime p, we obtain 
ak = k” for all k > 1. Conversely, it is clear that for any n > 0 the 
sequence (a, = k”),>1 satisfies the desired properties. oO 
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45. (adapted after China TST 2012) Let n > 1 be an integer. Find all 


functions f : Z —> {1,2,...,n} such that for each k € {1,2,...,.n — 1} 
there is j(k) € Z such that for all integers m we have 


f(m + j(k)) = f(m+k)— f(m) (mod n+ 1). 


Proof. Let f be a solution of the problem. Since f takes values between 
1 and n the given congruence shows that f(m + k) # f(m) for all m 
and all 1 < k < n — 1. It follows that for all m € Z the numbers 
f(m), f(m+1),..., f(m +n — 1) are pairwise distinct and so they must 
be a permutation of 1,2,...,n. Applying this to m and m+ 1 we deduce 
that f(m+n) = f(m) for all m, thus f is m-periodic. In particular, we 
may assume that 7(k) € {0,1,...,.n—1} forall <k<n-1. 


Note that if f is a solution of the problem, then so is z œ f(x + a) for 
any integer a. In particular, we may assume that f(0) = 1, since we 
know that f takes the value 1 by the first paragraph. 

Then f(j(k)) = f(K) —1 (mod n+1) forl1<k<n-—1. If j(k) £0, we 
deduce that f(j(j(k))) = f(k) -—2 (mod n+1). Similarly, if j(j(k)) Æ 0, 
then f(7(7(j(k)))) = f(k) —3 (mod n+1). Since f does not take values 
which are multiples of n + 1, we deduce that there is a smallest positive 
integer ak < f(k) < n such that 7°*(k) = 0, where j” denotes the r- 
fold composition of 7 with itself. Moreover, 1 = f(7%*(k)) = f(k) — ak 
(mod n+ 1). Since f(1),..., f(n — 1) are pairwise incongruent modulo 
n + 1, we deduce that a1, ...,an—1 are also pairwise incongruent modulo 
n+1, in particular pairwise distinct. Moreover, aj, ...,@n—1 E {1, 2,...,n} 
and we actually have a, Æ n for all k since if a, = n then the congruence 
f(k) — ay = 1 (mod n) cannot be satisfied with f(k) € {1,2,...,n}. 
Hence aj, ...,@n—1 must be a permutation of 1, 2,...,n — 1. 


Next, note that iterating the congruence f(m+ j(k)) = f(m+k) —f(m) 
(mod n+ 1) we obtain f(m + j° (k)) = f(m + k) — sf(m) (mod n+ 1) 
for 1 < s < ax, thus for s = ay we obtain f(m + k) = (ak + 1)f(m) 
(mod n+ 1). But then f(m + sk) = (ag + 1)®f(m) (mod n + 1) for all 
s > 1. Applying this to s = n and using that f is n-periodic, we obtain 
f(m)((ag +1)” —1) = 0 (mod n+1) for all m € Zand alll < k <n-1. 
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Taking m = 0 we deduce that n+ 1 | (a, +1) — 1 fr1<k<n-l1 
and since @j,...,@n—1 are a permutation of 1,2,...,n — 1, we deduce that 
n+1|2”—1,3"—-1,...,n"—1. It follows that n+ 1 is relatively prime 
to 1,2,..,.n and so n + 1 is a prime. In particular, if n + 1 is composite 
then there is no such function f. 


Finally, suppose that n + 1 is a prime. Since f(m + 1) = (a, +1)f(m) 
(mod n+ 1), it follows that f(m) = (a; +1)” (mod n+ 1) for m € Z. 
Since f(0), f(1),..., f(n — 1) are a permutation of 1,2,...,n, we deduce 
that g := a1+1 is a primitive root modulo n+1 and f(m) is the remainder 
of g” modulo n+1. Recalling that if f is a solution, then x} f(a+z) is 
a solution for all integers a, we deduce that all solutions of the problem 
(when n+ 1 is prime) are of the form f(x) = ag” (mod n+ 1) for some 
a € {1,2,...,n} and some primitive root g modulo n + 1. Conversely, it 
is easy to see that these are indeed solutions of the problem. oO 
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